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Preface

This is an undergraduate-level textbook that lucidly provides the basic princi-

ples in the analysis and design of digital communication systems. Since digital

communications is an advanced topic, the treatment here is more descriptive
and explanatory rather thanmerely rigorous. However, it is not devoid ofmath-

ematical analyses, as all relevant results are presented. Although the mathemat-

ical level of the book is intentionally constrained, the intuitive level of it is not.
The premise is that complex concepts are best conveyed in the simplest possible

context. The goal, at every step of the way, is to provide big picture through

analysis, description, example, and application. In taking a systems approach
to digital communications, the text hardly considers actual physical realiza-

tions of the devices (i.e., the systems are presented in block diagram form).

There is intentionally muchmore in this book than can be taught in one semes-

ter (of 36 lecture hours). The book consists of 12 chapters focused on digital

communications. Chapters 1 & 2 provide an overview of the fundamentals
of digital communications. Since digital communications at the physical layer

involves the transmission of continuous-time signals where the channel noise

is also in the form of continuous time, Chapters 3 & 4 cover deterministic and
random signals in detail, and should serve as reviewmaterials. Chapters 5 to 12,

inclusive, discuss the critical elements and major topics in the broad field of

digital communications. In addition, there is an appendix with a summary
of analog communications.

As this text is primarily written at a level that is most suitable for junior and
senior students, the coverage of the book, in terms of depth and breadth as well

as tone and scope, lends itself very well to distinct audiences in an electrical

engineering program. In a third-year course on digital communications, the
coverage may include Chapters 3 & 4 (review of select sections), Chapters 1,

2, 5, 6, 7, 9 & 10 (all sections). In a third-year course on communication sys-

tems, the coverage may include Chapters 3 & 4 (review of select sections),
Appendix (all sections), Chapters 1, 2, 5 & 6 (all sections), Chapters 7, 9
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& 10 (a couple of sections in each chapter). In a fourth-year course on digital

communications, with a third-year course on communication systems as a pre-
requisite, the coverage may contain a review of Chapters 1, 2, 5, 6 and a com-

plete coverage of Chapters 7 to 12, inclusive.

There is also a secondary target audience that can include undergraduate stu-

dents in the software engineering and information technology programs. In
teaching such a course, it is important not to get mired in too many theoretical

details, and the focus, instead, must be almost exclusively on the descriptive

aspects of systems and intuitive explanations of analytical results and design
objectives. This book can also be used by professionals, such as practicing engi-

neers, project leaders, and technical managers, who already have familiarity

with the standards and systems and are seeking to advance their knowledge
of the fundamentals of the field. It may also serve graduate students as a

reference.

Upon request from the publisher, a Solutions Manual can be obtained only by

instructors who use the book for adoption in a course.
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CHAPTER 1

Introduction

1.1 HISTORICAL REVIEW OF COMMUNICATIONS

Due to a host of well-conceived ideas, indispensable discoveries, crucial inno-
vations, and important inventions over the past two centuries, information

transmission has evolved immeasurably. The technological advances in com-

munications and their corresponding societal impacts are moving at an accel-
erating pace. To understand today’s modern communication systems,

networks, and devices, and to help obtain a sense of perspective about future

breakthroughs, it may be insightful to have a glance at the historical develop-
ments in the broad field of communications.

A number of people have made significant contributions to help pave the way

for a multitude of technological revolutions in the arena of communications.
The array of collective, and sometimes collaborative, achievements made in

communications are, in essence, due to a team effort, a teamwhose knowledge-

able, talented, and ingenious members lived at different times and in different
places; however, we can only afford to mention a select few here. The nine-

teenth century witnessed scientists and discoverers, such as Oersted, who

showed that electric currents can create magnetic fields, Faraday, who discov-
ered that electric current can be induced in a conductor by a changing magnetic

field, as well as Maxwell who developed the theory of electromagnetic waves

and Hertz who experimentally verified it. Their collective contributions led
to the foundation of wireless communications, more specifically, that an elec-

tric signal is transmitted by varying an electromagnetic field to induce current

change in a distant device. The twentieth century brought researchers and the-
oreticians, such as Nyquist and Reeves, who respectively contributed to signal

sampling process and pulse code modulation, as well as others, such as North,
Rice, Wiener, and Kolmogorov, who made contributions to optimal signal and

noise processing. Finally, it was Shannon, with his exceptional contribution to

the mathematical theory of communications, who laid the unique foundation
for digital transmission and today’s information age [1]. Table 1.1 highlights

some of the major events in the history of telecommunications [2–4].
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Table 1.1 Some of the major events in the history of telecommunications

Year Event

1820 Orested showed electric currents cause magnetic fields

1831 Faraday showed magnetic fields produce electric fields

1844 Morse perfected line telegraphy

1864 Maxwell developed the theory of electromagnetism

1866 First transatlantic telegraph cable became operational

1876 Bell invented telephone

1887 Hertz verified Maxwell’s electromagnetic theory

1896 Marconi demonstrated wireless telegraphy

1907 First transatlantic radio telegraphy service implemented

1915 First continental telephone service (in US) deployed

1918 Armstrong devised superheterodyne radio receiver

1920 First commercial AM radio broadcasting began

1920s Contributions on signal and noise by Nyquist, Hartley, and others

1933 Armstrong demonstrated FM radio

1936 First commercial TV broadcasting by BBC in England resumed

1937 Reeves proposed PCM

1941 NTSC black and white TV standard developed

1945 Clarke proposed geostationary satellite

1948 Shannon published the mathematical theory of communications

1948 Brattain, Bardeen, and Shockley invented transistor

1940s Contributions on optimal filtering by Kolmogorov, Wiener, and others

1953 NTSC color TV standard developed

1953 First transatlantic telephone cable deployed

1957 First satellite (Sputnik I) launched

1960 Laser developed

1962 First dial-up (300-bps) modem developed

1962 First communication satellite (Telstar I) launched

1966 First facsimile (fax) machine developed

1969 ARPANET (precursor to Internet) developed

1970 Low-loss optic fiber developed

1971 Microprocessor invented

1976 Personal computers developed

1979 First (analog) cellular mobile telephone system (in Japan) deployed

1989 GPS developed

1992 First digital cellular mobile telephone system (in Europe) deployed

1993 HDTV standard developed

1997 Wireless LAN developed

1990s Ubiquitous use of the Internet accelerated
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The telegraph, which provides communications at a distance by coded signals,

is considered as the first invention of major significance to communications.
The first commercial electrical telegraph was constructed by Wheatstone and

Cooke, and perfected by Morse. The telegraph was the forerunner of digital

transmission in that Morse code was used to represent a variable-length binary
code, where short sequences of dots (short beeps) and dashes (long beeps) rep-

resent frequent letters and long ones represent infrequent letters. In the mid-

nineteenth century, the first permanent transatlantic telegraph cable became
operational, and at the outset of the twentieth century, Marconi and others

demonstrated wireless telegraphy, and the first transatlantic radio message

was sent. The telegraph is hardly present today.

The telephone, which provides two-way voice communications, was invented

by Bell. Like telegraphy, the telephone was first viewed as a point-to-point com-
munication system. But shortly after, the first telephone exchange was estab-

lished. With the first transcontinental telephone service in the early

twentieth century and the first transatlantic telephone cable in the mid-fifties,
as well as inventions of the diode, triode, transistor, digital switch, and fiber

optic cables, the telephone and the telephone network steadily evolved toward

what it is today. Voice communications by telephone at its inception was ana-
log in its entirety. However, half a century later, the transmission of speech sig-

nals over the backbone networks along with the switching of the signals

became digital, yet the local loop remained analog. And now, for mobile tele-
phones, even the signal between the mobile device and the network is in digital

and hence, is an all-digital network.

Radio broadcasting, a one-way wireless transmission of audio signals over radio

waves intended to reach awide audience, grew out of the vacuum tube and early

electronics. Following the earlier work on radio, the first amplitudemodulation
(AM) radio broadcasting was introduced, and grew rapidly across the globe.

Shortly after, Armstrong invented the superheterodyne radio receiver and the

first frequency modulation (FM) system, and was the first to advocate the prin-
ciple of power-bandwidth trade-off. FM radio broadcasting gained popularity in

the mid-twentieth century, especially with the introduction of FM stereo.

Television is a medium that is used for transmitting and receiving video and
sound. TV technology was based on the evolution of electronics that beganwith

the invention of the vacuum tube. TVwas invented in the United States in 1929,

BBC began the first commercial TV broadcasting in monochrome in 1936, the
NTSC color TV was introduced in 1953, and the first commercial HDTV broad-

casting began in 1996. Today, there is no analog TV transmission, and TV sig-
nals are now exclusively digital.

In 1945, Clarke published his famous article to propose the idea of a geostation-

ary satellite as a relay for communications between various points on Earth. In

31.1 Historical Review of Communications



the late fifties, the former Soviet Union launched the first satellite, Sputnik I,

and then the United States launched Explorer I. In 1962, the US launched Tel-
star I, the first satellite to relay TV programs across the Atlantic. Today, there are

several hundreds of satellites employing various frequency bands (e.g., L-band,

C-band, X-band, Ku-Band, and Ka-band) in various orbits (LEO, MEO, and
GEO) to provide a multitude of services, such as radio and TV broadcasting,

mobile and business communications, and GPS.

Following the earlier radio systems, the first public mobile telephone service

was introduced in the mid-forties. The system had an interface with the

public-switched telephone network (PSTN), the landline phone system. Each
system in a city used a single, high-powered transmitter and large tower in order

to cover distances of over 50 km. It began as a push-to-talk system (i.e., half-

duplex mode) employing FM with 120 kHz of radio-frequency (RF) band-
width. By the sixties, it had become a full-duplex, auto-dial system, but due

to advances in RF filters and low-noise amplifiers, the FM bandwidth transmis-

sion was cut to 30 kHz. This mobile radio communication system, which lasted
until the early eighties, was very spectrally inefficient, as very few in a geograph-

ical area could subscribe to it. These non-cellular mobile systems could now be

referred to as 0G systems. Due to a vast level of basic research, in the fifties and
sixties, companies such as AT&T and Motorola, NTT in Japan, and Ericson in

Europe developed and demonstrated various cellular mobile systems in the

seventies. These systems were all analog, and employed FM. In North America,
the analog cellular mobile system, known as the advanced mobile phone sys-

tem (AMPS), which used 30-kHz channels to employ frequency-division mul-

tiple access (FDMA), was deployed in 1983. The analog cellular mobile systems
are referred to as 1G systems. Due to the lack of mobile roaming capability

across Europe and the severe shortage of system capacity in North America,

the need for digital cellular mobile systems was born. In North America, IS-
54, which was based on a three-slot time-division multiple access (TDMA)

scheme using a 30-kHz channel, and IS-95, which was based on many users

employing a 1.25 MHz-channel using code-division multiple access (CDMA)
scheme, were introduced. In Europe, the GSM, through which eight users

employ a 200-kHz TDMA channel, was developed, and became the most

widely-used mobile system in the world. Digital cellular mobile systems, such
as the IS-54, IS-95, GSM, and some others, introduced in the nineties, are

referred to as 2G systems. After that, 3G systems, which provided data transmis-

sion at high rates in addition to voice transmission, began to emerge. Figure 1.1
presents the trends in mobile communications.

The Internet, composed of thousands interconnected networks, is a classic exam-
ple of an innovation that originated in many different places. To connect com-

puters with their bursty traffic, the sixties witnessed the birth of packet-switched

networks and the development of the Advanced Research Projects Agency Net-
work (ARPANET). After Vint Cerf and Bob Kahn, known as the Internet pioneers,
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devised the protocols to achieve end-to-end delivery of computer data in themid-

seventies, the transmission control protocol and Internet protocol (TCP/IP)

became the official protocol for the ARPANET, and ARPANET was renamed the
Internet in themid-eighties. In the early nineties, a hypermedia software interface

to the Internet, named the World Wide Web (WWW), was proposed by Tim

Berners-Lee. This was the turning point that resulted in the explosive growth of
the Internet and yielded numerous commercial applications for the Internet.

The Internet has evolved at a faster rate and become more widely-used than any

other innovation, invention, or technology in the history of telecommunications.
The set of cultural, educational, political, and financial impacts of the Internet on

our way of lives is and will remain unparalleled for many years to come.

1.2 BLOCK DIAGRAM OF A DIGITAL COMMUNICATION
SYSTEM

Figure 1.2a shows the basic functional blocks of a typical communication sys-
tem. Regardless of the particular application and configuration, all information

transmission systems involve three major subsystems: the transmitter, the

channel, and the receiver.

Digital
(1990s)

Cellular
(1980s)

Mobile
(1940s)

Radio
(1910s)

Telephony
(1870s)

Internet-enabled
(2000s)

Wideband multimedia
(2010s)

Broadband IP-based
(2020s)

Telegraphy
(1840s)

FIGURE 1.1 Evolution of telecommunications with a focus on mobile communications.
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The information source produces its output, which is in probabilistic form, as

there is no need to convey deterministic source outputs. An input transducer,

such as a microphone, converts the source output into a time-varying electrical
signal, referred to as the message signal. The transmitter then converts the mes-

sage signal into a form suitable for transmission through a physical channel,

such as a cable. The transmitter generally changes the characteristics of the mes-
sage signal to match the characteristics of the channel by using a process called

modulation. In addition to modulation, other functions, such as filtering and

amplification, are also performed by the transmitter.

The communication channel is the physical medium between the transmitter

and the receiver, where they are physically separated. No communication chan-
nel is ideal, and thus a message signal undergoes various forms of degradation.

Sources of degradationmay include attenuation, noise, distortion, and interfer-

ence. As some or all of these degradations are present in a physical channel, a
paramount goal in the design of a communication system is to overcome the

effects of such impairments.

The function of the receiver is to extract the message signal from the received

signal. The primary function is to perform the process of demodulation, along

with a number of peripheral functions, such as amplification and filtering. The
complexity of a receiver is generally more significant than that of the transmit-

ter, as a receiver must additionally minimize the effects of the channel degra-

dations. The output transducer, such as a loudspeaker, then converts the
receiver output into a signal suitable for the information sink.

Figure 1.2b shows the basic functional elements of a digital communication

system. In a simple, yet classical fashion, the transmitter or the receiver each

Input
transducer

Information
Source Transmitter Channel Receiver

Output
transducer

Information
sink

Input
transducer

Source
encoder

Channel
encoder Modulator Channel Demodulator

Channel
decoder

Source
decoder

Information
Source

Information
sink

Output
transducerSynchronization

Transmitter Receiver

(a)

(b)

FIGURE 1.2 Block diagrams: (a) a communication system and (b) a digital communication system.
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is subdivided into three blocks. The transmitter consists of the source encoder,

channel encoder, andmodulator, and the receiver consists of the demodulator,
channel decoder, and source decoder. At the receiver, the received signal passes

through the inverse of the operations at the transmitter, while minimizing the

effects of the channel impairments. The three functions of source coding, chan-
nel coding, and modulation may be designed in concert with one another to

better meet the system design goals, yet accommodating the overall system

design constraints.

The information may be inherently digital, such as computer data, or analog,

such as voice. If the information is in analog form, then the source encoder at
the transmitter must first perform analog-to-digital conversion to produce a

binary stream, and the source decoder must then perform digital-to-analog con-

version to recover the analog signal. The source encoder removes redundant
information from the binary stream so as to make efficient use of the channel.

Source coding, also known as data compression, leads to bandwidth conserva-

tion, as the spectrum is always at a premium. The important parameters asso-
ciated with source coding are primarily the efficiency of the coder (i.e., the ratio

of actual output data rate to the source information rate) and the encoder/

decoder complexity.

The channel encoder at the transmitter introduces, in a controlled fashion,

redundancy. The additional bits are used by the channel decoder at the
receiver to overcome the channel-induced errors. The added redundancy

serves to enhance the performance by reducing the bit error rate, which is

the ultimate performance measure in a digital communication system. The
important parameters associated with channel coding are primarily the effi-

ciency of the coder (i.e., the ratio of data rate at the input of the encoder to

the data rate at its output), error control capability, and the encoder/decoder
complexity.

The modulator at the transmitter and the demodulator at the receiver serve as

the interface to the communication channel. Themodulator accepts a sequence
of bits, and maps each sequence into a waveform. A sequence may consist of

only one or several bits. At the receiver, the demodulator processes the received

waveforms, and maps each to the corresponding bit sequence. The important
parameters ofmodulation are the number of bits in a sequence represented by a

waveform, the types of waveforms used, the duration of the waveforms, the

power level and the bandwidth used, as well as the demodulation complexity.

There are, of course, other functional blocks, not shown in Figure 1.1b,

that are required in a practical digital communication system. They may
include synchronization, an essential requirement for all digital commina-

tion systems, as well equalization, amplification, and filtering, to name

a few.

71.2 Block Diagram of a Digital Communication System



1.3 ORGANIZATION OF THE BOOK

This textbook provides a comprehensive introduction to digital communica-

tions at a level that undergraduate students can grasp all important concepts
and obtain a fundamental understanding of digital communication system

analysis and design. This book consists of 12 chapters and an appendix, and

is organized as follows:

Chapter 2 briefly offers a descriptive overview of major aspects of digital

communications with a view to set the stage for what will be covered in

the rest of the book. The focus is on the rationale behind digital (vis-à-vis
analog), network models, transmission media and impairments, and radio

transmission and spectrum. An array of inter-related, inter-dependent design

objectives and a host of interacting and conflicting design constraints are
identified.

Chapter 3 provides an extensive discussion of signals, systems, and spectral
analysis. Humans appreciate time and its continuous and irreversible flow,

and above all the impact of its changes. Signals are therefore always defined

in the time domain. Physical signals are quite distinct in the time domain,
so are many analytical signals. However, in the frequency domain, which is

the key measure of how slowly or rapidly signals change in the time domain,

a group of distinct signals may share common characteristics. This commonal-
ity in turn allows us to design communication systems to transmit, receive, and

process a very wide range of signals.

Chapter 4 introduces the basic concepts of probability, random variables, and
random processes, with the sole focus of their applications in digital commu-

nications, as time-varying, information-bearing signals from the receiving view-

point are unpredictable. In addition, there are major sources of channel
degradation that are random functions of time. This chapter helps pave the

way for the performance assessments of digital communication systems with
nondeterministic imperfections.

Chapter 5 presents a detailed discussion on how analog signals can be con-

verted into their digital representations. Since humans produce and perceive
audio and visual signals in analog form, for the transmission, processing,

and storage of audio and visual signals as well as other analog information-

bearing signals in digital form, analog-to-digital conversion in the transmitter
and digital-to-analog conversion in the receiver are indispensable operations.

Chapter 6 details digital transmission over a baseband channel in the context of
pulse amplitude modulation. We first introduce intersymbol interference and

the Nyquist criterion to eliminate it, discuss pulse shaping and eye patterns,

present the optimum system design to minimize the effect of noise, make a
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comparison of systems using binary andM-ary signaling, and expand means to

combat intersymbol interference using various equalization techniques.

Chapter 7 focuses on digital continuous-wave (CW) binary and M-ary modu-

lation schemes. Digital passband modulation is based on variation of the
amplitude, phase, or frequency of the sinusoidal carrier, or some combination

of these parameters. As there are a host of reasons why modulation may be

required, including transmission of digital data over bandpass channels, a
number of digital modulation techniques that have some common character-

istics and yet distinct features are discussed.

Chapter 8 highlights synchronization, since in every digital communication
system, some level of synchronization is required, without which a reliable

transmission of information is not possible. Of the various levels of synchro-

nization, the focus here is on symbol synchronization and carrier recovery,
as the role of the former is to provide the receiver with an accurate estimate

of the beginning and ending times of the symbols and the latter aims to repli-
cate a sinusoidal carrier at the receiver whose phase is the same as that sent by

the transmitter.

Chapter 9 expands on the fundamental relationships between the bit error rate
performance and the information rate. Information theory leads to the quan-

tification of the information content of the source, as denoted by entropy, the

characterization of the information-bearing capacity of the communication
channel, as related to its noise characteristics, and consequently the establish-

ment of the relationship between the information content of the source and the

capacity of the channel.

Chapter 10 is concerned with error-control coding, as coding can accomplish

its purpose through the deliberate introduction of redundant bits into the mes-
sage bits. The redundancy bits, which are derived from the message bits as well

as the code features and parameters, can provide a level of error detection and

correction; however, it cannot guarantee that an error will always be detectable
or correctable. At the expense of the channel bandwidth, error-control coding

can reduce the bit error rate for a fixed transmitted power and/or reduce the

transmit power for a fixed bit error rate.

Chapter 11 describes the major facets of communication networks in an over-

view fashion, with a focus onmultiuser communications, which includesmany

aspects of wireless communications, such as multiple access methods, and
some aspects of wired communications, such as network topology, and public

and local area networks. The concepts of cryptography and digital signature are
also briefly discussed.

Chapter 12 gives and overview of some aspects of wireless communications,

including radio link analysis, mobile radio propagation characteristics, and
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diversity techniques. As the field of wireless communications has been expo-

nentially expanding and has led to the introduction of versatile mobile/porta-
ble devices with their high-data-rate capabilities and numerous mobile

applications, there is also a mention of what the future holds.

The appendix summarizes analog continuous-wavemodulation namely ampli-

tude modulation, including double sideband (DSB), single sideband (SSB),

and vestigial sideband (VSB) schemes, each with and without a carrier, along
with narrowband and wideband frequency modulation. In addition, the band-

width and power requirements, along with methods of their generation and

demodulation, are briefly discussed. Detailed derivations are avoided, but
the results of the analyses along with intuitive explanations are provided.
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CHAPTER  2  

Fundamental Aspects of
 
Digital Communications
 

INTRODUCTION
 

In today’s world, communications are essential and pervasive, as the age of 
communications with anyone, anytime, anywhere has arrived. The theme 
is multimedia—the confluence of voice, data, image, music, text, graphics, 
and video warranting simultaneous transmission in an integrated fashion. 
With the push of advancing digital technology and the pull of public demand 
for an array of innovative applications, it is highly anticipated that every 
aspect of digital communications will continue to broaden so as to usher 
in even more achievements. The emerging trend is toward low-cost, high-
speed, high-performance, utterly-secure, highly-personalized, context-aware, 
location-sensitive, and time-critical multimedia applications. After studying 
this  chapter on the  fundamental  aspects of digital communications and 
understanding all relevant concepts, students should be able to do the 
following: 

1. State the numerous merits of digital and its dominance in
 
communications.
 

2. Know the few drawbacks of digital and how they can be mitigated. 
3. Understand how text can be represented. 
4. Expand on the audio characteristics and the impact of digitization on 

speech and music. 
5. Explain the attributes of image and video and the impact of
 

compression on them.
 
6. Identify how computers form packets to send them over
 

communication networks.
 
7. Distinguish between the various characteristics associated with wired 

transmission media. 
8. Highlight the benefits and shortcomings associated with radio 

communications. 
9. Assess various modes of radio wave propagation. 

10. Define the modulation process. 
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11. Identify the principal reasons signals may need to be modulated. 
12. Describe signal attenuation. 
13. Differentiate among different types of distortions along with their 

possible remedies. 
14. Discuss various sources of interference and how to mitigate them. 
15. Summarize various sources of noise. 
16. Grasp the limiting factors of a band-limited Gaussian channel. 
17. Appreciate the relationship among power, bandwidth, and capacity. 
18. Outline digital communication design objectives. 
19. List digital communication design constraints. 
20. Connect the fundamental aspects of digital communications. 

2.1 WHY DIGITAL? 

The telegraph, invented in the mid-nineteenth century, was the forerunner of 
digital communications. However, it is now that we can emphatically say 
digital is the pervasive technology of the twenty-first century and beyond, 
as the first generation of cellular phones in the late seventies was the last 
major analog communication invention. During the past three decades, 
communication networks, systems, and devices have all moved toward dig
ital. The primary examples are wireless networks, Internet, MP3 players, 
smartphones, HDTV, GPS, and satellite TV and radio. Digital communica

tion technology will continue to bring about intelligent infrastructures 
and sophisticated end-user devices, through which a host of applications 
in entertainment (e.g., wireless video on demand), education (e.g., online 
interactive multimedia courses), information (e.g., 3-D video streaming), 
and business (e.g., mobile commerce) will be provided. The burgeoning 
field of digital communications will thus continue to affect almost all aspects 
of our contemporary life. 

A basic definition of digital is the transmission of a message using binary digits 
(bits) or symbols from a finite alphabet during a finite time interval (bit or sym

bol duration). A bit or symbol occurring in each interval is mapped onto a 
continuous-time waveform that is then sent across the channel. Over any finite 
interval, the continuous-time waveform at the channel output belongs to a 
finite set of possible waveforms. This is in contrast to analog communications, 
where the output can assume any possible waveform. Digital can bring about 
many significant benefits, of course, at the expense of few shortcomings, for 
there is no free lunch in digital communications. 
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2.1.1 Advantages of Digital 
Design efficiency: Digital is inherently more efficient than analog in exchanging 
power for bandwidth, the two premium resources in communications. Since an 
essentially unlimited range of signal conditioning and processing options are 
available to the designer, effective trade-offs among power, bandwidth, 
performance, and complexity can be more readily accommodated. For any 
required performance, there is a three-way trade-off among power, bandwidth, 
and complexity (i.e., an increase in one means the other two will be reduced). 

Versatile hardware: The processing power of digital integrated circuits continues 
to approximately double every 18 months to 2 years. These programmable pro
cessors easily allow the implementation of improved designs or changed 
requirements. Digital circuits are generally less sensitive to physical effects, such 
as vibration, aging components, and external temperature. They also allow a 
greater dynamic range (the difference between the largest and the smallest 
signal values). Processing is now less costly than precious bandwidth 
and power resources. This in turn allows considerable flexibility in designing 
communication systems. 

New and enhanced services: In today’s widely distributed way of life, Internet 
services, such as web browsing, e-mailing, texting, e-commerce, streaming and 
interactive multimedia services, have all become feasible and some even indis
pensable. It is also easier to integrate different services, with various modalities, 
into the same transmission scheme or to enhance services through transmis

sion of some additional information, such as playing music or receiving a 
phone call with all relevant details. 

Control of quality: A desired distortion level can be initially set and then kept 
nearly fixed at that value at every step (link) of a digital communication path. 
This reconstruction of the digital signal is done by appropriately-spaced regen
erative repeaters, which do not allow accumulation of noise and interference. 
On the other hand, once the analog signal is distorted, the distortion cannot 
be removed and a repeater in an analog system (i.e., an amplifier) regenerates 
the distortion together with the signal. In a way, in an analog system, the 
noises add, whereas in a digital system, the bit error rates add. In other words, 
with many regenerative repeaters along the path, the impact in an analog sys
tem is a reduction of many decibels (dBs) in the signal-to-noise ratio (SNR), 
whereas the effect in a digital system is a reduction of only a few dBs in 
the SNR. 

Improved security: Digital encryption, unlike analog encryption, can make 
the transmitted information virtually impossible to decipher. This applies 
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especially to sensitive data, such as electronic banking and medical information 
transfer. Secure communications can be achieved using complex cryptographic 
systems. 

Flexibility, compatibility, and switching: Combining various digital signals 
and digitized analog signals from different users and applications into streams 
of different speeds and sizes—along with control and signaling information— 
can be much easier and more efficient. Signal storage, reproduction, interface 
with computers, as well as access and search of information in electronic data
bases can also be quite easy and inexpensive. Digital techniques allow the 
development of communication components with various features that can 
easily interface with a different component produced by a different 
manufacturer. Digital transmission brings about the great ability to dynami

cally switch and route messages of various types, thus offering an array of 
network connectivities, including unicast, multicast, narrowcast, and 
broadcast. 

2.1.2 Disadvantages of Digital 
Signal-processing intensive: Digital communication systems require a very 
high degree of signal processing, where every one of the three major functions 
of source coding, channel coding, and modulation in the transceiver—each 
requiring an array of sub-functions (especially in the receiver)—warrants high 
computational load and thus complexity. Due to major advances in digital sig
nal processing (DSP) technologies in the past two decades, this is no longer a 
major disadvantage. 

Additional bandwidth: Digital communication systems generally require 
more bandwidth than analog systems, unless digital signal compression 
(source coding) and M-ary (vis-à-vis binary) signaling techniques are heavily 
employed. Due to major advances in compression techniques and 
bandwidth-efficient modulation schemes, the bit rate requirement and thus 
the corresponding bandwidth requirement can be considerably reduced by a 
couple of orders of magnitude. As such, additional bandwidth is no longer a 
critical issue. 

Synchronization: Digital communication systems always require a significant 
share of resources allocated to synchronization, including carrier phase and fre
quency recovery, timing (bit or symbol) recovery, and frame and network syn
chronization. This inherent drawback of digital transmission cannot be 
circumvented. However, synchronization in a digital communication system 
can be accomplished to the extent required, but at the expense of a high degree 
of complexity. 
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Non-graceful performance degradation: Digital communication systems yield 
non-graceful performance degradation when the SNR drops below a certain 
threshold. A modest reduction in SNR can give rise to a considerable increase 
in bit error rate (BER), thus resulting in a significant degradation in 
performance. 

2.2 COMMUNICATIONS MODALITIES 

The main sources of information are broadly categorized as follows: text (e.g., 
alphanumeric characters), audio (e.g., speech, music), and visual (e.g., image, 
video). The confluence of voice, data, image, music, text, graphics, and video 
has led to what is widely known as multimedia. The characteristics of all these 
modalities and their transmission requirements are distinct. Humans produce 
and perceive audio and visual signals in an analog form. To this effect, in digital 
transmission of audio and visual signals, both analog-to-digital and digital-to
analog conversions are required. 

After converting analog sources into digital, they are compressed with a high 
compression ratio. Compression is achieved by exploiting redundancy to the 
largest extent possible and associating the shortest binary codes with the most 
likely outcomes. There are fundamentally two types of compression methods: 
i) lossless compression used in texts and sensitive data, so the original data can be 
reconstructed exactly (i.e., the compression is completely reversible) and ii) 
lossy compression used in audio and visual signals, in that permanent loss of 
information in a controlled manner is involved, and it is therefore not 
completely reversible. Lossy compression is, however, capable of achieving a 
compression ratio higher than that attainable with lossless compression. Lossy 
compression is employed only when degradation in performance to the end 
user is either unnoticeable or noticeable, but acceptable. 

In a discrete memoryless source (DMS), the output symbols are statistically inde
pendent and the goal is to find a source code that gives the minimum average 
number of bits per symbol. Shannon’s source coding theorem states there can 
be no lossless source code for a DMS whose average codeword length can be 
less than its source entropy (i.e., the average information content per symbol). 
In short, for a DMS, the source entropy provides a bound for the best lossless 
data compression that can be done. 

2.2.1 Text 
By text, we mean a collection of alphanumeric characters representing, say, 
English text, software programs, information data, and mathematical formulas. 
In digital transmission, each character is converted to a sequence of bits. The 
text transmitted by a computer is usually encoded using American Standard 
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Code for Information Interchange (ASCII). Each character in ASCII is repre
sented by seven bits constituting a unique binary sequence made up of 1s 
and 0s. Therefore, there are 128 different characters to include all symbols 
and control functions produced by a typical keyboard or a keypad. An eighth 
bit, also known as a parity bit, is added for error detection and to make it a byte. 

A widely-used compression technique for text is the Lempel-Ziv (LZ) algorithm, 
which is intrinsically adaptive and capable of encoding groups of characters 
that occur frequently, while not requiring any advance knowledge of the mes

sage statistics. The LZ algorithm is based on parsing the source data stream into 
segments that are the shortest sequences not encountered previously. The new 
sequence is encoded in terms of previously seen sequences that have been com

piled in a code book (dictionary). An impressive compression of about 55% of 
ordinary English text can be achieved. 

The target BER is a function of the content of the text. For ordinary English text, 
say a newspaper article, a BER of 10-4 may be acceptable, but for a bank 
statement and fund transfer, a BER of 10-10, or even lower, may be required. 

2.2.2 Audio 
Audio primarily includes speech and music. Speech is the primary method of 
human communication. Speech, both produced and perceived, is in analog 
form. Uttered speech thus needs to be digitized for digital transmission or stor
age, and converted back to analog to be perceived. The power spectrum (i.e., the 
distribution of long-term average power versus frequency) of speech approaches 
zero for zero frequency and reaches a peak in the neighborhood of a few hundred 
Hertz (Hz). Therefore, speech processing (i.e., production, transmission, storage, 
and perception) is very sensitive to frequency. More specifically, the power in 
speech concentrates in the frequencies 100–800 Hz, above which it declines 
quite drastically. Only about 1% of the power in speech lies above 4 kHz, and 
humans can hardly hear voice frequencies outside the 100–4000 Hz range. 
The power content in 100–800 Hz range generally allows speaker recognition 
and that in the 800–4000 Hz range allows speech recognition (intelligibility). 

Telephone speech requires a bandwidth of about 100–3100 Hz and the analog 
speech quality typically requires an SNR of about 27–40 dB. Analog speech at 
the 40-dB quality can be converted into a 64 kilobits per second (kbps) digital 
signal using an 8-bit pulse-code modulation (PCM) technique. The measure 
of quality for the bits is BER. As long as the BER falls in the range of 10-4 to 
10-5 or less, it is considered high-quality speech, also known as toll quality. 
A high-performance, low-rate speech compression technique is based on the 
human physiological models involved in speech generation. Using digital com
pression techniques, such as linear prediction coding (LPC), the bit rate 
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requirements for digital speech can be significantly reduced. The 64-kbps rate 
can be reduced to a range of 1.2 kbps to 13 kbps, depending on the required 
speech quality. In principle, the resulting bit rate reduction is a function of 
the complexity of the speech compression method, which in turn is a function 
of the target application, such as toll-quality voice in telephony and low-quality 
voice in search and rescue operations. Various LPC techniques now form the 
basis of many modern cellular vocoders, voice over Internet protocol (VoIP), 
and other audio ITU-T G-series standards. 

A note made by a musical instrument may last for a short time, such as pressing a 
key on a piano or hitting a prolonged note on a French horn. Typically, music has 
two structures, a melodic structure consisting of a time sequence of sounds, and a 
harmonic structure consisting of a set of simultaneous sounds. High-fidelity 
music requires a bandwidth of 20–20,000 Hz. We perceive both loudness and 
musical pitch more or less logarithmically, so a power ratio of 1 dB between 
two sounds may sound quite small to us. Our most acute hearing takes place over 
800–3000 Hz, and it is here that we distinguish different musical instruments 
and perceive the direction of sound. The two elements that are important in 
high-fidelity music are the SNR value and the dynamic range. 

The bit rate requirement for standard stereo CD-quality music is 1.411 Mbps 
using a 16-bit PCM technique, which in turn results in an SNR of about 
90 dB. A waveform representing music varies relatively slowly, and as such past 
music samples can be used to rather strongly predict the present sample. 
Sophisticated digital-conversion methods, such as perceptual encoding 
employed in MP3 with frequency and temporal masking techniques, can take 
advantage of this predictability to reduce 1.411 Mbps to tens of kbps. The BER 
requirement for CD-quality music is about 10-9 or less. 

2.2.3 Visual 
An image is a two-dimensional array of values that must be reduced to a one-
dimensional waveform. This is typically accomplished by the scanning process. 
The widely-used raster scanning consists of successive lines across the image. 
Consider scanning, printing, or faxing a standard black-and-white 8.5” � 11” 
page with a modest resolution of 600 dots per inch, where a dot represents a 
bit one or zero. The number of bits in a page is then about 4.2 megabytes 
(MB). Well-known compression techniques, such as the Huffman coding— 
where the number of bits for each outcome is roughly equal in length to the 
amount of information conveyed by the outcome in question—can be used. 
Using Huffman coding, the number of bits required for transmission or storage 
of such a page can be greatly reduced by one to two orders of magnitude. For an 
8” � 10” color print, with 400 � 400 pixels per square inch and 24 bits per pixel 
(8 bits for each of the three primary colors of red, green, and blue), the number 
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of bits is then about 38.4 MB. By using image-compression techniques, such as 
the JPEG image-coding standard for compression of still images, it can be 
reduced by about two orders of magnitude. 

Video is a moving picture, and from a signal-processing standpoint, video is actually 
a succession of still images. The North American NTSC-TV signal has a bandwidth 
of 4.2 MHz, which extends down to zero frequency, and requires a 6-MHz channel 
allocation. Use of direct sampling and quantization leads to an uncompressed 
digital video signal of about 250 Mbps, provided that there are 30 frames per sec
ond, 720 � 480 pixels per image frame, and 24 bits per pixel. The HDTV signal 
requires an uncompressed digital video stream of about 1.5 Gbps, provided that 
there are 30 frames per second, 1920 � 1080 pixels per frame, and 24 bits per pixel. 

The power of video compression is staggering, as the key to video compression 
is based on human visual perception. MPEG-2 is a widely-used standard for 
video compression that supports diverse video-coding applications for a wide 
range of quality, from VCR to HDTV, depending on the transmission rate. 
MPEG-2 is a highly popular standard that is used in DVD, HDTV, terrestrial dig
ital video broadcasting (DVB-T), and digital video broadcasting by satellite 
(DVB-S). MPEG-2 exploits both temporal (inter-frame) and spatial (intra
frame) compression techniques, as a relatively small number of pixels changes 
from frame to frame and there is a very strong correlation among neighboring 
pixels on a given frame. Using MPEG-2, the uncompressed digital video for the 
NTSC-TV and HDTV can be reduced to about 6 Mbps and 19.4 Mbps, respec
tively, and both can then utilize the allocated 6-MHz bandwidth. 

In addition to MPEG standards, there are the ITU-T H-series standards, which 
compress video at a rate of multiples of 64 kbps in applications such as video
phone and videoconferencing. For instance, a close variant of one of these stan
dards, designed for very low bit rate coding applications, is now used in Flash 
video, a highly popular format for video sharing on Internet sites, such as You-
Tube. Another example is a versatile standard, developed jointly by ITU-T 
(International Telecommunications Union-Telecommunication) and MPEG 
(Moving Picture Experts Group), that supports compressed video applications 
for a wide range of video quality and bit rates, with applications such as mobile 
phone service (50–60 kbps), Internet standard-definition video (1–2 Mbps), 
and Internet high-definition video (5–8 Mbps). 

2.3 COMMUNICATION NETWORK MODELS 

Communication networks are needed to support a wide range of services, 
while allowing diverse devices to communicate seamlessly. A fundamental fea
ture to all network architectures is the grouping of communications 
and related-connection functions into layers. The principles of layering consist 
of bidirectional communication (i.e., each layer can perform two opposite 
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tasks, one in each direction). Layering simplifies design, implementation, and 
testing by partitioning the overall communication process into distinct, yet 
related, parts. Protocols in each layer can be designed separately from those 
in other layers. Between each pair of layers, there is an interface. It is the inter
face that defines the services offered by the lower layer to the upper layer. Layer
ing provides flexibility for modifying and evolving protocols and services 
without having to change layers below. 

2.3.1 Layered Architectures 
The various important concepts in protocol layering, such as those in the 
widely-known OSI model and TCP/IP protocol suite, are as follows: 

Encapsulation/decapsulation: A technique in which a data unit consisting of a 
number of bits from one layer is placed within the data field portion of the 
data unit of another layer is called encapsulation. Encapsulation is done at the 
source and decapsulation at the destination, whereas at the intermediate points, 
such as routers, both decapsulation and encapsulation are carried out. The 
process of encapsulation only narrows the scope of the dependencies between 
adjacent layers, and the details of the implementation of the other layers are 
irrelevant. 

Addressing: Any communication that involves two parties needs two 
addresses: a source address and a destination address. Apart from the physical 
layer, which only consists of bits and does not need addresses, each layer has a 
pair of addresses. Depending on the layer, some addresses are locally defined 
and some are global in scope. 

Multiplexing/demultiplexing: Multiplexing involves the sharing of a layer by 
several next-higher layer protocols, one at a time, and demultiplexing means 
that a layer can decapsulate and deliver a data unit to several next-higher layer 
protocols. 

Before we embark on a brief discussion of the two well-known layered architec
tures of the OSI model and the TCP/IP protocol suite, as shown in Figure 2.1, a  
word on the lack of the OSI model’s success is in order. The OSI model appeared 
after the TCP/IP model was fully in place and a lot of resources had been spent, so 
changing it would cost a great deal. In addition, some of the OSI layers were not 
fully defined, and the corresponding software was not fully developed. Also, it 
did not show a high enough level of performance to convince those involved 
to switch from the TCP/IP protocol suite to the OSI model. 

2.3.2 OSI Model 
The Open Systems Interconnection (OSI) model was an international effort by 
the International Organization for Standardization (ISO) to enable 



multivendor computer interconnection over public communication networks.

The purpose of the OSI reference model was to provide a framework for the
development of protocols. OSI provided a unified view of layers, protocols,

and services that is still in use in the development of new protocols. Detailed

standards were developed for each layer, but some of these are not in use. It is
important to highlight that the roles of certain layers have overlapped. For

instance, error detection and correction or encryption and compression, orig-

inally assigned to other layers, may be found at the physical layer. The OSI
model, as shown in Figure 2.1a, describes a seven-layer abstract referencemodel
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FIGURE 2.1, cont’d (b) the TCP/IP model. 

for network architecture. The focus of this book is primarily on Layer 1, the 
physical layer. 

Layer 1: The Physical Layer is concerned with the transmission of unstructured 
bit streams over a physical link; it deals with the mechanical, electrical, and pro
cedural characteristics to establish, maintain, and deactivate the physical link. 

Layer 2: The Data Link Layer provides the reliable transfer of data across the 
physical link; it sends blocks of data (frames) with the necessary synchroniza
tion bits as well as error and flow control bits. 

Layer 3: The Network Layer provides upper layers with independence from the 
data transmission and switching technologies used to connect systems; it is 
responsible for establishing, maintaining, and terminating connections. 

Layer 4: The Transport Layer provides reliable, transparent transfer of data 
between end points; it provides end-to-end error recovery and flow control. 
It is a liaison between the upper three layers and the lower three layers. 

Layer 5: The Session Layer provides the control structure for communication 
between applications; it establishes, manages, and terminates connections (ses
sions) between cooperating applications, and also provides recovery. 
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Layer 6: The Presentation Layer performs generally useful transformations on 
data to provide a standardized application interface and to provide common 
communication services. 

Layer 7: The Application Layer provides services to the users of the OSI environ
ment. Examples are transaction server, file transfer protocol, and network 
management. 

Whenever people communicate, whether by a computer over the Internet to 
send digital data or a telephone over the public-switched telephone network 
(PSTN) to send analog voice, they invoke protocols at all seven layers of the 
OSI. As an analogy, the categorization of the seven levels from top to bottom 
for a typical telephone call may be viewed as follows: 

n Layer 7: Application Layer Concerns: Am I talking to the right person? 
Should I call back later? 

n Layer 6: Presentation Layer Concerns: Are we speaking the same language? 
n Layer 5: Session Layer Concerns: Who will re-establish the call if we are 

cut off? 
n Layer 4: Transport Layer Concerns: What is the most cost-effective way to 

handle this call? 
n Layer 3: Network Layer Concerns: Redial for a busy signal. Disconnect 

when it is completed. 
n Layer 2: Data Link Layer Concerns: Talk or listen when you are supposed 

to. Ask for a repeat, if needed. 
n Layer 1: Physical Layer Concerns: These are the actual sounds spoken 

and heard. 

2.3.3 TCP/IP Protocol Suite 
The TCP/IP protocol suite is the dominant commercial architecture used on the 
Internet today, and its layers do not match those in the OSI layer, as shown in 
Figure 2.1b. The TCP/IP consists of four layers in addition to hardware 
devices. The application layer in the TCP/IP protocol suite is usually consid
ered to be the combination of three layers in the OSI model. The TCP/IP 
application layer programs are generally run directly over the transport layer. 
Two basic types of services are offered in the transport layer. The first service 
consists of a reliable connection-oriented transfer of a stream of bits, which is 
provided by the Transmission Control Protocol (TCP), such as e-mail delivery. 
The second service consists of the best-effort connectionless transfer of indi
vidual messages, which is provided by the User Datagram Protocol (UDP), 
as used for VoIP. This service provides no mechanisms for error recovery or 
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flow control, so UDP is used for applications that require quick, but not nec
essarily reliable delivery. 

The network layer handles the transfer of information across multiple networks 
using routers. This layer corresponds to the part of the OSI network layer that is 
concerned with the transfer of packets between nodes that are connected to dif
ferent networks. It must therefore deal with the routing of packets from router 
to router across these networks. The network layer includes the main protocol, 
the Internet Protocol (IP), which defines the format of the packet, called a data
gram, as well as the format and structure of addresses used in this layer. The IP is 
responsible for routing a packet from its source to its destination through 
routers in its path. The IP also has the unicasting and multicasting routing capa
bilities. The IP is a connectionless protocol that provides no flow control (lack 
of a mechanism to prevent buffer overflow), no error control (absence of means 
to reduce errors), and no congestion control (inability to limit packets in tran
sit) services. Should any of these services be required for an application, the 
application should rely only on the transport layer protocol. 

2.4 GUIDED-TRANSMISSION MEDIA 

Information transmission across a communication network is accomplished in 
the physical layer by means of a transmission medium to convey the energy of a 
signal from a transmitter to a receiver. In telecommunications, transmission 
media can be divided into two broad categories: guided (wired) and unguided 
(radio). Guided-transmission media include twisted-pair cable, coaxial cable, 
and fiber-optic cable, as shown in Figure 2.2, and the unguided-transmission 
medium is the atmosphere or free space, through which electromagnetic waves 
are propagated to convey information. 

2.4.1 Twisted-Pair Cable 
Twisted-pair was designed and built mainly for speech communications. As 
shown in Figure 2.2a, a twisted-pair cable consists of two insulated conducting 
(typically copper) wires, closely twisted together to reduce the susceptibility to 
crosstalk (electrical signals from other adjacent wires) and noise. One of the 
wires is used to carry signals to the receiver, and the other is used only as a 
ground reference. The receiver detects the information signal by the voltage dif
ference between the two. 

A twisted-pair cable can pass a wide range of frequencies. At a given frequency, a 
higher gauge (thicker) wire yields a higher signal attenuation. The attenuation 
for twisted-pair, measured in dB per distance, sharply increases with frequen
cies above 100 kHz. Since the attenuation per distance is higher for higher fre
quencies, the bandwidth of twisted-pair decreases with distance. Depending on 
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FIGURE 2.2 Guided-transmission media: (a) twisted-pair cable, (b) coaxial cable, and (c) fiber-optic cable. 

the gauge of the unshielded twisted-pair, the attenuation can roughly range 
between 1–4 dB/km at 4 kHz, between 5–10 dB/km at 100 kHz, and 10– 
20 dB/km at 1 MHz. For digital transmission over a twisted-pair cable, repeaters 
are required every couple of kilometers. 

Twisted-pair cables are used in the telephone network to transmit voice. The 
local loop, the line connecting subscribers to the central office, consists of 
unshielded twisted-pair (UTP) cables. To improve voice transmission, the 
transmission frequencies are limited to 4 kHz to reduce the crosstalk and load
ing coils are added to provide a flatter transfer function. These factors, not the 
inherent bandwidth of twisted-pair, limit the digital transmission rate over tele
phone lines to below approximately 40 kbps. 

However, a digital subscriber line (DSL), which uses a UTP cable, can provide 
much higher rates for short distances, provided that the user equipment and the 
interface at the central office are both changed to match the DSL transmission 
requirements. Besides distance, there are other factors, such as the size of the 
wire, the signaling type, crosstalk interference from other lines, and the SNR 
value, which can affect the available bandwidth and in turn the transmission 
rate. Moreover, twisted-pair cables are used in Ethernet LANs, such as 
10Base-T at 10 Mbps, 100Base-TX at 100 Mbps, 1000Base-T at 1 Gbps, capable 
of carrying various modalities. 
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2.4.2 Coaxial Cable 
As shown in Figure 2.2b, a coaxial cable consists of an inner (central) conductor 
of solid or stranded wire (usually copper) and an outer conductor of metal foil, 
braid, or a combination of two, separated by a dielectric insulating material. 
The outer conductor is also enclosed in an insulating sheath, and the whole 
cable can be protected by a plastic cover. 

As opposed to twisted-pair cables, coaxial cables provide much better immu
nity to crosstalk and interference, offer much larger bandwidths (hundreds 
of MHz), but yield higher levels of attenuation. In other words, although coax
ial cable has a much higher bandwidth, the signal weakens rapidly and requires 
the frequent use of repeaters, roughly every kilometer or so. The widest use of 
coaxial cable is for the distribution of television signals in cable TV systems, and 
it is also used for local area networks (LANs). Rates up to tens of Mbps are fea
sible using coaxial cables, with 10 Mbps being the standard. The attenuation 
can roughly range between 7–27 dB/km at 10 MHz. 

2.4.3 Fiber-Optic Cable 
An optical fiber is a dielectric waveguide that transports light signals just as metallic 
(twisted-pairorcoaxial) cable transportselectrical signals.Asshownin Figure2.2c, 
an optical fiber consists of a very fine cylinder of glass (core) surrounded by a con
centric layer of glass (cladding). The core has a slightly higher optical density 
(index of refraction) than the cladding. Therefore, when a ray of light fromthe core 
approaches the cladding, the ray is completely reflected back into the core, and the 
ray of light is guided within the fiber. Information is transmitted by varying the 
intensity of the light source with the message signal. The light in the fiber is peri
odically amplified and regenerated by repeaters along the transmission path, and 
at the receiver, the light intensity is detected by a photodiode. 

There are two types of optical fibers, the low-cost multimode fibers and the low-
loss single-mode fibers. A multimode fiber has a ray of light that can reach the 
receiver over multiple paths. Since each path has its own delay, the differences 
in delays cause interference. This limits the maximum bit rates that are achiev
able using multimode fibers. In a single-mode fiber where the core of fiber is 
much narrower, the single mode propagates with low loss and dispersion, thus 
requiring much fewer repeaters. Sources of noise in fiber-optic cables are pho
todiodes and electronic amplifiers. Optical fibers have unique characteristics, 
such as an enormous potential bandwidth, low transmission losses, immunity 
to electromagnetic interference, small size and weight, ruggedness, and flexibil
ity. Optical fiber transmission systems are widely deployed in backbone net
works, and can provide nearly error-free transmission rates up to several 
hundred Gbps over tens of kilometers, as typical attenuation is about 
0.2–0.5 dB/km. 
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2.5 RADIO TRANSMISSION 

Radio encompasses the electromagnetic spectrum in the range of 3 kHz to 
300 GHz. Radio transmission uses an unguided medium, and may possess 
principal benefits, but at the expense of some major shortcomings. 

2.5.1 Advantages of Radio 
Salient benefits of radio transmission are as follows: 

n Radio uniquely allows the realization and deployment of mobile 
systems with a multitude of diverse wireless applications and services. 

n Radio inherently possesses broadcast, narrowcast, and multicast 
capabilities. 

n Radio networks can be quickly implemented or reconfigured and extra 
terminals can be easily introduced or removed. 

n Radio systems do not require right-of-way and can be deployed by 
procuring only the sites where the antennas are located. 

n	 Signal level can be maintained over much longer distances in radio 
systems than in wired systems, as with an increase in the distance, the 
attenuation in decibels increases only logarithmically in radio systems 
but linearly in wired systems. 

2.5.2 Disadvantages of Radio 
The major drawbacks of radio transmission are as follows: 

n	 The radio spectrum is finite and scarce and, unlike wired media, it is 
not possible to procure additional capacity. An operating frequency in 
a radio band can be reused only in sufficiently-distant geographical 
areas or by certain multiple access schemes. 

n	 To maximize its utility, the radio spectrum is mainly regulated by 
government agencies, as regulatory bodies apply strict requirements on the 
emission characteristics of radio communication equipment, and 
frequency coordination is generally required when planning radio systems. 

n	 Interference, which is the energy that appears at the receiver from sources 
other than its own transmitter, is a major degradation in radio systems. 

n	 Path characteristics (i.e., attenuation and distortion) tend to vary with 
time, often in an unpredictable way. Multipath fading, a significant 
impairment in radio communications especially in mobile systems, 
occurs when the transmitted signal arrives at the receiver via propagation 
paths at different delays. 

n	 Signals can be much more easily intercepted in wireless systems than in 
wired systems; it is thus a more challenging task to make radio-based 
systems more secure. 
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2.5.3 Radio Spectrum 
It is imperative to highlight that spectrum is a very scarce commodity, and effi
cient use of any part of spectrum is of paramount importance. Radio spectrum 
refers to the part of the electromagnetic spectrum corresponding to radio fre
quencies—i.e., frequencies lower than around 300 GHz (or, equivalently, 
wavelengths longer than about 1 mm). Frequency assignments and technical 
standards are set internationally by the International Telecommunications Union 
(ITU). The Radiocommunication Sector of ITU (ITU-R) provides frequency 
assignments and is concerned with the efficient use of the radio frequency 
spectrum. 

Table 2.1 shows the frequency bands and some of their major aspects. The fre
quency bands are designated in logarithmic frequency and the progression of 
frequency bands has increasingly larger bandwidths. For instance, the MF band 
(from 0.3–3 MHz) has a bandwidth of 2.7 MHz, whereas the VHF band (from 
30–300 MHz) has a bandwidth of 270 MHz. Higher bandwidths can generally 
lend themselves to higher system capacities and transmission rates as well as 
lower levels of interference and bit error rates, but at the expense of higher 
signal attenuation and equipment complexity. 

Table 2.1 Frequency bands 

Frequency band Frequency 
range 

Wavelength range Transmission 
media 

Propagation 
mode 

Extra-Low Frequency (ELF) 3–30 Hz 

Super-Low Frequency (SLF) 30–300 Hz 

Ultra-Low Frequency (ULF) 300–3 kHz 

Very-Low Frequency (VLF) 3–30 kHz 

Low Frequency (LF) 30–300 kHz 

Medium Frequency (MF) 0.3–3 MHz 

High Frequency (HF) 3–30 MHz 

Very-High Frequency (VHF) 30–300 MHz 

Ultra-High Frequency (UHF) 0.3–3 GHz 

Super-High Frequency (SHF) 3–30 GHz 

Extra-High Frequency (EHF) 30–300 GHz 

Infrared 0.3–430 THz 

Visible Light 430–750 THz 

Ultraviolet 0.75–30 PHz 

100,000–10,000 km 

10,000–1,000 km 

1,000–100 km 

100–10 km 

10–1 km 

1–0.1 km 

100–10 m 

10–1 m 

1–0.1 m 

100–10 mm 

10–1 mm 

1 mm–700 nm 

700–400 nm 

400–10 nm 

Wire pairs 

Wire pairs 

Wire pairs 

Wire pairs 

Wire pairs 

Wire pairs & 
coaxial cable 

Coaxial cable 

Coaxial cable 

Coaxial cable & 
waveguide 

Waveguide 

Waveguide 

Optical fibers 

Optical fibers 

Optical fibers 

Ground wave 

Ground wave 

Ground wave 

Ground wave 

Ground wave 

Ground wave & 
sky wave 

Sky wave 

Sky wave & line of 
sight 

Line of sight 

Line of sight 

Line of sight 

Laser beams 

Laser beams 

Laser beams 
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Some parts of spectrum have been designated as industrial, scientific, and med

ical (ISM) bands. There are a dozen ISM bands, such as 2.4–2.5 GHz and 
5.725–5.875 GHz. These bands allow limited power transmission from various 
transmitting devices as well as unintentional radiations, such as microwave 
ovens, and short-range, low-power communication systems, including Wi-Fi, 
Bluetooth devices, and cordless phones. The communication equipment oper
ating in ISM bands must tolerate any interference generated by other ISM 
equipment as users have no regulatory protection. 

The energy in a radio frequency (RF) current can radiate off a conductor into 
space as electromagnetic waves (radio waves). This is the basis of radio technol
ogy. In radio communications, the signal is transmitted using an antenna that 
radiates energy at some carrier frequency and is received by another antenna. 
The propagation characteristics of electromagnetic waves used in radio channels 
are highly dependent on the operating frequency. Under similar conditions of 
propagation, the higher-frequency signal attenuates faster than the lower-
frequency signal and becomes too weak to be detected at the receiver. An RF 
power amplifier is used to amplify the power level of such a transmitted signal, 
so that it can travel larger distances with less attenuation. Also, the higher the 
operating frequency is, the more directive the antenna beam becomes. 

2.5.4 Wave Propagation 
Like light waves, radio signals by nature travel in a straight line, and therefore 
propagation beyond line of sight requires a means of deflecting the radio waves. 
The available methods are reflection (when the radio signal is bounced off a 
surface), refraction (when the radio signal bends due to a change in medium), 
diffraction (when the radio signal meets a sharp edge and redirects), and scat
tering (when the radio signal spreads out). For any type of radio communica

tions, the signal disperses with distance. The signal attenuation in free space is 
inversely related to the square of the distance that the radio signal must travel as 
well as the square of the frequency that the radio signal is operating at. 

Depending on the frequency and antenna, the radiated energy can propagate in 
either a unidirectional or omnidirectional fashion. In the former case, a 
properly-aligned antenna can receive the modulated signal, and in the latter 
case, any antenna in the area of coverage can receive the signal. In general, radio 
frequencies below 1 GHz or so are more suitable for omnidirectional applica
tions and above 1 GHz or so are typically tailored for unidirectional applica
tions. Also, at low and medium frequencies, radio waves can penetrate walls. 
This is viewed as an advantage when a signal is required to be received inside 
a building and is regarded as a disadvantage when it is required to isolate a 
communication to just inside or outside a building to reduce the level of 
interference. 



The range of 300 MHz to 300 GHz is known as microwave radio frequencies.

Rain attenuation, which refers primarily to the absorption of a microwave fre-
quency signal by atmospheric rain, snow, or ice, is a dominant source of signal

degradation. Rain attenuation is a function of many factors, such as location,

distance, elevation angle, and frequency. Rain attenuation is directly related to
frequency (i.e., the higher the operating frequency, the more severe the rain

attenuation can be).

Radio waves at different frequencies propagate in different ways. As shown

in Figure 2.3, there are three distinct methods for the transmission of radio

signals: ground-wave propagation, sky-wave propagation, and line-of-sight
propagation.

Earth

Signal propagation

(a)

Receive
antenna

Transmit
antenna

Earth

Signal
propagation

Signal
propagation

Ionosphere

(b)

Receive
antenna

Transmit
antenna

Earth

Signal propagation

(c)

Receive
antenna

Transmit
antenna

FIGURE 2.3 Radio propagation modes: (a) ground-wave propagation, (b) sky-wave propagation, and

(c) line-of-sight propagation.
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Ground-wave propagation: It is the dominant mode of propagation for fre
quencies below 2 MHz (all bands up to and including the lower part of MF 
band). In this frequency range, the Earth and the ionosphere (the layer of 
atmosphere where particles exist as ions) act as a waveguide for radio wave 
propagation. These low-frequency signals propagate (by diffraction) in all 
directions around the curved surface of the Earth for thousands of kilometers. 
Distance depends on the amount of power in the signal. Since the ground is 
not a perfect electrical conductor, ground waves are attenuated rapidly as they 
follow the Earth’s surface. The signal attenuation is a function of time and the 
frequency band. Also, the atmospheric noise level is rather high. The channel 
bandwidths available in these frequency bands are rather modest and in turn 
yield rather low transmission speeds. Typical applications include long-range 
navigation and maritime communications, radio beacon, and AM radio 
broadcasting. 

Sky-wave propagation: It is the dominant mode of propagation in the fre
quency range of 2 MHz to about 30 MHz or in some cases 60 MHz (the upper 
part of MF band, HF band, and the lower part of VHF band). Sky-wave prop
agation results when the signal is reflected (bent or refracted) from the iono
sphere (ionized layer of the upper atmosphere). In the HF band, signal 
multipath and fading can be a source of degradation. This impairment may 
be experienced when listening to a distant radio station at night when the 
sky-wave propagation is the dominant mode. The angle of reflection and 
the loss of signal at an ionospheric reflection point depend on the frequency, 
the time of the day, the season, and the sunspot activity. Ionosphere and tro
posphere scattering involves large signal propagation losses and requires a 
rather large amount of transmit power and relatively large antennas. The addi
tive noise is a combination of atmospheric noise and thermal noise. Cosmic 
noise, which is random noise originating outside the Earth’s atmosphere, 
impacts sky-way propagation. The typical transmission range in sky-wave 
propagation can be in hundreds of kilometers. Typical applications include 
FM radio broadcasting, short-wave broadcasting, amateur radio, and CB radio. 

Line-of-sight propagation: From the upper part of the VHF band up to 
and including the EHF band, signals must be transmitted in straight lines 
directly from antenna to antenna, hence the term line of sight. The transmit 
and receive antennas are required to be directional and facing each 
other. The direct path connecting the antennas in terrestrial communications 
can be affected by the curvature of the Earth. The distance between the trans
mitter and the receiver is therefore a function of the heights of the transmit 
and receive antennas. For this reason, television stations transmitting off-the
air signals or microwave radio relay systems mount their antennas on high 
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towers or buildings to reach a broad coverage area. Specifically, for terrestrial 
communications, the maximum distance between transmit and receive antenpffiffiffiffiffiffi�pffiffiffiffiffiffiffi pffiffiffiffiffiffiffi� 
nas for direct line-of-sight radio propagation is about D ¼ 17 HT + HR , 
where HT and HR are the heights of transmit and receive antennas in meters, 
respectively, and D is the maximum distance in kilometers over which commu
nications between them can take place by direct line-of-sight radio signals. 
Applications include off-the-air (VHF and UHF) TV broadcasting, which are 
examples of line-of-sight terrestrial communications, and satellite TV broad
casting and VSAT networks, which are examples of line-of-sight satellite 
communications. 

2.6 TRANSMISSION IMPAIRMENTS 

Signals travel though transmission media that are not perfect. The received sig
nal is therefore different from the transmitted one. There are a few major causes 
for transmission impairments. Figure 2.4 shows an example of various 
degradations. 

2.6.1 Attenuation 
Every channel introduces some transmission attenuation (loss). By increasing 
the physical distance between the transmitter and the receiver, the signal power 
(strength) at the receiver decreases. This loss is due to overcoming the resistance 
of the medium. For wired media, attenuation has an exponential dependence 
on distance, i.e., the attenuation in dB increases linearly with the distance, 
whereas for wireless systems the attenuation in dB increases logarithmically 
with the distance. 

As an example, suppose for a given distance the loss in a guided medium and an 
unguided medium are both x dB. If we increase the distance by a factor of 1000, 
then the loss in the guided medium is 1000x dB, whereas that in the unguided 
medium is only x + 10log1000 ¼ x + 30 dB. Thus, the signal level is more atten
uated in wired systems than in wireless systems. To compensate for transmis

sion loss, amplifiers must be used to enhance the signal level; however, 
amplification can then boost other types of degradations, such as noise and 
interference levels, as well. 

2.6.2 Distortion 
Due to the non-ideal channel, the transmitted signal changes its form or shape, 
thus resulting in signal perturbation. This is known as distortion. Unlike noise 
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(a) 

(b) 

(c) 

(d) 

(e) 

(f) 

FIGURE 2.4 An example of transmission impairments: (a) transmitted signal; (b) effects of attenuation; 
(c) effects of distortion; (d) effects of interference; (e) effects of noise; and (f) aggregate effects of 
impairments. 
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and interference, distortion disappears when the signal is turned off. The dis
tinct types of distortion are linear distortion, nonlinear distortion, and 
multipath fading. 

There are two types of linear distortions: amplitude distortion and phase (or 
delay) distortion. If the amplitude response of the channel is not constant 
(or almost within �1dB) in the message band, the result is amplitude distortion 
and if the phase response of the channel is not linear (i.e., various frequency 
components of the message signal suffer different amounts of delay), the result 
is then phase (delay) distortion. Delay distortion is a critical problem in data and 
video transmission, but the human ear is surprisingly insensitive to it. Wired 
telephone channels introduce linear distortion, which can result in intersymbol 
interference. However, equalizers can significantly mitigate the impact of linear 
distortion. For instance, adaptive equalization is employed in all high-speed 
voice-band data modems. 

Nonlinear distortion occurs when the relationship between the input signal and 
output signal is not linear (i.e., the superposition principle is not held). For 
instance, satellite channels, due to the use of high-power amplifiers (e.g., SSPA 
or TWTA) can introduce nonlinear distortion. Practical amplifiers produce 
nonlinear distortion if the input amplitude is large. In practice, the output of 
the amplifier becomes saturated at some value as the amplitude of the input 
signal is increased. Nonlinear distortion brings about intermodulation (i.e., 
the output has new frequency components that are not present in the spectrum 
of the input signal but now lie inside the signal bandwidth). Filtering therefore 
cannot remove these unwanted frequency components. One method to miti
gate nonlinear distortion is to employ input signals that have a constant enve
lope (i.e., virtually no signal fluctuations). Another one is to keep the signal 
amplitude within the linear operating range of the transfer characteristic by 
using companding (i.e., a compressor before the nonlinear channel and an 
expander right after it). 

Multipath fading is a type of degradation that occurs in radio communications, 
and it is considerably more prevalent in mobile radio systems. It occurs when 
more than one version of the transmitted signal arrives at the receiver, generally 
all with very different delays. Multipath fading can result in very wide fluctua
tions in the random amplitude and phase of the received signal and generally 
yield a severe amount of intersymbol interference. The receiver must thus 
employ a combination of complex techniques to minimize the impact of 
multipath fading. 

2.6.3 Interference 
Interference refers to energy that appears at the receiver from sources other than 
its own transmitter. It can manifest itself in wired cables in the form of crosstalk 
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and echo, but it is significantly more dominant in radio communications. 
Interference can be generated by other users of the same frequency or by equip
ment that inadvertently transmits energy outside its band and into the bands of 
adjacent channels or systems. 

There are various ways to practically remove or significantly minimize radio 
interference in most cases. They include appropriate filtering with stringent 
requirements, appropriately-placed physical barriers, transmit and receive 
antennas with high directivity, spatial (geographical) separation between 
wanted and interfering sources, and strict requirements set by regulatory bodies 
on the emission properties of equipment. 

2.6.4 Noise 
Noise refers to unwanted, ever-present, random waves that tend to disturb the 
transmission and processing of signals in a communication system, thus yield
ing a corrupted version of the transmitted signal. There are several types of 
noise, such as thermal noise (due to the random motion of electrons in a con
ductor), shot noise (due to the discrete nature of current flow in electronic 
devices), and impulse noise (due to natural sources, such as lightning, and 
man-made sources, such as high-voltage power lines). 

Noise is generally assumed to be added to the signal. Filtering can be used to 
maximize SNR at the receiver (i.e., it can reduce noise contamination), but 
there inevitably remains some amount of noise that cannot be eliminated. 
Moreover, due to the central limit theorem, the aggregate of a number of dif
ferent noises can be assumed to have a Gaussian distribution. It is also generally 
assumed that noise is white and thus emanates an equal amount of noise power 
per unit bandwidth at all frequencies. To this effect, additive white Gaussian 
noise (AWGN) is the most common type of noise considered in digital commu

nication systems, and constitutes one of the most fundamental system limita
tions. The effects of noise cannot be eliminated, but by appropriate filtering the 
SNR value can be maximized. 

2.7 MODULATION PROCESS 

Modulation is defined as a process through which an information-bearing mes

sage (i.e., modulating) signal is used to modify (i.e., modulate) some parameter 
(e.g., amplitude, frequency, phase) of a periodic (such as a high-frequency sinu
soidal) signal known as a carrier wave, individually or in combination, to pro
duce the modulated signal for transmission. This is similar to when a musician 
modulates a tone by varying its volume (amplitude), its timing (phase), and its 
pitch (frequency). 
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We have three distinct modulation categories: amplitude modulation (AM), fre
quency modulation (FM), and phase modulation (PM). However, in the context 
of digital communications, the term shift keying is generally used instead of the 
word modulation. To this effect, we have amplitude-shift keying (ASK), fre
quency-shift keying (FSK), and phase-shift keying (PSK). There is also another 
category in digital communications, which is a hybrid of ASK and PSK, known 
as quadrature amplitude modulation (QAM). It is important to note that PSK 
and QAM are used in digital communication systems far more often than 
ASK and FSK. In some cases, the modulated signal is simply related to the mes

sage signal, such as with ASK, and in some cases, the relationship is rather com

plicated, such as with QAM. 

A modem is a device that provides two-way communications, and thus performs 
both modulation in the transmitter and demodulation (i.e., the inverse oper
ation of modulation) in the receiver. Modulation is performed to achieve one 
or more of the following objectives: 

Modulation for efficient radio transmission: For radio communications, 
antennas are needed to radiate (transmit) and receive the modulated signal. 
The size of the antenna depends on the wavelength and the application. Mod
ulation helps translate the message signal with low frequency components into 
a signal with much higher frequency components. The resulting modulated sig
nal can thus possess a much smaller wavelength, and that in turn allows much 
smaller antennas. The signal wavelength λ can be found using λ ¼ c, where f isf 
the signal frequency in Hertz (Hz), c is the speed of light in meters per second 
(mps), and λ in meters (m). As an example, efficient electromagnetic radiation 
for line-of-sight radio propagation generally requires antennas whose physical 
dimensions are at least 10% of the signal’s wavelength. Therefore, an audio sig
nal with frequency components up to 100 Hz requires an antenna about 
300 km, but with modulation at 300 MHz, the antenna needs to be only about 
10 cm long. Another example is that for cellular mobile telephones, antennas 
are typically 25% of the signal wavelength, so for the above-mentioned audio 
signal, an antenna spanning 750 km would be required, but with modulation 
at 900 MHz, the equivalent antenna diameter would be only about 8 cm. 

Modulation to match channel characteristics: Modulation allows modification 
of the message signal to a form suited to the characteristics of the transmission 
channel. The majority of practical channels have bandpass characteristics and 
modulation translates the frequency components of the lowpass message signal 
to the passband range, so the spectrum of the transmitted signal can match the 
characteristics of the channel. Applications may include satellite TV, in which 
baseband video signals with frequency components up to 6 MHz are converted 
into RF signals operating at 14 GHz, and cellular phones, in which baseband 
speech signals with frequency components up to 4 kHz are converted into RF sig
nals operating at 900 MHz. 
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Modulation for frequency assignment: Modulation allows many radio and 
television stations to broadcast simultaneously in a given geographical area. 
Since each station has a different assigned carrier frequency, the desired broad
cast signals can be separated from others by tuning the receiver to select differ
ent stations as required. 

Modulation for multiplexing: When more than one signal needs to utilize a 
single channel, modulation may be used to translate different signals to differ
ent spectral locations. Applications include FM stereophonic broadcasting, in 
which the sum of the right-hand and left-hand signals and their differences 
are accommodated into a single channel, and cable TV, in which a number 
of TV channels along with the upstream and downstream Internet traffic are 
all integrated into a single channel. 

Modulation to allow common processing: Sometimes the frequency range of 
the signal to be processed and the frequency range of the processing device do 
not match, and the processing device is complex. Modulation allows the pro
cessing equipment to operate in some fixed frequency range and instead trans
late the frequency range of the signal to correspond to the fixed frequency range 
of the processing equipment. This is the case when in a system, such as AM 
radio, all RF signals coming from various AM radio stations are converted to 
a certain intermediate-frequency (IF) in a receiver. 

Modulation to overcome hardware limitations: The performance, design, and 
cost of some signal-processing devices, such as filters and amplifiers, often depend 
on the signal spectral location and the ratio of the highest to lowest signal frequen
cies. It is generally desirable to keep the ratio of signal bandwidth to its center fre
quency within 1–10%. Modulation can be therefore used to translate the signal to 
a location in the frequency domain where design requirements can be better met. 

Modulation to reduce noise and interference: The effect of noise and interfer
ence cannot be completely eliminated in a communication system. However, 
by significantly expanding the bandwidth of the transmitted signal, the noise 
and interference immunity in some cases can be considerably enhanced. In 
other words, bandwidth increase is traded for noise and interference reduction. 
Applications include FM radio and spread spectrum techniques. 

Modulation to allow design trade-offs: Modulation techniques, employing 
digital M-ary (vis-à-vis binary) signaling, can provide a balancing act to opti
mally achieve digital communication design objectives, such as higher trans
mission rate, lower transmit power, smaller signal bandwidth, lower bit 
error rate, and more modest complexity. By increasing M, bandwidth can be 
saved at the expense of an increase in bit error rate. By using trellis-coded mod

ulation, transmission rate can be enhanced, not with an increase in bandwidth 
but at the expense of increased modem complexity. 
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2.8 FUNDAMENTAL LIMITS IN DIGITAL TRANSMISSION 

The quality of digital transmission can be determined by two parameters: the 
transmission bit rate and the bit error rate (i.e., the fraction of bits that are 
received in error). Obviously, the smaller the bit error rate is, the more reliable 
the digital communication system is. In principle, it is possible to design a sys
tem that operates with zero bit error rate even though the channel is noisy. 
These two parameters in turn can be determined by the channel bandwidth 
W, measured in Hz, and the signal-to-noise ratio at the receiver input, where 
the average signal power S and the average noise power N are both measured 
in watts (W). Shannon addressed the question of determining the maximum 
achievable bit rate at which essentially error-free transmission is possible over 
an ideal channel of bandwidth W Hz and of a given signal-to-noise ratio, i.e., 
S , by using sufficiently complex channel coding. Shannon stated that the N 

channel capacity for a band-limited, power-limited channel with additive white 
Gaussian noise (AWGN) is given by the following formula: 

� � � � �� �� 
S Eb R 

C ¼ W log2 1 +  ¼ W log2 1+  (2.1)
N No W 

Note that the capacity C is in bits per second (bps), the limited bandwidth W is 
in Hz, the signal-to-noise ratio S is in a linear (not logarithmic) scale, and the N 
logarithm is to the base 2. We also have N ¼ N0W, where N0 represents the 
noise power spectral density in Watts/Hz, and S ¼ REb, where R represents 
the bit rate in bps and Eb is the bit energy in Joules (J). The bit error rate can 
be made arbitrarily small only if the transmission rate R is less than the channel 
capacity C. However, the Shannon’s information capacity theorem does not say 

Rhow to design the system. The larger the ratio is, the more efficient the C 
system is. 

2.9 DIGITAL COMMUNICATION DESIGN ASPECTS 

In a communication system, whether analog or digital, there are two primary 
resources: transmitted power and channel bandwidth. The transmitted power is 
the average power of the transmitted signal. The channel bandwidth reflects the 
band of significant frequency components allocated for the transmission of the 
input (message) signal. One of these two resources may be more precious than 
the other; hence communication channels are generally classified as band-
limited, such as the plain old telephone system (POTS), or power-limited, such 
as optical fiber links and satellite channels. Each of these two premium 
resources can have a very significant bearing on many system aspects. 
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The digital communication design objectives are many, but not all of equal 
importance; some are required and some are desirable. Some are more difficult 
than others to achieve, so further resources and additional complexities are 
needed to accommodate them. Table 2.2 provides a list of digital communica

tion design objectives. 

It is virtually impossible to achieve all digital communication design objectives 
simultaneously, because they are all inherently inter-related and in fact some 
are clearly in conflict with other design imperatives, so difficult trade-offs must 
be made. For instance, high-speed transmission is in conflict with low channel 
bandwidth, and low bit error rate is in conflict with low transmit power. 

There are some unyielding design constraints that necessitate the trading off of any 
one system requirement with each of the others. Some constraints must be 
satisfied, such as those dictated by theorems in communication theory or required 
by governments, and some are desirable, such as those required by the users. 
Table 2.2 also provides a list of digital communication design constraints. 

Design of digital communication systems and networks thus present many 
challenges, as it is a multidimensional, nonlinear, constrained optimization 
problem. It is imperative to emphasize that there are many system variables 
and parameters representing a multitude of constraints, some of which cannot 
be easily quantified and directly factored into a design, and there are a host of 
conflicting design objectives that all need to be fully met, and only some, but 
not all, can be accommodated. 

Table 2.2 Digital communication design objectives and constraints 

Design objectives Design constraints 

n Maximize transmission rate (bps) 
n Minimize bit error rate 
n Minimize signal bandwidth (Hz) 
n Minimize transmit power (W) 
n Maximize system throughput 
n Minimize overhead and signaling bits 
n Minimize noise and interference (W) 
n Minimize overall delay (s) 
n Minimize jitter (s) 
n Maximize system security 
n Maximize system flexibility 
n Maximize system capacity (bps) 
n Minimize computational load 
n Minimize system complexity 
n Maximize system utilization 
n Maximize system reliability 
n Minimize system cost ($) 
n Minimize access/usage fee ($) 

n The Shannon capacity theorem (and the Shannon limit) 
n The Nyquist theoretical minimum bandwidth requirement 
n Source entropy for lossless compression 
n Subjective perception for lossy compression 
n Government regulations (e.g., frequency allocations and coordination) 
n Technological limitations (e.g., state-of-the-art components) 
n Laws of nature (e.g., multipath fading, ionospheric propagation) 
n De jure and de facto standards (e.g., IEEE, ISO, Bluetooth) 
n User device specifications (e.g., aesthetics, size, weight, cost) 
n User interface requirements (e.g., user-friendly features) 
n Mass, power and real estate envelopes (e.g., satellite buses) 
n Networking requirements (e.g., mobile service coverage) 
n Radiation restrictions (e.g., acceptable health hazard in mobile devices) 
n Service and traffic differentiation (e.g., user and application priority) 
n Maintainability (e.g., ease of testing, monitoring and control) 
n Upgrade requirements (e.g., forward and backward compatibility) 
n Application requirements (e.g., traffic patterns and characteristics) 
n Market considerations (e.g., risks, economies of scale, affordability) 
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Summary and Sources 

In this chapter, the emphasis was on highlighting major aspects of digital com

munications. We thus briefly provided some to-the-point descriptions and 
intuitive explanations of various concepts involved in an end-to-end digital 
communication system. The crux of what was briefly discussed here, though 
a bit abstract in tone and coverage, will be expanded later. Before embarking 
on a quantitative discussion and detailed analysis of essential components 
of digital communication systems, some basic mathematical tools to under
stand, analyze, and design digital communication systems are needed, which 
are provided in the subsequent two chapters. 

The current status of the pervasive digital communication application and tech
nology is due to the cumulative impacts of the significant contributions made, 
by quite many for so long, to the field of digital communications from both 
transmission and networking aspects. It is a well-known fact, however, that 
the Shannon’s exceptional contribution [1] laid the unique foundation for 
the field, and the impact of his extraordinary work will always remain unpar
alleled. There are many excellent books, in both areas of digital transmission 
systems and communication networks, which discuss in detail the topics briefly 
highlighted in this chapter, including references [2–5] on digital transmission 
and [6–9] on communication networks. 

[1]	 C.E. Shannon, A mathematical theory of communication, Bell Syst. Tech. J. 27 (July, October, 
1948) 379–423, 623–656. 
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007-038960-8, 1968. 

[3]	 R.D. Gitlin, J.F. Hayes, and S.B. Weinstein, Data Communications Principles, Plenum Press, ISBN: 
0-306-43777-5, 1992. 
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0-13-084788-7, 2001. 

[5]	 J.G. Proakis and M. Salehi, Digital Communications, fifth ed., McGraw-Hill, ISBN: 978-0-07
295716-7, 2008. 
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[7]	 B.A. Forouzan, Data Communications and Networking, fifth ed., McGraw-Hill, ISBN: 978-0-07
337622-6, 2013. 

[8]	 W. Stallings, Data and Computer Communications, ninth ed., Prentice-Hall, ISBN: 978-0-13
139205-2, 2011. 
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CHAPTER 3

Signals, Systems, and Spectral Analysis

INTRODUCTION

This chapter begins with basic operations on signals. Signals and systems from

various points of interest are classified and their applications in digital commu-
nications are highlighted. Sinusoidal signals and signals through which practi-

cal signals can be formed are reviewed. To introduce the important concepts of

frequency and bandwidth, an extensive discussion of the Fourier series and
transform, along with their properties and applications, is presented. Time

and frequency relations are discussed and various definitions of bandwidth

are provided. We then turn our focus on transmission of lowpass and bandpass
signals, as well as various types of distortions and filters. After studying this

chapter and understanding all relevant concepts and examples, students should

be able to do the following:

1. Know how to scale up/down, add, multiply, differentiate, and integrate

signals.
2. Understand how to time shift and time scale signals.

3. Apply the precedence rule in operations performed on independent
variables.

4. Classify signals from different perspectives.

5. Describe analog and digital signals and their sources.
6. Determine the period and fundamental frequency of a periodic signal.

7. Evaluate the energy and power of a signal.

8. Discuss the classification of systems from different perspectives.
9. Differentiate between the concepts of system analysis and system

design.

10. Grasp all relevant aspects of linear time-invariant systems.
11. Appreciate sinusoidal signals and their unique roles in

communications.

12. Identify various representations of the Fourier series.
13. State how to find the Fourier transform of a signal.

14. Connect the concepts of the Fourier series and Fourier transform.
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15. Summarize the importance and applications of the Fourier transform

properties.

16. Provide various definitions of bandwidth and time-bandwidth product.
17. Characterize the impact of systems on signals.

18. Analyze the effects of various types of distortions and communication
filters.

19. Define autocorrelation and spectral density functions.

20. Outline various representations of bandpass signals.

3.1 BASIC OPERATIONS ON SIGNALS

In communications, any time-varying physical phenomenon that conveys

information is referred to as a signal. Examples include signals with useful
information, such as human voices, MP3 music, JPEG images, seismic signals,

CT scans, ECG signals, and MPEG videos, or signals that are considered useless

and unwanted, such as noise and interference.

Our focus here is on one-dimensional signals defined by single-valued func-

tions of time; that is, for every instant of time, there is a unique value of the
function. In our analysis, signals are functions of the independent variable

time, but they can also be considered as functions of the independent variable

space. In other words, the following discussion can be viewed as both temporal
signal analysis and spatial signal analysis. Furthermore, we assume g(t) repre-

sents a continuous signal, where the vertical axis represents g(t) and the

horizontal axis represents t, a real number, and g(n) represents a discrete signal,
where the vertical axis represents g(n) and the horizontal axis represents n, an

integer. The basic operations on signals are divided into two distinct categories:

i) operations performed on the dependent variable g(t) or g(n), and ii) opera-
tions performed on the independent variable t or n. In addition, a mixed set of

operations from both categories can be simultaneously applied to signals.

3.1.1 Operations Performed on Dependent Variable

In amplitude-scaling operations, the signal g(t) is multiplied by a scaling factor k

to form y(t), and thus defined by

yðtÞ¼ k gðtÞ (3.1)

If k> 0, then the resulting product y(t) is a scaled up or down version of g(t).
Note that for k> 1, the signal is amplified (e.g., by an audio amplifier), and for

0< k< 1, the signal is attenuated (e.g., due to the free space propagation).

However, if k< 0, then y tð Þ¼ jkj �g tð Þð Þ is a scaled up or down version of
�g tð Þ. Note that �g tð Þ is the flipped version of g(t) with respect to the horizon-

tal axis (i.e., about the line g tð Þ¼ 0).
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EXAMPLE 3.1

Suppose the signal h1(t) is defined as follows:

h1 tð Þ¼
0, t< 0
t, 0� t� 1
1, 1< t

8<
:

Determine h2 tð Þ¼ 1:5h1 tð Þ, h3 tð Þ¼ 0:5h1 tð Þ, and h4 tð Þ¼�0:5h1 tð Þ:
Solution
Using (3.1), we can obtain h2(t) and h3(t), as they are amplitude-scaled versions of h1(t), and h4(t), as

it is an amplitude-scaled version of �h1 tð Þ. Figure 3.1 shows all signals.

In addition operations, two signals g1(t) and g2(t) are added to form the sum

y(t), and thus are defined by

y tð Þ¼ g1 tð Þ + g2 tð Þ (3.2)

A physical example of a device that adds signals is an audio mixer, which com-
bines music and voice signals. Note that the difference between two signals

g1(t) and g2(t) can be viewed as the sum of g1(t) and �1ð Þg2 tð Þ. An example

to determine the difference between two signals is when an estimate of the echo
signal is subtracted from the received signal.

– 0.5

10
0.5

10

1

10

1.5

10

FIGURE 3.1 Signals in Example 3.1.
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In multiplication operations, two signals g1(t) and g2(t) are multiplied to form

the product y(t), and thus are defined by

y tð Þ¼ g1 tð Þg2 tð Þ (3.3)

A physical example of a device that multiplies signals is an AM radio transmitter,
in which a signal consisting of the sum of a scaled-down version of an audio sig-

nal and a constant component is multiplied by a signal, known as a carrier wave.

EXAMPLE 3.2

Suppose the signals k1(t) and k2(t) are defined as follows:

k1 tð Þ¼

0, t< 1
1, 1� t� 2
0, 2< t< 3
1, 3� t� 4
0, 4< t

8>>>><
>>>>:

and

k2 tð Þ¼
0, t< 0
2, 0� t� 2
0, 2< t

8<
:

Determine k3 tð Þ¼ k1 tð Þ + k2 tð Þ and k4 tð Þ¼ k1 tð Þk2 tð Þ.
Solution
Using (3.2) and (3.3), we can obtain, in a piecewise fashion, k3(t) and k4(t), respectively. All signals

are shown in Figure 3.2.

1

10 2 3 4

0
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0 1 22 3 4
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1

FIGURE 3.2 Signals in Example 3.2.
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In differentiation operations, the derivative of the signal g(t) with respect to time

t is taken, and thus defined by

y tð Þ¼ d

dt
g tð Þ¼ g0 tð Þ (3.4)

A physical example is an inductor, as the voltage across the inductor with induc-

tance L is equal to L times the derivative of the current flowing through it.

In integration operations, the integral of the signal g(t) with respect to time t is
taken, and thus is defined by

y tð Þ¼
ð
g tð Þdt (3.5)

A physical example is a capacitor, as the voltage across the capacitor with capac-

itance C is equal to 1
C times the integral of the current flowing through it.

EXAMPLE 3.3

Consider the signals w1 tð Þ¼ jtj and w2 tð Þ¼ 1, and determine w3 tð Þ¼w’

1 tð Þ and w4 tð Þ¼
ð
w2 tð Þdt :

Solution
Using (3.4) and (3.5), we can easily obtain w3(t) and w4(t), respectively. All signals are shown in

Figure 3.3.
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1

–1

0

1
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FIGURE 3.3 Signals in Example 3.3.
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3.1.2 Operations Performed on Independent Variable

In time-reversal operations, also known as time-inversion, time-folding and
time-reflection operations, the flipped version of the signal g(t) around the ver-

tical axis (i.e., about the line t¼ 0) is obtained, and thus is defined by

y tð Þ¼ g �tð Þ (3.6)

In time-shifting operations, the time-shifted version of the signal g(t) is
obtained, and thus is defined by

y tð Þ¼ g t� τð Þ (3.7)

where τ is a real number representing a time shift. If τ> 0, then y(t) is obtained
by shifting g(t) toward the right (i.e., y(t) is a time-delayed version of the signal

g tð ÞÞ. If τ< 0, g(t) is shifted toward the left (i.e., y(t) is a time-advanced version

of the signal g(t)).

EXAMPLE 3.4

Suppose the signal b1(t) is defined as follows:

b1 tð Þ¼
t + 1, tj j � 1

0, tj j> 1

8<
:

Determine b2 tð Þ¼ b1 �tð Þ, b3 tð Þ¼ b1 t�1ð Þ; and b4 tð Þ¼ b1 t + 1ð Þ.
Solution
Using (3.6), we can obtain b2(t), and using (3.7), we can obtain b3(t) and b4(t). All signals are shown

in Figure 3.4.
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FIGURE 3.4 Signals in Example 3.4.
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In time-scaling operations, the time-scaled version of the signal g(t) is obtained,

and thus is defined by

y tð Þ¼ g βtð Þ (3.8)

where β 6¼ 0 is a real number representing a time-scaling factor. If β> 1, the sig-

nal y(t) is a compressed (contracted) version of g(t), and if 0< β< 1, the signal
y(t) is an expanded (stretched) version of g(t). Note that if β¼ 1, then the signal

remains unchanged, and if β< 0, then the signal y(t) is the time-scaled version

of g �tð Þ (i.e., y tð Þ¼ g �jβj tð Þ, with jβj as the time-scaling factor).

EXAMPLE 3.5

Suppose the signal c1(t) is defined as follows:

c1 tð Þ¼
�t + 1, tj j � 1

0, tj j> 1

8<
:

Determine c2 tð Þ¼ c1 2tð Þ, c3 tð Þ¼ c1 t=2ð Þ, and c4 tð Þ¼ c1 �2tð Þ.
Solution
Using (3.8), we can easily obtain c2(t) and c3(t), and using (3.6) and then (3.8), we can obtain c4(t). All

signals are shown in Figure 3.5.
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FIGURE 3.5 Signals in Example 3.5.
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It is possible that a combination of both time-shifting and time-scaling opera-

tions is required (e.g., y tð Þ¼ g βt� τð Þ, where τ 6¼0 and β 6¼0 are both real num-
bers, and represent the time shift and time scale, respectively). It is thus

imperative to follow the precedence rule for time-shifting and time-scaling

operations. The proper order to perform both operations is to carry out first
the time-shifting operation (i.e., replacing t by t� τ) and then the time-scaling

operation (i.e., replacing t by βtÞ. It is worthwhile to highlight that this relation

between y(t) and g(t) must satisfy the conditions y 0ð Þ¼ g �τð Þ and y τ=βð Þ¼ g 0ð Þ.
These conditions can in turn provide useful checks on y(t) in terms of g(t).

EXAMPLE 3.6

Determine the signal p3 tð Þ¼ p1 2t�1ð Þ, if the signal p1(t) is defined as follows:

p1 tð Þ¼
1�jtj, jtj � 1

0, jtj> 1

8<
:

Solution
Wemust first time shift the signal p1(t) and then time scale it. Using (3.7), we first time shift p1(t) to

the right by a shift of 1 to get p2 tð Þ¼ p1 t�1ð Þ. Using (3.8), we then time scale p2(t) by a factor of 2 to

get p3 tð Þ¼ p2 2tð Þ¼ p1 2t�1ð Þ. As a check, the conditions p3 0ð Þ¼ p1 �1ð Þ and p3 1

2

� �
¼ p1 0ð Þ are both

satisfied. Note that had we first time scaled by 2 and then time shifted by 1, we would have then

obtained p4 tð Þ¼ p1 2 t�1ð Þð Þ¼ p1 2t�2ð Þ, an incorrect result. All signals are shown in Figure 3.6.
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FIGURE 3.6 Signals in Example 3.6.
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3.2 CLASSIFICATION OF SIGNALS

Representation and processing of a signal highly depends on the type of signal

being considered. Signals can be broadly classified into a number of
different ways.

3.2.1 Continuous-Value and Discrete-Value Signals

A continuous-value signal is one that may have any value within a continuum of

allowed values; the continuum on the vertical axis can be finite or infinite. An
analog speech transmitted over a twisted-pair telephone line can be categorized

as a continuous-value signal, as the signal level over time can continuously

range from a quiet whisper to a deafening scream.

A discrete-value signal can only have values taken from a discrete set consisting

of a finite number of values. A discrete-value signal may be derived from a
continuous-value signal when the signal value is quantized (rounded).

Figure 3.7 shows continuous-value and discrete-value signals.

3.2.2 Continuous-Time and Discrete-Time Signals

A signal is said to be a continuous-time signal if it is defined for all time t, a real
number. Continuous-time signals arise naturally when a physical signal, such

(a) (b)

(c) (d)

111 101 100 101 111 110

g(n)

g(n)

g(t)

g(t)

FIGURE 3.7 Continuous/discrete-value, continuous/discrete-time signals: (a) continuous-value,

continuous-time signal; (b) continuous-value, discrete-time signal; (c) discrete-value, discrete-time

signal; and (d) discrete-value, continuous-time signal.
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as a light wave, is converted by a transducer, such as a photoelectric cell, into an

electrical signal. A continuous-time signal can have zero value at certain
instants of time or for some intervals of time.

A signal is said to be a discrete-time signal if it is defined only at discrete instants
of time n. In other words, the independent variable on the horizontal axis has

discrete values only (i.e., it takes its value in the set of integers). Note that it does

not mean a discrete-time signal has zero value at nondiscrete (noninteger)
instants of time, it simply implies we do not have (or probably we do not care

to have) the values at noninteger instants of time. A discrete-time signal g(n) is

often derived from a continuous-time signal g(t) by the sampling process.
Figure 3.7 shows continuous-time and discrete-time signals.

3.2.3 Analog and Digital Signals

The terms analog and digital describe the nature of the signal amplitude on the

vertical axis, as analog and digital signals are both continuous-time signals

defined for all time t. For an analog signal, the dependent variable on the ver-
tical axis can be any real number �1,1ð Þ. Humans produce and perceive

audio and visual signals in an analog form. Examples of analog signals include

signals representing light and sound intensity and multidimensional position.
Analog signals arise when a physical signal is converted by a transducer, such as

the conversion of an acoustic wave by a microphone into an electrical signal.

The variation of the analog signal with time is analogous (proportional) to
some physical phenomenon, such as voice.

For a digital signal, on the other hand, over any finite interval of time, also known

as a bit or symbol duration, the continuous-time waveform belongs to a finite set
of possible waveforms. This is in contrast to analog communications where the

continuous waveform can assume an infinite number of possible waveforms. A
good example of digital signals is touch-tone signalling, in which a touch-tone

telephone simultaneously transmits down the subscriber line a certain pair of

audible sinusoidal frequencies for each of the 12 possible keys.

Examples of analog and digital signals are shown in Figure 3.7. The sampling

process can transform an analog signal (a continuous-value, continuous-time

signal, as shown in Figure 3.7a) into a sampled signal (a continuous-value,
discrete-time signal, as shown in Figure 3.7b). The quantization (rounding)

process can then transform a sampled signal into a quantized signal (a

discrete-value, discrete-time signal, as shown in Figure 3.7c), and the encoding
process can finally transform a quantized signal into a digital signal (a discrete-

value, continuous-time signal, as shown in Figure 3.7d).

In an analog communication system, the objective at the receiver is to repro-

duce the transmitted waveform with enough precision for an acceptable and
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subjective perception. However, in a digital communication system, the objec-

tive is to determine which one of the finite set of waveforms have been sent by
the transmitter. To this effect, the figure of merit for the performance of analog

communication systems is a fidelity criterion, namely, the signal-to-noise ratio

(SNR), whereas the figure of merit for the performance of digital communica-
tion systems is the average bit error rate (BER).

3.2.4 Deterministic and Random Signals

A deterministic signal is a fully-defined (completely-specified) function of the

independent variable time. A deterministic signal is a signal about which there
is no uncertainty with respect to its value, and we can thus determine the exact

value of the signal at any given time. Signals characterizing linear distortions in

communication channels or sinusoidal signals used as local oscillators in trans-
mitters are all deterministic.

If a signal is known only in terms of statistical averages and probabilistic

description—such as its mean value, mean square value, and distribution—
rather than its full mathematical equation or complete numerical table or exact

graphical description, it is then a random signal. In other words, for a random

signal, there is some degree of uncertainty before it actually occurs, as ampli-
tudes of random signals must be described probabilistically.

In digital communications, a random signal may belong to a group of signals,
with each signal in the group having a different waveform as well as having a

certain probability of occurrence. The ensemble of signals is referred to as a ran-

dom (stochastic) process.Message signals, interference at all levels, and noise of
all types are considered as random signals.

It is imperative to emphasize that the essence of communications is random-

ness. In communications, message signals are almost never deterministic, as
deterministic signals carry no information. Any signal that conveys information

must have uncertainty in it. The message signals from the receiving viewpoint

are unpredictable; otherwise, their transmissions will serve no purpose, and
thus become unnecessary.

3.2.5 Real and Complex Signals

In both real and complex signals, the independent variable is real-valued. A real

signal at any given time takes its value in the set of real numbers, and a complex

signal takes its value in the set of complex numbers. A complex signal can in

turn be represented by two real signals, such as the real and imaginary parts

or equivalently magnitude (amplitude) and phase values. Signals that we
observe physically (using voltmeters, ammeters, oscilloscopes, etc.) are all real

signals, as complex signals have no physical meaning. Certain mathematical
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models and calculations can be greatly simplified if we use complex notation.

In communications, a complex signal is often used to convey information
about the magnitude and phase of a signal in the frequency domain.

3.2.6 Periodic and Nonperiodic Signals

A periodic signal repeats itself in time. A periodic continuous-time signal g(t) is a
function of time that satisfies the periodicity condition g tð Þ¼ g t�T0ð Þ for all
time t, where t starts fromminus infinity and continues forever, and T0 is a pos-

itive number. The smallest value of T0 that satisfies this condition is called the
period. Note that a time-shift to the right or to the left by T0 results in exactly the

same periodic signal g(t). Assuming p(t) is a time-limited signal that defines

only one period of the signal g(t), then g(t) can be analytically expressed as
follows:

g tð Þ¼ g t�T0ð Þ¼
X1
k¼�1

p t�kT0ð Þ (3.9)

The reciprocal of the period is called the fundamental frequency of the periodic

signal, and its multiples are called harmonics. Any signal for which no value of

T0 satisfies the above condition is then a nonperiodic signal.

No physical signal can be truly categorized as periodic, as no physical signal can

start from minus infinity and continue forever. However, for very long enough
observation intervals, and of course, for the analysis and design purposes, it is

reasonable to assume to have periodic signals.

For a discrete-time signal to be periodic, the period must be a positive integer;
otherwise, it is called nonperiodic. It is worth noting that a discrete-time signal

obtained by uniform sampling of a periodic continuous-time signal may or
may not be periodic, as it highly depends on the sampling rate.

A continuous-time signal consisting of the sum of two time-varying functions is

periodic, if and only if both functions are periodic and the ratio of these two
periods is a rational number. In such a case, the least common multiple of

the two periods is the period of the sum signal. Alternatively, the fundamental

frequency of each of the two periodic signals can be found and the greatest com-
mon factor of the two fundamental frequencies is then the fundamental fre-

quency of the sum signal. This is in contrast to discrete-time signals, where

the sum of two periodic discrete-time signals is always periodic.

Note that we have defined periodic functions in the time domain. However, it is

also possible to define a periodic function in the frequency domain. For
instance, a continuous-time signal sampled in the time domain is periodic in

the frequency domain, as will be discussed in the context of sampling theorem.
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3.2.7 Even and Odd Signals

A real signal is said to be an even signal if we have the following:

g tð Þ¼ g �tð Þ (3.10)

for all time t, even signals are thus symmetric about the vertical axis (i.e.,

around the line t¼ 0). A signal is said to be an odd signal if we have the

following:

g tð Þ¼�g �tð Þ (3.11)

for all time t. Odd signals are thus symmetric about the origin. If two signals
are both even, their sum and difference are both even, and if they are both

odd, their sum and difference are both odd. The derivative of an odd signal

is an even signal and the derivative of an even signal is an odd signal. If
two signals are both even or both odd, then their product and quotient are

both even, but if one is even and the other is odd, then their product and quo-

tient are both odd. A signal, which is by definition a single-valued function,
cannot be both odd and even. A real physical signal is rarely an even or an odd

signal.

An arbitrary real signal can always be decomposed into an even part ge(t) and an

odd part g0(t). In other words, we have the following:

g tð Þ¼ ge tð Þ+ g0 tð Þ
ge tð Þ¼ g tð Þ+ g �tð Þ

2

g0 tð Þ¼ g tð Þ� g �tð Þ
2

(3.12)

EXAMPLE 3.7

Determine whether the signal z tð Þ¼ t3 + t2 is an odd signal or an even signal or neither; if it is nei-

ther, then determine the odd and even parts of it.

Solution
From z(t), we find z �tð Þ¼�t3 + t2. Since we have z tð Þ 6¼ z �tð Þ, z(t) is not an even function, since we

have z tð Þ 6¼ � z �tð Þ, z(t) is not an odd function. We therefore have to find the odd and even parts of

z(t). Using (3.12), the even and odd parts of z(t) are, respectively, as follows:

ze tð Þ¼ z tð Þ + z �tð Þ
2

¼ t3 + t2� t3 + t2

2
¼ t2

zo tð Þ¼ z tð Þ�z �tð Þ
2

¼ t3 + t2 + t3� t2

2
¼ t3

Figure 3.8 shows z(t), ze(t), and zo(t).
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3.2.8 Energy and Power Signals

In signal analysis, it is customary to assume a 1�Ω resistor, so regardless of

whether g(t) represents a voltage across it or a current through it, we may
express the instantaneous power p(t) associated with the signal g(t) as

p tð Þ¼ jg tð Þj2. The magnitude squared is used in the instantaneous normalized

power to allow the possibility of g(t) being a complex-valued signal. For real
signals, we therefore have p tð Þ¼ g2 tð Þ. It is important to highlight that math-

ematically, power is the derivative of energy with respect to time, and physi-

cally, it is the rate at which energy is supplied or consumed. In a digital
communication system, power determines the voltage applied to the transmit-

ter, and the system performance directly depends on the received signal

energy.

Table 3.1 presents the total-energy and average-power formulas. Note that for a

nonperiodic signal, the time average spans over all time t or n, whereas for a
periodic signal, the time average spans over only one single period. This means

that the power content of a periodic signal is equal to the average power in one

period (cycle).

A signal is referred to as an energy signal if and only if its total energy E is finite;

in other words, when we have 0< E<1. A necessary condition for the energy

to be finite is that the signal amplitude must approach zero as time approaches
plus or minus infinity (i.e., g tð Þ! 0 as t!�1Þ. If the signal energy is infinite,
the time average of the energy (if it exists), i.e., the average power, is more

meaningful.

FIGURE 3.8 Signals in Example 3.7.
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A signal is referred to as a power signal, if and only if the average power of
the signal is finite; in other words, when we have 0< P<1. An energy

signal has zero average power, whereas a power signal has infinite energy.

The definitions of energy signal and power signal can be then summarized
as follows:

Energy signal:0< E<1 finite total energyð Þ andP¼ 0 zero averagepowerð Þ

Power signal:0< P<1 finite averagepowerð Þ andE¼1 infinite total energyð Þ
(3.13)

A signal cannot be both an energy signal and a power signal; if it is one, it can-

not be the other. However, a signal with infinite power, such as a unit ramp
signal (i.e., g tð Þ¼ t for t� 0 and g tð Þ¼ 0 for t< 0) can be neither an energy sig-

nal nor a power signal. No physical signal can have infinite energy or infinite

average power, but in signal analysis, according to strict mathematical defini-
tions, signals, such as sinusoidal, have infinite energy. Every signal observed in

real life is an energy signal. It is practically impossible to generate a power signal

because such a signal would have an infinite duration and infinite energy. Peri-
odic signals and random signals are usually viewed as power signals, whereas

signals that are deterministic and nonperiodic are usually viewed as energy sig-

nals. Signal energy and power are generally measured in Joules (J) and Watts
(W), respectively. Due to a very wide range of values for power in communica-

tion systems, it is the common practice to use the logarithmic scale to represent

signal power.

Table 3.1 Energy and power of signals

Continuous-time
signals

Discrete-time
signals

Total energy of the
nonperiodic signal
g(t) or g(n)

E ¼
ð1

�1
g tð Þj j2dt E ¼

X1
n¼�1

g nð Þj j2

Average power of the
nonperiodic signal
g(t) or g(n)

P¼ lim
S!1

1

2S

� � ðS
�S

g tð Þj j2dt P¼ lim
N!1

1

2N

� � X1
n¼�1

jg nð Þj2

Average power of the
periodic signal g(t) or g(n) P¼ 1

T0

� � ðT0=2
�T0=2

g tð Þj j2dt P¼ 1

N

� �XN�1

n¼0

jg nð Þj2
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EXAMPLE 3.8

Classify the following signals as energy signals or power signals or neither: a) f1 tð Þ¼ e�t for t� 0

and f1 tð Þ¼ 0 for t< 0, b) f2 tð Þ¼ cos tð Þ, and c) f3 tð Þ¼ e�t.

Solution
We use the results in the second column of Table 3.1, as these three signals are all continuous-

time signals; moreover, they are all real, so we can use g2(t) rather than jg tð Þj2.
(a) f1(t) is a nonperiodic signal whose energy is as follows:

E¼
ð1

�1
jf1 tð Þj2dt¼

ð1
0

e�2tdt¼ 0:5<1

Since its energy is finite, it is an energy signal.

(b) f2(t) is a periodic signal (with period of 2π) whose power is as follows:

P¼ 1

T

� �ðT2
�T

2

f2 tð Þj j2dt¼ 1

2π

� � ðπ
�π

cos2 tð Þdt¼ 0:5<1

Since its power is finite and nonzero, it is a power signal.

(c) The energy and power of f3(t) are, respectively, as follows:

E¼
ð1

�1
f3 tð Þj j2dt¼

ð1
�1

e�2tdt¼1

P¼ lim
S!1

1

2S

� � ðS
�S

e�2tdt¼1

Since its power and energy are both infinite, it is neither a power signal nor an energy signal.

3.2.9 Causal and Noncausal Signals

A causal signal is zero for negative time (t< 0); otherwise, it is called a noncausal

signal. All real (physically-realizable) signals are causal.

3.2.10 Time-Limited and Band-Limited Signals

An (absolutely) time-limited signal is exactly zero outside a finite interval of
time and an (absolutely) band-limited signal has no spectrum (frequency con-

tents) outside a finite band of frequencies. An absolutely band-limited signal

cannot be absolutely time-limited, and vice versa. However, a signal may be
neither time-limited nor frequency-limited, such as a Gaussian pulse. All real

(physical) signals are time-limited, as such they are not absolutely band-

limited. However, a real signal may be considered to be band-limited for all
practical purposes in the sense that its amplitude (magnitude) spectrum may

have a negligible level above a certain frequency.
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3.2.11 Baseband and Bandpass Signals

The term baseband is used to designate the band of frequencies representing the
original signal as delivered by a source of information. A baseband signal gen-

erally has nonzero frequency content from around zero up to a certain fre-

quency. An example of a baseband signal is an audio signal. A bandpass

signal, on the other hand, has non-negligible frequency content only in a finite

band of frequencies centered about a certain frequency much greater than zero.

An example of a bandpass signal is a radio signal transmitted over the air, such
as off-the-air radio and TV signals.

3.3 CLASSIFICATION OF SYSTEMS

Signals are operated on by systems. An understanding of systems is therefore
important in the analysis and design of communication systems. A system is

defined mathematically as a unique transformation that maps an input (an

excitation) into an output (a response). A system—made up of various inter-
related, inter-dependent, and interacting components—may transform a signal

into another signal with properties and characteristics different from those of

the input signal, usually with the objective to shape the input signal character-
istics or transfer and extract some information. A system can process a set of

input signals to produce a set of output signals, where the output must be

uniquely defined for any reasonably acceptable (legitimate) input.

It is important to highlight that system analysis is the determination of the out-

put signal when the input signal and the system characteristics (what fully

defines the system) are known, whereas system synthesis is the identification
(characterization) of the system when the input and output signals are both

known. System synthesis is generally much more difficult than system analysis.
Moreover, in analysis, the solution is always unique, whereas in synthesis, there

may exist infinitely many solutions or sometimes none at all.

It is worth noting that sometimes the words synthesis and design may be used
interchangeably. The term synthesis is generally used to describe analytical pro-

cedures that can usually be methodically carried out step by step. On the other

hand, the term design includes analytical methods, along with practical heuris-
tic procedures—mainly based on all or a combination of trial-and-error tech-

niques, parametric simulations, limited experimentations, numerical analysis,

optimization/sub-optimization of subsystems, and above all the experience of
the designer. In design, the goal is to carry out, in an iterative fashion, a plethora

of design trade-offs through a host of system parameters and variables, so as to

accommodate a multitude of conflicting design constraints to the extent
possible.
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Mathematically, a system is a functional relationship between the system input

and output. Depending on the properties of the functional relationship, we can
broadly classify systems into a number of different ways.

3.3.1 Baseband and Passband Systems

A baseband system, like a lowpass filter, passes the low-frequency components
of the input signal. An example of a baseband system is the twisted-pair wires

forming the local access of the public switched telephone network. A passband

system, like a bandpass filter, can pass certain frequencies inside some fre-
quency band, and reject frequencies outside that band. Themajority of practical

channels have bandpass characteristics. Modulation must thus be employed to

translate the frequency of the lowpass message signal, so the spectrum of the
transmitted passband signal can match the bandpass characteristics of the

channel. An example of a passband channel is a cellular mobile system.

3.3.2 Invertible and Noninvertible Systems

In an invertible system, the input of the system can be recovered from the out-
put. There must be a one-to-one mapping between input and output signals for

a system to be invertible; otherwise, it is a noninvertible system. Invertibility

requires a second system in cascade with the first system, such that the output
signal of the second system becomes the same as the input signal applied to the

first system. The property of invertibility is important in digital communication

design. For example, a system called an equalizer is put at the receiver in cascade
with the channel so as to compensate the distortion due to the physical char-

acteristics of the channel. This makes the received signal as similar as possible to

the transmitted signal.

3.3.3 Lumped and Distributed Systems

A lumped system is one in which the dependent variables are all functions of

time only. In a lumped system, the travel time of the signal is assumed to be
negligible. In general, to characterize a lumped system, a set of ordinary differ-

ential equations must be solved. A distributed system is one in which all depen-

dent variables are functions of time and one or more spatial variables.
A distributed system is one for which the travel time of the signal between

the components cannot be neglected and the voltages and currents are func-

tions of position as well as time. In general, to characterize a distributed system,
a set of partial differential equations must be solved. If the physical dimensions

of the system components are smaller than the wavelength of the highest of the

signal frequency applied to the system, it is called a lumped system; otherwise,
it is referred to as a distributed system. As a rough engineering rule of thumb, if

no parts of the structure can exceed one tenth of the wavelength of the highest
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signal frequency, then the system can be assumed to consist of lumped ele-

ments. Electronic circuits are lumped systems, and power transmission lines
and microwave circuits are generally categorized as distributed systems.

3.3.4 Adaptive and Fixed Systems

In an adaptive system, some of the system parameters, based on some specified

criterion, are adjusted iteratively over time so as to make the system operate in,
or as close as to, an optimum fashion. An adaptive system is generally

employed where complete knowledge of the relevant input characteristics is

not available or when there are some slow variations in the statistics of the
input. Examples may include adaptive equalizers and echo cancelers used in

high-speed dial-up data modems. On the other hand, a fixed system is a

time-invariant system whose parameters do not change, such as analog filters
consisting of passive elements.

3.3.5 Systems with or without Feedback

In a feedback system, a portion of the system output is fed back into the system,

thus introducing a level of dependencies among input and output signals in the

system. With the use of feedback in communication systems, satisfactory
response and robust performance can generally be achieved. In a system with

no feedback, also known as an open-loop control system, the present output has

no bearing on the future output, and these systems do not generally exhibit
instability. Physical examples may include scalar quantizers and modulators.

In a system with feedback, also known as a closed-loop control system, the past

output may influence the present or future outputs. Most physical systems
embody some form of feedback. Examples may include tracking systems, com-

pensation of nonideal elements, and adaptive decision-feedback equalizers. In

a system with feedback, a closed sequence of cause-and-effect relations exists
between system variables.

There are two types of feedback systems. In a positive feedback system, the feed-
back is used to increase the input signal level, thus generally making the system

unstable. Positive feedback is widely used in oscillatory circuits such as oscilla-

tors and timing circuits. In a negative feedback system, the feedback is used to
decrease the input signal level to ensure system stability. Tendency toward oscil-

lation or instability is an important characteristic of feedback, and the issue of

instability in all feedback systems thus needs to be fully addressed. Physical
examples in communication systems may include amplifiers and phase-locked

loops. Combination of feed-forward and feedback control can significantly

improve performance over only feedback control whenever there is amajor dis-
turbance that can bemeasured and compensated for before it affects the process

output, such as adaptive decision-feedback equalizers.
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3.3.6 Systems with or without Memory

In a system with memory, the output at a given time also depends on the preced-
ing and/or succeeding values of the input signal. In other words, the present

output value is also a function of the past and/or future values of the input sig-

nal. The earliest past input or the most distant future input define how far the
memory of the system extends. In contrast, in a system with no memory, also

known as a memoryless system, the present output value depends only on the

present value of the input signal. A resistive circuit is considered as a memory-
less system, whereas a reactive circuit can be an example of a system with

memory.

3.3.7 Systems with Single/Multiple Inputs
and Single/Multiple Outputs

A system can have one or more input signals and one or more output sig-

nals. We can thus have four different systems: i) single input, single output

(SISO), ii) single input, multiple outputs (SIMO), iii) multiple inputs, single
output (MISO), and iv) multiple inputs, multiple outputs (MIMO). SISO

systems are employed in all wired communication systems as well as in

many wireless communication systems. However, the other three different
types of systems are almost exclusively employed in radio transmission,

where more than one antenna in the transmitter and/or in the receiver

may be employed.

In a SISO system, the transmitter or receiver each has a single radio frequency

(RF) chain. SISO systems are used in radio and TV broadcast, and Wi-Fi and

Bluetooth technologies.

In a SIMO system, a receive diversity technique is employed to improve trans-

mission reliability and coverage by employing space-time block coding. This
can be achieved by selecting the best antenna to receive a stronger signal or

combine signals from all antennas in such a way that the SNR is maximized.

AMISO system allows the transmitter to transmit signals both in time and space

(i.e., the signal is transmitted by several antennas at different times). The advan-

tage of using MISO is that the multiple antennas and the additional processing
are moved from the receiver to the transmitter. For instance, the complexity of

the transmit subsystem of a base station is increased, so the receive complexity

of the cell phones can be reduced. This results in a reduction in size, cost, and
power requirements for cell phones.

In a MIMO system, by employing the same number of antennas both at the

transmitter and the receiver, the throughput can be multiplied by the same fac-
tor as the number of antennas. MIMO is employed in WiMAX wireless systems.
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3.3.8 Passive and Active Systems

A passive system consists of circuit elements, such as resistors, capacitors, and
inductors, which are capable of dissipating or storing energy. An active system

may include not only passive elements, but also active elements, such as bat-

teries, operational amplifiers, and transistors, which are capable of generating
(supplying) energy.

3.3.9 Causal and Noncausal Systems

A system is said to be causal if it does not respond before the input is applied. In

other words, in a causal system, the output at any time depends only on the

values of the input signal up to and including that time and does not depend
on the future values of the input. In contrast, the output signal of a noncausal

system depends on one or more future values of the input signal. All physically

realizable systems are causal. Note that all memoryless systems are causal, but
not vice versa. If delay can be incorporated in a system, then a noncausal system

may become physically realizable.

3.3.10 Stable and Unstable Systems

In a stable system, the output signal is bounded for all bounded input signals.

This requirement is known as the bounded-input bounded-output (BIBO) stability

criterion. The output of such a stable system does not diverge if the input does

not diverge. A system is stable if its impulse response approaches zero as time

approaches infinity. A system that is not stable is known as an unstable system.

3.3.11 Continuous-Time and Discrete-Time Systems

A continuous-time system has continuous-time signals as its input and
continuous-time signals as its output. Continuous-time systems are character-

ized by differential equations. Examples include analog filters and amplifiers.

A discrete-time system has discrete-time signals as its input and discrete-time
signals as its output. Discrete-time systems are characterized by difference equa-

tions. Examples include digital filters, adaptive equalizers, and echo and noise

cancellers.

3.3.12 Power-Limited and Band-Limited Systems

In a communication system, there are two primary resources: transmitted
power and channel bandwidth. The transmitted power is the average power

of the transmitted signal. The channel bandwidth reflects the band of signifi-

cant frequency components allocated for the transmission of the input (mes-
sage) signal. One of these two resources may be more precious than the

other; hence communication channels are generally classified as band-limited,
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such as the local access of the public switched telephone network, or power-

limited, such as satellite channels.

3.3.13 Linear and Nonlinear Systems

In a linear system, the superposition principle holds. The superposition principle

is based on the additivity and homogeneity properties. The additivity property
requires that the system output to a number of different inputs all applied

simultaneously is equal to the sum of the outputs when each input is applied

individually, and the homogeneity property entails whenever the input is scaled
by a constant factor, the output is also scaled by the same constant factor. In

other words, the system output to a linear combination of some inputs is

the same linear combination of the outputs, where each output corresponds
to a particular input. As shown in Figure 3.9, a system is linear if and only if

the following is satisfied:

Linearity:

If x1 tð Þ! y1 tð Þ and x2 tð Þ! y2 tð Þ, thenαx1 tð Þ+ βx2 tð Þ! αy1 tð Þ+ βy2 tð Þ
(3.14)

in which α and β are some nonzero constants. Surprisingly, if an input-output
characteristic of a system is defined mathematically by a linear equation (i.e.,

y tð Þ¼mx tð Þ + b, wherem 6¼ 0 and b 6¼ 0), then the system is not linear, as it does

not satisfy (3.14). Examples of linear systems include AM radio broadcasting
and communication filters. In a linear system, the output to a zero input is

always zero (for linearity, this is a necessary condition, but not a sufficient con-

dition). It is important to highlight that linearity allows the decomposition of a
complex input signal into a linear combination of some fundamental, proba-

bly well-known, signals whose outputs can be derived rather easily.

Linear
System

11

Linear
System

1

2

1

2

2 2

Linear
System

22

2 2

FIGURE 3.9 A linear system.
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When a system is not linear, it is called a nonlinear system. Linearity is a con-

ceptual ideal and mathematical definition that cannot be strictly realized in
practice in all cases. The reason lies in the fact that almost any device behaves

in a nonlinear fashion, if its input amplitude is large enough. Also, many

nonlinear systems can behave in an almost linear fashion, if their input signals
are small enough. Examples of nonlinear systems include FM radio broadcast-

ing and amplifiers operating at saturation. Nonlinearity may give rise to

nonlinear distortion, which in turn can bring about intermodulation distor-
tion. This means that the output has new frequency components that are

not present in the input band, but do lie inside the input band and cannot thus

be filtered out. It is thus essential to ensure that communication channels and
devices operate in a linear region.

EXAMPLE 3.9

Classify the following systems as linear or nonlinear systems:

a) y tð Þ¼ t2x tð Þ and b) y tð Þ¼ t x2 tð Þ:
Solution
To classify a system as linear, (3.14) must be satisfied.

(a) If we apply x1(t) and x2(t), we get y1 tð Þ¼ t2x1 tð Þ and y2 tð Þ¼ t2x2 tð Þ, respectively. If we apply

α x1 tð Þ + β x2 tð Þ, we get t2 α x1 tð Þ + β x2 tð Þð Þ, which is the same as α y1 tð Þ + β y2 tð Þ, and the system

is thus linear.

(b) If we apply x1(t), we get y1 tð Þ¼ t x21 tð Þ, and if we apply x2(t), we get y2 tð Þ¼ t x22 tð Þ. Now if we apply

α x1 tð Þ + β x2 tð Þ, we get t α x1 tð Þ + β x2 tð Þð Þ2, which is not the same as α y1 tð Þ + β y2 tð Þ, and the

system is thus nonlinear.

3.3.14 Time-Invariant and Time-Varying Systems

In a time-invariant system, the input-output relationship does not change with
time. This means that a time shift (i.e., time delay or time advance) in the input

results in a corresponding time shift in the output. The characteristics of a time-

invariant system do not change with time. In other words, for a given input, the
output remains the same (i.e., its shape does not change), no matter when the

input is applied to the system. As shown in Figure 3.10, a system is time-

invariant if and only if the following is satisfied:

Time-Invariance:

If x tð Þ! y tð Þ, then x t� τð Þ! y t� τð Þ
(3.15)

where τ 6¼ 0 is a real constant. A landline (fixed) telephone system during a call

is considered a time-invariant system. A system that is not time-invariant is
called a time-varying system. A mobile telephone system is a time-varying sys-

tem and modulation is a time-varying process.
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To check a system for time-invariance, you need to compare the output pro-
duced by the shifted input with the shifted output, where the shifted output

can be obtained by making a global change from t to t� τ in the input-output

relation. If they are the same, the system is then a time-invariant system; oth-
erwise, it is a time-varying system.

EXAMPLE 3.10

Classify the following systems as time-invariant or time-varying systems:

a) y tð Þ¼ t2x tð Þ and b) y tð Þ¼ x2 tð Þ.
Solution – To classify a system as time-invariant, (3.15) must be satisfied (i.e., we need to check if

the output produced by the shifted input and the shifted output are the same).

(a) The output produced by the shifted input is t2x t� τð Þ and the shifted output y t� τð Þ is
t� τð Þ2x t� τð Þ. These two are not the same and the system is therefore time-varying.

(b) The output produced by the shifted input is x2 t� τð Þ and the shifted output y t� τð Þ is x2 t� τð Þ.
These two are the same, and the system is therefore time-invariant.

3.3.15 Linear Time-Invariant (LTI) Systems

In a linear time-invariant (LTI) system, both linearity and time-invariance

conditions must be satisfied. For LTI systems, the input-output relationship
is straightforward. In an LTI system, the system impulse response, i.e., the sys-

tem output when the system input is an impulse (a signal with extremely short

duration and extremely large amplitude), can completely characterize the

Time-Invariant
System

Time-Invariant
System

FIGURE 3.10 A time-invariant system.
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system and provide all relevant information to describe the system behavior

for any input.

EXAMPLE 3.11

Classify the following systems into LTI and non-LTI systems:

a) y tð Þ¼ x tð Þcos tð Þ, b) y tð Þ¼ x t + 1ð Þ + x tð Þ + x t�1ð Þð Þ=3, and c) y tð Þ¼ cos x tð Þð Þ.
Solution
For each of these systems, we first determine if a system is linear by using (3.14), if it is, we then

determine if it is time-invariant by using (3.15).

(a) When we have y1 tð Þ¼ x1 tð Þcos tð Þ and y2 tð Þ¼ x2 tð Þcos tð Þ, then a linear combination of x1(t)

and x2(t) as the input can give rise to an output that is the same linear combination of y1(t) and

y2(t). It is thus linear.

The shifted output y t� τð Þ¼ x t� τð Þcos t� τð Þ is not the same as the output produced by

the shifted input x t� τð Þcos tð Þ. It is thus time-varying. We can therefore conclude it is not an

LTI system.

(b) When we have y1 tð Þ¼ x1 t + 1ð Þ + x1 tð Þ + x1 t�1ð Þð Þ=3 and y2 tð Þ¼ x2 t + 1ð Þ + x2 tð Þ + x2 t�1ð Þð Þ=3,
then a linear combination of x1(t) and x2(t) as the input results in an output that is identical to

the same linear combination of y1(t) and y2(t). It is therefore linear.

The shifted output y t� τð Þ¼ x t� τ + 1ð Þ + x t� τð Þ + x t� τ�1ð Þð Þ=3 is the same as the output

produced by the shifted input x t� τ + 1ð Þ + x t� τð Þ + x t� τ�1ð Þð Þ=3. It is therefore time-

invariant. We can thus conclude it is an LTI system.

(c) When we have y1 tð Þ¼ cos x1 tð Þð Þ and y2 tð Þ¼ cos x2 tð Þð Þ, then a linear combination of x1(t) and

x2(t) as the input cannot give rise to an output that is the same linear combination of y1(t)

and y2(t). It is thus a nonlinear system, and as such it cannot be an LTI system.

3.4 SINSUOIDAL SIGNALS

It is of paramount importance to state that the sinusoidal signal is the most
widely-used signal in the analysis, design, and operation of communication

systems. The sinusoidal signal may be viewed as a simple oscillating curve with

smooth and consistent changes, where each period consists of a single arc
above the time axis followed by a single arc below it.

3.4.1 Characteristics of Sinusoidal Signals

Continuous-time and discrete-time versions of a sinusoidal signal, in the form

of the cosine or sine functions, are respectively defined as follows:

g tð Þ¼A cos 2πf0t +φð Þ¼A sin 2πf0t +φ0ð Þ
g nð Þ¼A cos 2πf0n +φð Þ¼A sin 2πf0n +φ0ð Þ

(3.16)

where A 6¼ 0 is the amplitude representing the peak deviation from zero, mea-

sured in volts or amperes, f0 > 0 is the fundamental frequencymeasured inHertz
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(Hz), and �π�φ� π and �π�φ0 � π, each is the initial phase (i.e., when t¼ 0

or n¼ 0) measured in radians. In a continuous-time or a discrete-time sinusoi-

dal signal, nf0 (i.e., the integral multiple of the fundamental frequency) is
referred to as the nth-harmonic frequency, where n is a positive integer.

A continuous-time sinusoidal signal is periodic and its period is the inverse of its
fundamental frequency (i.e., T0 ¼ 1=f0 seconds). The discrete-time version of a

sinusoidal signal, where n is an integer, may or may not be periodic. The signal

g(n) is periodic with a period N/f0 provided that N is the smallest integer that
can make N/f0 an integer. If f0 is not a rational number, then there can be noN

that can make N/f0 an integer (i.e., g(n) is not a periodic signal).

The sinusoidal signal x tð Þ¼Acos 2πf0t +φð Þ, where φ 6¼ 0, is the time-shifted

version of the sinusoidal signal y tð Þ¼Acos 2πf0tð Þ by φ/2πf0 seconds. A negative

value of φ represents a delay (a shift to the right), i.e., x(t) lags y(t), and a pos-
itive value of φ represents a head-start (a shift to the left), i.e., x(t) leads y(t).

By using the trigonometric identities Acos 2πf0t +φð Þ��Acos 2πf0t +φ + πð Þ and
Asin 2πf0t +φð Þ��Asin 2πf0t +φ�πð Þ, a negative amplitude can always
be turned into a positive one, provided that the initial phase is changed by �π
or π, depending on whether the sinusoidal signal is in the form of a cosine or a

sine function, respectively. Positive amplitudes can be called magnitudes.
Figure 3.11 shows the sinusoidal signal x tð Þ¼Acos 2πf0t +φð Þ for various values
of A, f0, and φ.

EXAMPLE 3.12

Classify the following sinusoidal signals as periodic or nonperiodic signals:

a) z1 tð Þ¼ sin 8πt +
π

2

� �
, b) z2 nð Þ¼ sin 8πn +

π

2

� �
, c) z3 tð Þ¼ 7sin 2tð Þ, and d) z4 nð Þ¼ 5sin 2nð Þ.

Solution
The period of a periodic continuous-time or discrete-time sinusoidal signal is independent of the

values of its amplitude and initial phase. In order to find the period of a sinusoidal signal, we set

the independent-variable term in the argument of the sinusoidal signal equal to 2πf0t, if the sinu-

soidal is a continuous-time signal, or equal to 2πf0n, if the sinusoidal is a discrete-time signal.

(a) z1(t) is a continuous-time signal, and we thus have 8πt¼ 2πf1t (i.e., we have f1 ¼ 4 Hz or

equivalently T1 ¼ 1=f1 ¼ 0:25Þ. The period of z1(t) is thus 0.25 seconds.

(b) z2(n) is a discrete-time signal, and we thus have 8πn¼ 2πf2n (i.e., we have f2 ¼ 4 Hz or

equivalently T2 ¼N=f2 ¼ 0:25N). Since N¼ 4 is the smallest integer that can make 0.25N an

integer, z2(n) is a periodic signal whose period is 1 second.

(c) z3(t) is a continuous-time signal, and we thus have 2t¼ 2πf3t (i.e., we have f3 ¼ 1=π Hz or

equivalently T3 ¼ 1=f3 ¼ πÞ. The period of z3(t) is thus π seconds.

d) z4(n) is a discrete-time signal, and we thus have 2n¼ 2πf4n (i.e., we have f4 ¼ 1=π Hz or

equivalently T4 ¼N=f4 ¼NπÞ. Since π is not a rational number, there is noN that canmakeN/f4
an integer, and z4(n) is therefore not periodic.
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EXAMPLE 3.13

Classify the following signals as periodic or nonperiodic:

a) x tð Þ¼ 2cos 6tð Þ + 3sin 4tð Þ and b) x tð Þ¼ 5cos 5πtð Þ + sin 2tð Þ.
Solution
A signal consisting of two sinusoidal signals is considered to be periodic, if the ratio of their

periods is a rational number.

(a) The period of 2 cos(6t) (i.e.,T1Þ can be obtained by solving the equation 6t¼ 2πt=T1. We

then have T1 ¼ π=3. The period of 3 sin(4t) (i.e.,T2Þ can be obtained by solving the

equation 4t¼ 2πt=T2. We then have T2 ¼ π=2. The least common multiple of π/3 and π/2

is π. The period of x(t) is thus π seconds. Note that x(t) has a period of π during which

2 cos(6t) has a duration equal to three periods and 3 sin(4t) has a duration equal to two

periods.

(b) The signal 5 cos(5πt) is periodic whose period is 0.4 and sin(2t) is periodic

whose period is π. Since the ratio of the two periods is not a rational number, x(t) is not

periodic.

(a) (b)

(c) (d)

FIGURE 3.11 Sinusoidal signals with various amplitudes, frequencies, and initial phases: (a) a generic

sinusoidal signal; (b) a sinusoidal signal whose amplitude is different from that in (a); (c) a sinusoidal signal

whose frequency is different from that in (a); and (d) a sinusoidal signal whose initial phase is different from

that in (a).
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EXAMPLE 3.14

Consider the following three different sinusoidal signals in terms of their amplitudes, frequencies,

and initial phases: h tð Þ¼ 4 sin 2πtð Þ, k tð Þ¼ 2 sin 4πt + 0:2ð Þ; and b tð Þ¼ 6sin πt�0:8ð Þ. Comment on

k(t) and b(t) in relation to h(t).

Solution
The period of h(t) is 1, the period of k(t) is 0.5, and the period of b(t) is 2. This points to the fact that k(t)

is a compressed version of h(t), where the time-scaling factor is 2, and b(t) is a stretched version of

h(t), where the time-scaling factor is 0.5. In other words, since h(t) is a periodic signal, k(t) is also

periodic with a fundamental frequency twice that of h(t), whereas b(t) is periodic with a fundamental

frequency half of that of h(t). Furthermore, k(t) is shifted to the left and b(t) is shifted to the right. It is

clear that k(t) and b(t) both are time-shifted and time-scaled versions of h(t). In addition, h(t), k(t), and

b(t) are amplitude-scaled versions of one another, as they have different amplitudes.

It is insightful to state that all sinusoidal signals are related to one another
through basic operations on signals. In other words, when there are two differ-

ent sinusoidal signals whose amplitudes, frequencies (periods), and initial

phases are all different, one is basically an amplitude-scaled, time-shifted,
and time-scaled version of the other.

EXAMPLE 3.15

Consider a sinusoidal signal g tð Þ¼Acos 2πf0t +φð Þ, where the parameters A, f0, and φ are nonzero

constants representing the amplitude, frequency, and initial phase of the sinusoidal signal,

respectively. Determine if it is an energy signal or a power signal or neither.

Solution
The signal g(t) is a real, periodic continuous-time signal with period T0 ¼ 1=f0 and is therefore a

power signal. Using Table 3.1, we have:

P¼ 1

T0

� � ðT02
�T0

2

g tð Þj j2dt¼ f0ð Þ
ð12f0

� 1
2f0

Acos 2πf0t +φð Þð Þ2dt

¼ A2f0
2

� � ð12f0
� 1

2f0

1 + cos 4πf0t + 2φð Þð Þdt¼ A2f0
2

� �
1
2f0

� � 1
2f0

� �� �¼A2

2

Note that the power of a sinusoidal signal is a function of its amplitude A only, and thus indepen-

dent of its period T0, fundamental frequency f0, and initial phase φ.

3.4.2 Benefits and Applications of Sinusoidal Signals

From both theoretical and practical points of view, the sinusoidal signal is

regarded as the most dominant signal in communication theory. We now briefly

summarize the importance of sinusoidal signals from various perspectives.

Nature itself is characteristically sinusoidal, such as sound and light waves, seis-

mic waves, and the ripples of the ocean surface. Man-made devices can have
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sinusoidal motions, such as sinusoidal variation in the motion of a pendulum,

the oscillation of a spring around the equilibrium, and the vibration of a string.
A clear whistle is an example of a sinusoidal change of pressure at a single fre-

quency. A simple physical example in electric circuits includes an ideal charged

capacitor connected in parallel to an ideal inductor, where the voltage across
the capacitor in the steady state is a sinusoidal signal. A sinusoidal signal is easy

to generate, transmit, and distribute and it is the form of electricity generated

throughout the world and supplied to consumers.

A sinusoid is also easy to handle mathematically. For instance, the derivative,

integral, and power functions of a sinusoid as well as the time-scaled and time-
shifted versions of a sinusoid are themselves sinusoids. A sinusoidal signal is

the only periodic signal where it retains its wave shape when added to another

sinusoidal signal of the same frequency with arbitrary initial phase and ampli-
tude. Through Fourier analysis, any practical nonsinusoidal periodic signal can

be represented by the sum of sinusoids, each with its own amplitude, fre-

quency, and initial phase.

It is crucial to highlight the fact that in an LTI system, for a sinusoidal input

signal, the output is also a sinusoidal signal. However, the amplitude and initial
phase of the output signal may be different from those of the input signal, but

their frequencies remain the same (i.e., LTI systems hold the property of sinu-

soidal signal in, sinusoidal signal out), as shown in Figure 3.12.

3.4.3 Relation between Sinusoidal and Complex
Exponential Signals

We first introduce the well-known Euler’s identity and its two resulting

identities:

ejθ � cos θð Þ+ j sin θð Þ

cos θð Þ� ejθ + e�jθ

2

sin θð Þ� ejθ� e�jθ

2j

(3.17)

Linear
Time-Invariant
(LTI) System

FIGURE 3.12 Sinusoidal signals in LTI systems.
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where j¼ ffiffiffiffiffiffiffi�1
p

. The continuous-time version of the complex exponential signal
is then defined as follows:

g tð Þ¼A exp j 2πfct +φð Þð Þ¼A cos 2πfct +φð Þ+ j A sin 2πfct +φð Þ (3.18)

where A, fc, and φ are known as the amplitude, frequency, and initial phase of

the complex exponential signal, respectively, and both the real and imaginary

parts are also periodic functions. g(t) is a complex signal and therefore has
no physical meaning. The reason for using it is to provide a compact mathe-

matical description. Since g(t) is complex, we can also describe it in terms of

its magnitude and phase, and we thus have jg tð Þj ¼ jAj and ∡g tð Þ¼ 2πfct +φ.
Figure 3.13 shows the real part A cos 2πfct +φð Þ, the imaginary part

Asin 2πfct +φð Þ, the magnitude value jAj, and the phase value 2πfct +φð ) of

the complex exponential signal g(t). Moreover, for φ¼ 0, g(t) is an example
of a signal with complex conjugate symmetry (i.e., its real part is even and

its imaginary is odd, or equivalently, its magnitude is even and its phase

is odd).

(b)(a)

(c) (d)

FIGURE 3.13 Components of complex exponential signal: (a) real part; (b) imaginary part; (c) magnitude

value; and (d) phase value.
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3.5 ELEMENTARY SIGNALS

Elementary or basic signals can be viewed as building blocks for the construc-

tion of more complex and practical signals, and may be used to help model
some physical signals that occur in nature. The focus here is on continuous-

time signals, but the discussion can be easily extended to discrete-time signals

as well. All these signals are defined mathematically, and may be divided into
two distinct groups. One group of signals are all continuous and differentiable

at every point in time, such as sinusoidal and exponential signals. These two

signals are important in the system analysis, for they can arise naturally in
the solutions of the differential equations. Moreover, linear combinations of

these signals can also be used to express many other real signals, thus giving

rise to Fourier analysis.

Another group of signals is singularity functions that are not continuous or dif-

ferentiable everywhere. In signal and system analysis, singularity functions, also

known as generalized functions, are related to each other through integrals and
derivatives and they can be used to mathematically describe signals with dis-

continuities or discontinuous derivatives. A singularity function may be

defined piecewise and may exhibit a sudden change at some instants of time.
Singularity functions are often used as standard inputs in checking the response

of an LTI system in the time domain. Singularity functions are mathematical

abstractions and, strictly speaking, do not occur in physical systems. However,
they are useful in approximating certain conditions in physical systems. By

multiplying some singularity functions and signals that are continuous and dif-

ferentiable, we can get signals that are used widely in practical systems.

3.5.1 DC Signal

The values of aDC signal remain the same for all time t (i.e., g tð Þ¼ k, where k is a

real number). Note that DC stands for direct current, and implies a constant
value regardless of time. A physical example includes the voltage across an alka-

line battery, such as 1.5-V AA batteries.

3.5.2 Unit Step Function

The unit step function is a singularity function. The unit step functionmultiplied
by any signal produces a causal version of that signal. As shown in Figure 3.14,

it is generally defined by

u tð Þ¼
1, t� 0

0, t< 0

8<
: (3.19)
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3.5.3 Exponential Signal

The one-sided exponential signal is defined as follows:

g tð Þ¼
k exp btð Þ, t� 0

0, t< 0

8<
: (3.20)

where k 6¼ 0 and b are both real numbers. k is the value of the signal measured at

time t¼ 0. If b> 0, we have a growing exponential, and if b< 0, we have a decay-
ing exponential. Note that if b¼ 0, then g(t) reduces to a DC signal equal to the

constant k. The voltage across a capacitor in a transient state when it is being

discharged is in the form of a decaying exponential. The double exponential sig-
nal, also known as the tent signal, may be viewed as the sum of a truncated

decaying exponential signal and a truncated rising (growing) exponential sig-

nal, and is defined as follows:

g tð Þ¼ k ebt u �tð Þ+ e�bt u tð Þ� �
(3.21)

where b> 0 and k is a real number. The exponentially-damped sinusoidal signal is

defined as follows:

g tð Þ¼ ke�bt cos 2πfct +φð Þu tð Þ (3.22)

where b> 0 and k is a real number. Note that by increasing time t, the amplitude

of the sinusoidal oscillation decreases in an exponential fashion, eventually
approaching zero for infinite time.

3.5.4 Sinc Function

The sinc function, as shown in Figure 3.15, is defined as follows:

g tð Þ¼ sin πtð Þ
πt

≜ sinc tð Þ (3.23)

A sinc function is an even function with unity area. A sinc pulse passes through

zero at all positive and negative integers (i.e., t¼�1, �2, . . .), but at time t¼ 0,

0

1

)

FIGURE 3.14 Unit step function.
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it reaches its maximum of 1. This is a very desirable property in a pulse, as it

helps to avoid intersymbol interference, a major cause of degradation in digital

transmission systems. The product of a sinc function and any other signal
would also guarantee zero crossings at all positive and negative integers.

3.5.5 Gaussian Pulse

The Gaussian pulse, as shown in Figure 3.16, is defined as follows:

g tð Þ¼ 1

α

� �
exp �πt2

α2

� �
(3.24)

where α> 0. This pulse has a unit area, and dies down very rapidly. This pulse is

neither time-limited nor frequency-limited. The Gaussian pulse is employed in
GSM cellular systems.

3.5.6 Unit Ramp Function

The unit ramp function, as shown in Figure 3.17, is defined as follows:

g tð Þ¼ tu tð Þ (3.25)

The unit ramp function can be viewed as the integral of the unit step function

(i.e., g tð Þ¼
ð
u tð ÞdtÞ.

–4 –3 –2 –1 0 1 2 3 4

1

FIGURE 3.15 Sinc function.
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3.5.7 Signum Function

The signum function is a singularity function. As shown in Figure 3.18, it is

defined as follows:

sgn tð Þ≜
1, t> 0
0, t¼ 0
�1, t< 0

8<
: (3.26)

A signum function can be used to generate the Hilbert transform of single-
sideband modulated signals in amplitude modulation.

FIGURE 3.16 Gaussian function.

0 1

1

FIGURE 3.17 Unit ramp function.
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3.5.8 Rectangular Pulse

The rectangular pulse can be viewed as a singularity function. As shown in
Figure 3.19a, it is defined as follows:

p tð Þ¼Au t +
T

2

� �
�Au t�T

2

� �
¼

A, tj j � T

2

0, tj j> T

2

8>><
>>: (3.27)

It is an even pulse whose width is T, height is A, and area is thus AT. If AT¼ 1,
then it is a unit rectangular pulse. The radio frequency pulse is defined

by the product of a rectangular pulse and a sinusoidal signal. A radio-frequency

(RF) pulse is shown in Figure 3.19b. If a bit is represented by a rectangular pulse,
then an RF pulse is a frequency-shifted version of the rectangular pulse.

1

0

–1

FIGURE 3.18 Signum function.

(a) (b)

FIGURE 3.19 (a) Rectangular pulse and (b) radio frequency pulse.
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3.5.9 Dirac Delta or Unit Impulse Function

The Dirac delta or unit impulse function is a singularity function, and defined
mathematically to provide a very useful tool for representing a physical phe-

nomenon that occurs in an extremely short period of time, which is too short

to be measured, and with an extremely large amplitude. As shown in
Figure 3.20, it is an even function and the total area under it is unity. The

Dirac delta or unit impulse function δ(t) is defined by having zero amplitude

everywhere except at t¼ 0 where it is infinitely large (unbounded). We thus
have:

δ tð Þ¼ 0, t 6¼ 0ð1
�1

δ tð Þdt¼
ð0+

0�

δ tð Þdt¼ 1
(3.28)

The derivative of a unit step function is a delta function. The value of a unit step
function is zero for t< 0, hence its derivative is zero, and the value of a unit step

function is one for t> 0, hence its derivative is zero. However, a unit step func-

tion has a discontinuity at t¼ 0. The derivative of a discontinuity is thus repre-
sented by an impulse function.

It is also important to point out that the delta function δ(t) can be defined as a

limiting form of the Gaussian pulse or the unit rectangular pulse or the double
exponential pulse, as each of these pulses can become infinitely narrow in dura-

tion and infinitely large in amplitude, and yet the area remains finite and fixed

at unity. Also, note that (3.28) can give rise to the following well-known
properties:

Shifting property: g mð Þ¼
ð1
�1

g tð Þδ t�mð Þdt (3.29a)

Convolution property: g tð Þ¼
ð1
�1

g sð Þδ t� sð Þds (3.29b)

0

FIGURE 3.20 Unit impulse function.

76 CHAPTER 3: Signals, Systems, and Spectral Analysis



3.5.10 Periodic Pulse and Impulse Trains

A periodic pulse trainwith period T0 consists of rectangular pulses of duration T.
The duty cycle of a periodic pulse train is defined by T/T0. An application of the

periodic pulse train is in the practical sampling process. An even periodic pulse

train, as shown in Figure 3.21a, can be analytically expressed as follows:

g tð Þ¼
X1
k¼�1

p t�kT0ð Þ (3.30)

where p(t) is a rectangular pulse, as defined in (3.27). A periodic impulse train

consists of impulses (delta functions) uniformly spaced T0 seconds apart. An

application of a periodic impulse train is in the ideal sampling process. Using
(3.28), an even periodic impulse train, as shown in Figure 3.21b, can be ana-

lytically expressed as follows:

g tð Þ¼
X1
k¼�1

δ t�kT0ð Þ (3.31)

0

(a)

0

(b)

FIGURE 3.21 Periodic trains: (a) pulse train and (b) impulse train.
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3.6 FOURIER SERIES

Utilizing sinusoidal functions to represent arbitrary signals is commonly referred

to as Fourier analysis. Fourier analysis, which is at the core of spectral analysis,
allows a signal to be equivalently represented in the time domain or in the fre-

quency domain. Table 3.2 presents time-domain properties of a signal and its

frequency-domain properties using the appropriate Fourier representation.
Table 3.2 reveals the following two interesting properties: i) continuous and dis-

crete time-domain signals have nonperiodic and periodic frequency-domain rep-

resentations, respectively, and ii) periodic and nonperiodic time-domain signals
have discrete and continuous frequency-domain representations, respectively.

The focus of Fourier analysis in this chapter is on the Fourier transform,which is

the frequency-domain representation of continuous-time nonperiodic signals,
suchas speech,music, image, andvideo.However, an introductionof theFourier

series is a necessary stepping stone toward a detailed discussion of the Fourier

transform, as the Fourier series is easy to understand, and also has applications
in analyzing communication circuits and designing communication filters.

3.6.1 Orthogonal Functions

Suppose there are two continuous signals x1(t) and x2(t), and the signal x1(t)

can be linearly approximated over a time interval [t1, t2] by x2(t) whose energy

is E2. In other words, we can have x1 tð Þffi cx2 tð Þ, where c is a constant. It can be
shown that the optimum value of c that minimizes the energy of the error signal

e tð Þ¼ x1 tð Þ� cx2 tð Þ is as follows:

c¼ 1

E2

ðt2
t1

x1 tð Þx�2 tð Þdt (3.32a)

where the asterisk * denotes the complex conjugate operation. Note that in
(3.32a), both the shapes of the two signals and the time interval of interest play

important roles.

Equation (3.32a) in turn implies x1(t) contains a component cx2(t), and cx2(t)

is thus the projection of x1(t) on x2(t). If the component of a signal x1(t) of the

Table 3.2 Relationship between time-domain and frequency-domain
properties

Time-domain
property

Fourier
representation

Frequency-domain
property

Continuous & periodic Fourier series Discrete & nonperiodic

Continuous & nonperiodic Fourier transform Continuous & nonperiodic

Discrete & periodic Discrete-time Fourier series Discrete & periodic

Discrete & nonperiodic Discrete-time Fourier transform Continuous & periodic

78 CHAPTER 3: Signals, Systems, and Spectral Analysis



form x2(t) is zero (i.e., we have c¼ 0Þ, meaning there is zero contribution from

one signal to the other, then x1(t) and x2(t) are said to be orthogonal over an
interval [t1, t2]. Mathematically, x1(t) and x2(t) are orthogonal signals over a time

interval [t0, t0 + T0], of duration T0, if and only if we have the following:

c¼
ðt0 + T0
t0

x1 tð Þx�2 tð Þdt¼ 0 (3.32b)

As a vector can be represented as a sum of orthogonal (perpendicular) vectors,
which form the coordinate system of a vector space, a signal can be represented

as a sum of orthogonal signals, which form the coordinate system of a signal

space. A signal can be linearly approximated by a set ofNmutually orthogonal
signals over a certain interval. An orthogonal set of time functions is said to be a

complete set if the approximation can be made into equality. The set of orthog-

onal functions, which are all linearly independent, is called a set of basis func-
tions. A vector can be represented as a sum of its vector components in various

ways, depending on the choice of a coordinate system. Similarly, a signal can be

represented as a sum of its signal components in various ways, depending on
the choice of a set of basis functions. It can be shown that for a periodic signal,

with period T0, the sinusoids or complex exponentials of all harmonics of the

fundamental frequency (i.e., n/T0, where n is a positive integer) are an orthog-
onal complete set over the period, and form a set of basis functions.

3.6.2 Dirichlet’s Conditions

Fourier series is an expansion of a periodic signal in terms of the summing of an
infinite number of sinusoids or complex exponentials, as any periodic signal of

practical nature can be approximated by adding up sinusoids with the properly

chosen frequencies, amplitudes, and initial phases. To apply the Fourier series
representation to an arbitrary periodic signal g(t) with the period T0, it is suf-

ficient, but not strictly necessary, that the following conditions, known as

Dirichlet’s conditions, are satisfied:

i) The periodic signal is single-valued, with a finite number of maxima and

minima and at most a finite number of discontinuities within the
interval of one period.

ii) The signal is absolutely integrable over the interval of one period, i.e.,

ðT0=2
�T0=2

jg tð Þjdt<1 (3.33)

Note that although a periodic pulse train does not satisfy these conditions, it

has a Fourier series representation. The signals usually encountered in commu-
nication systems meet the Dirichlet’s conditions, as the physical possibility of a

periodic signal, like those generated in a communications lab, is a sufficient

condition for the existence of a converging Fourier series.
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When there is a discontinuity in apiecewise continuously differentiable periodic
signal g(t), the series exhibits a behavior known asGibbs phenomenon, as shown

inFigure 3.22. In that, theFourier series at thepointofdiscontinuity converges to

an average of the left-hand and right-hand limits of g(t) at the instant of discon-
tinuity (i.e., to the arithmetic mean of the signal value on either side of the dis-

continuity). However, on each side of the discontinuity, the Fourier series has

oscillatory overshoot with a period of T0/2N, where T0 is the signal period
andN represents the number of terms included in the Fourier series, and a peak

value of almost 9% of the amplitude of the discontinuity. The peak is indepen-

dent ofN, though the periodof the oscillatory overshoot is a functionofN. Since
all real signals are continuous, Gibbs phenomenon does not occur, and we can

thus assume the Fourier series representation is identical to the periodic signal.

However, somemathematically defined signals, such as rectangular pulse train,
have discontinuities, as such Gibbs phenomenon needs to be addressed.

3.6.3 Quadrature Fourier Series

In the quadrature Fourier series, also known as trigonometric Fourier series, the

orthogonal functions are an infinite number of sine and cosine functions,

representing the first and the remaining harmonics. The periodic signal, in
which the period is T0 and the quantity n/T0 represents the nth harmonic of

the fundamental frequency, may be expressed as follows:

FIGURE 3.22 Gibbs phenomenon.
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g tð Þ¼ a0 +
X1
n¼1

an cos
2πnt

T0

� �
+ bn sin

2πnt

T0

� �� �
, �T0

2
� t�T0

2
(3.34a)

Note that each of the terms cos(2πnt/T0) and sin(2πnt/T0) is called a basis func-

tion. The term a0, which represents the average value of the periodic signal g(t),

is also known as the DC component, and the summation term, known as the
AC component, comprises an infinite series of harmonic sinusoids. In repre-

senting a periodic signal by sum of sinusoids, generally only the first few terms

play a significant role in providing a very close approximation. The coefficients
a0 as well as an and bn, representing the unknown amplitudes of the cosine and

sine functions, are, respectively, as follows:

a0 ¼ 1

T0

� �ðT0=2
�T0=2

g tð Þdt (3.34b)

an ¼ 2

T0

� �ðT0=2
�T0=2

g tð Þ cos 2πnt

T0

� �
dt, n¼ 1, 2, . . . (3.34c)

bn ¼ 2

T0

� �ðT0=2
�T0=2

g tð Þ sin 2πnt

T0

� �
dt, n¼ 1, 2, . . . (3.34d)

Since g(t) is periodic with period T0, sometimes it may be more convenient to

carry out the integrations from 0 to T0 instead. When the periodic signal g(t) is
real, a0, an, and bn are then all real. If g(t) is real and even, then bn ¼ 0 and its

Fourier series contains only cosine terms, and if g(t) is real and odd, then an ¼ 0

and its Fourier series contains only sine terms.

EXAMPLE 3.16

Consider a periodic square wave g(t) whose period is 2L seconds, as shown in Figure 3.23. This odd

signal is described analytically over one period as follows:

g tð Þ¼
�1, �L< t� 0

1, 0< t�L

8<
:

Determine the quadrature Fourier series coefficients, and sketch the signal in terms of its Fourier

series coefficients.

Solution
Using (3.34b) and noting T0 ¼ 2L; we have the following:

a0 ¼ 1

2L

� �ðL
�L
g tð Þdt¼ 1

2L

� � ð0
�L

�dt +

ðL
0
dt

� �
¼ 0

Since g(t) is an odd signal, an ¼ 0, and the Fourier series consists of only sine functions. Using

(3.34d), we have the following:
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FIGURE 3.23 Signals in Example 3.16: (a) Fourier series approximation using first term; (b) Fourier series approximation using first five

terms; and

(Continued)
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bn ¼ 1

L

� � ð0
�L

� sin
πnt

L

� �
dt +

ðL
0
sin

πnt

L

� �
dt

� �
¼ 2 1�cos πnð Þð Þ

πn

Note that for even values of n, we have bn ¼ 0. Using (3.34a), we thus get the following:

g tð Þ¼
X1
n¼1

n¼odd

4

πn

� �
sin

πnt

L

� �

Figure 3.23 also shows the signals represented by the first term, the first five terms, and the first

20 terms in the above summation. It is important to note that only the first few terms play a critical

role in providing a close approximation to the original square wave.

3.6.4 Polar Fourier Series

The polar Fourier series is a compact representation of the quadrature Fourier
series, using the following trigonometric identity:

A cos x +B sin x�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 +B2

p
cos x� tan�1 B

A

� �� �
(3.35)

Using (3.35), (3.34a) can be transformed into the following:

g tð Þ¼ d0 +
X1
n¼1

dn cos
2πnt

T0
+ θn

� �
, �T0

2
� t�T0

2
(3.36a)

FIGURE 3.23, cont’d (c) Fourier series approximation using first twenty terms.
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where d0 is the DC component (average value), and the coefficients dn and the

initial phases θn are called the harmonic amplitudes and phase angles, respec-

tively. They represent the one-sided amplitude spectrum and phase spectrum,
and they are related to the quadrature Fourier series coefficients as follows:

d0 ¼ a0 (3.36b)

dn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
a2n + b

2
n

q
(3.36c)

θn ¼�tan�1 bn
an

� �
(3.36d)

Note that if g(t) is an even signal, the quadrature form and polar form are then
identical.

3.6.5 Complex Exponential Fourier Series

The quadrature and polar forms of the Fourier series are one-sided spectral

components, meaning the spectrum can exist for DC and positive frequencies,
but on the other hand, the complex exponential Fourier series has two-sided

spectral components. The complex exponential Fourier series is a simple form,

in which the orthogonal functions are the complex exponential functions.
Using (3.17), (3.34a) can thus be transformed into the following:

g tð Þ¼
X1

n¼�1
cn exp

j2πnt

T0

� �
, �T0

2
� t� T0

2
(3.37a)

where cn is defined as follows:

cn ¼ 1

T0

� �ðT0=2
�T0=2

g tð Þ exp � j2πnt

T0

� �
dt, n¼ 0, �1, �2, . . . (3.37b)

The coefficient cn is, in general, a complex number. It is important to note that
the presence of negative frequencies and complex-valued basis functions has no

physical meaning, and from a system analysis standpoint they just provide a

compact mathematical expression. When g(t) is real, then c�n ¼ c�n, where the
asterisk * denotes the complex conjugate operation. If g(t) is real and even,

cn is then a real number (i.e., its imaginary part is zero), and if g(t) is real

and odd, cn is then a pure imaginary number (i.e., its real part is zero).

3.6.6 Spectrum of Periodic Signals

The objective to expand a periodic signal by a Fourier series is to obtain a rep-
resentation in the frequency domain consisting of its various harmonic compo-

nents. At each harmonic frequency, the signal has amagnitude and a phase that

can be obtained from the complex exponential Fourier series coefficients cn.
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Using the complex exponential Fourier series, g(t) has frequency components at

all positive and negative multiples of the fundamental frequency 1/T0. The
frequency-domain description consisting of frequency components is called

a spectrum. Because a periodic signal contains only discrete frequency compo-

nents, the spectrum is referred to as a discrete spectrum.

A periodic signal therefore has a dual representation: the time-domain rep-

resentation that shows the signal repeats itself and the frequency-domain
representation that shows the spectrum is discrete. The discrete spectrum

gives an alternative representation of a periodic signal as it allows to synthe-

size the signal, to filter the undesired components of the signal, and to deter-
mine the approximate channel bandwidth required to pass the signal

undistorted. In system analysis, the Fourier series can also be used to calcu-

late the steady-state output of an LTI system responding to an arbitrary peri-
odic signal. The Fourier coefficient cn in (3.37b) may be expressed as

follows:

cn ¼ jcnjexp j∅nð Þ (3.38a)

where jcnj� 0 and∅n are the amplitude (or magnitude) and the phase of the nth

harmonic component of the periodic signal g(t), respectively. A plot of jcnj versus
frequencyyields thediscreteamplitude spectrumof the signal andaplotof∅n versus

frequency is called the discrete phase spectrum. These two are referred to as discrete

spectra or line spectra. For a real-valued periodic signal g(t), we have the following:

jcn ¼ jc�nj j (3.38b)

∅n ¼�∅�n (3.38c)

(3.38b) and (3.38c) indicate that for a real-valued periodic signal, the ampli-

tude spectrum is symmetrical about the vertical axis (i.e., it is an even function
of frequency) and the phase spectrum is symmetrical about the origin (i.e., it is

an odd function of frequency). The coefficients an and bn in the quadrature
Fourier series are related to the coefficients cn in the complex exponential

Fourier series as follows:

cn ¼

ðan� jbnÞ
2

, n> 0

a0, n¼ 0

ðan + jbnÞ
2

, n< 0

8>>>><
>>>>:

(3.39)

It is important to also note that a DC component in a signal shifts the signal
upward or downward, depending on if the DC component is positive or neg-

ative. The presence of a DC component has no impact on the definition of the

fundamental frequency and its harmonics. However, its presence may make it
harder to detect if the signal has any type of symmetry.
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EXAMPLE 3.17

Consider the signal g(t), which is an even periodic train of unit-amplitude rectangular pulses of

duration T and period T0, as shown in Figure 3.24a. Determine the complex exponential Fourier

∎∎∎∎∎∎ ∎∎ ∎∎∎∎∎ ∎∎ ∎ ∎ ∎∎∎∎∎∎∎∎∎∎ ∎∎

FIGURE 3.24 Signals in Example 3.17.
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series coefficients, and sketch themagnitude spectrum jcnj. Discuss the impacts of T and T0 on the

coefficients, and in turn on the discrete spectra.

Solution
Using (3.37b), we have the following:

cn ¼ 1

T0

� � ðT=2
�T=2

exp � j2πnt

T0

� �
dt¼ 1

πn

� �
sin

πnT

T0

� �
¼ T

T0
sinc

nT

T0

� �

The amplitude and phase spectra are also shown in Figure 3.24. We can thus draw the following

conclusions:

n The amplitude and phase spectra are both discrete, for all duty cycles.

n Since g(t) is a real signal, the amplitude spectrum is an even function and the phase

spectrum is an odd function.

n The envelope of the amplitude spectrum is determined by the duty cycle
T

T0
.

n The line spacing in the amplitude spectrum is inversely related to the period of the signal

T0. For a given pulse duration T, an increase in T0 can thus bring about smaller line spacing

(i.e., more discrete components).

n Zero-crossings (nulls) occur in the envelope of the amplitude spectrum at

frequencies that are multiples of 1/T. For a given period T0, a decrease in T yields a

broader main lobe.

3.6.7 Power of Periodic Signals

The power expression in general is not linear. However, for certain signals, such

as a Fourier series that is an example of a set of orthogonal functions, the total
power is the sum of the individual power values. Using the average power of a

period signal introduced in Table 3.1 and the complex exponential Fourier

series presented in (3.37a), the power content of a periodic signal is then as
follows:

P¼
X1

n¼�1
jcnj2 (3.40a)

Equation (3.40a), which is a consequence of the orthogonality of the expo-

nential basis functions, indicates that the average power content of a periodic
signal is the sum of the power contents of its harmonic components in the

complex exponential Fourier series of the signal. The above equation is known

as the Parseval’s power theorem. For a periodic signal, the power spectrum is
given by

P fð Þ¼
X1

n¼�1
jcnj2 δ f �nf0ð Þ (3.40b)

where f0 is the fundamental frequency and cn represents the corresponding
complex exponential Fourier series coefficients. Equation (3.40b) can also be

used to define the power content as a function of the bandwidth of interest.
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EXAMPLE 3.18

Consider the signal g(t), a periodic train of rectangular pulses of duration 0.25 seconds and period

of 1 second. This even signal is described analytically over one period as follows:

g tð Þ¼
2, 0� t� 1=8
0, 1=8< t< 7=8
2, 7=8� t� 1

8<
:

(a) Using the complex exponential Fourier series coefficients, determine the amplitude spectrum

and the power spectrum of g(t).

(b) Determine what portion of the power lies within the main lobe and also find the frequency W,

where W is an integer, so about 96% of the power lies in the frequency range [–W, W].

Solution

(a) Using (3.37b) and the result in Example 3.17, the amplitude spectrum is thus

jcnj ¼ 0:25sinc n
4

� �		 		. Using (3.40b), we thus get the power spectrum as follows:

P fð Þ¼
X1

n¼�1

1

16

� �
sinc2

n

4

� �
δ f�nf0ð Þ

(b) Using Table 3.1, the total average power is then as follows:

P¼ 1

T0

� � ðT0=2
�T0=2

jg tð Þj2dt¼
ð1=8

�1=8

4dt¼ 1

Figure 3.25 shows the power content in terms of the number of power components. There are nine

power components in the frequency range [–4, 4], whose sum is thus as follows:X4
n¼�4

1=16ð Þsinc2 n=4ð Þ¼ 0:904 (i.e., over 90% of the total power in the main lobe). By considering

a wider range than the frequency range [–4, 4], the portion of power can be beyond 90%. To this

end, we now need to solve

XW
n¼�W

1

16

� �
sinc2

n

4

� �
� 0:96

forW, whereW is an integer. ForW ¼ 13 Hz, more than 96% of the total power lies in the frequency

range [–13, 13] (i.e., a total of 27 power components).

3.7 FOURIER TRANSFORM

The Fourier series is used to represent the frequency components of a periodic
signal. However, in most applications, signals are not periodic. To represent the

frequency components of a nonperiodic deterministic signal, the Fourier
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transform is employed. The Fourier transform of a nonperiodic signal can be
viewed as the complex exponential Fourier series of a periodic signal whose

period is approaching infinity, and one cycle of this periodic signal is defined

by the nonperiodic signal. The spectrum thus becomes so dense that the spec-
tral components are spaced at infinitesimal interval. Since the fundamental fre-

quency is approaching zero, the discrete frequency approaches the continuous

frequency and the summation becomes an integral. The resulting spectrum
consists of a continuous range of frequencies, and may include a continuum

of frequencies ranging from �1 to 1.

3.7.1 Fourier Transform Pair

A signal is Fourier transformable if it satisfies the Dirichlet’s conditions. These

conditions, which are sufficient but not strictly necessary, are as follows:

i) The signal is single-valued, with a finite number of maxima and minima
and a finite number of discontinuities in any finite time interval.

ii) The signal is absolutely integrable over the entire time, i.e.,

ð1
�1

jg tð Þjdt<1 (3.41)

Note that a sinc function does not satisfy Dirichlet’s condition, as it is not abso-

lutely integrable, yet it possesses the Fourier transform. Also, certain signals do
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FIGURE 3.25 Signals in Example 3.18.
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not have Fourier transforms in the ordinary sense, but their Fourier transforms

can be obtained in the limit. The physical existence of a signal (i.e., a signal with
finite energy) is a sufficient condition for the existence of its Fourier transform.

We can now define the Fourier transform of a signal as follows:

G fð Þ¼ F g tð Þ½ 	 ¼
ð1
�1

g tð Þe�j2πftdt (3.42a)

where F denotes the linear operator of the Fourier transform, j¼ ffiffiffiffiffiffiffi�1
p

, the var-

iable t denotes time measured in seconds (s), and the variable f denotes fre-
quency measured in Hertz (Hz). The inverse Fourier transform, through

which the original signal in the time domain can be recovered, is as follows:

g tð Þ¼ F�1 G fð Þ½ 	 ¼
ð1
�1

G fð Þej2πftdf (3.42b)

where F�1 denotes the linear operator of the inverse Fourier transform. It is

important to note that G(f) is the spectral density per unit bandwidth, but in
practice it is customarily called the spectrum of g(t) rather than spectral density

of g(t). We call G(f), the Fourier spectrum of g(t), as a lowercase letter denotes a

time function and an uppercase letter denotes a function in frequency. A signal
is uniquely defined by either its time-domain representation or its frequency-

domain representation; a change in one results in a change in the other.

A shorthand notation for the Fourier-transform pair is as follows:

g tð Þ$G fð Þ (3.42c)

3.7.2 Fourier Spectra

The Fourier transformG(f)may be a complex function, even when g(t) is real. It
can thus be represented as follows:

G fð Þ¼ G fð Þj jejθ fð Þ (3.43)

where G(f) is known as the continuous spectrum of the signal g(t), jG fð Þj is
known as the magnitude spectrum (even though amplitude density spectrum
would be more correct, as its dimension is amplitude per frequency), and

θ(f) is known as the phase spectrum, and they are both defined for all frequen-

cies. Unless the inverse Fourier transform needs to be computed or some phase-
sensitive process, such as the design of an all-pass filter, is to be carried out, the

magnitude spectrum is usually more important than the phase spectrum.When

g(t) is a real signal, its Fourier transform has the following property:

G fð Þ¼G� �fð Þ (3.44a)

where the asterisk * denotes the complex conjugation operation. From (3.44a),

we can show that for a real signal, its Fourier transform is complex and
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Hermitian (i.e., the magnitude spectrum is even and the phase spectrum is

odd), and we therefore have the following:

G fð Þj j ¼ G �fð Þj j (3.44b)

θ fð Þ¼�θ �fð Þ (3.44c)

If g(t) is real and even,G(f) is then real and even, and if g(t) is real and odd,G(f)

is then imaginary and odd.

To provide insight into the relationship between a time function and its Fourier

transform, it is important to underscore that for a time-limited signal g(t),

which exists only over the interval [a, b] and is zero everywhere outside this
interval, the spectrum G(f) consists of an infinite number of exponentials that

all exist at all times �1, 1ð Þ. The amplitudes and phases of these components,

as required, are such that they add up exactly to g(t) over the interval [a, b] and
add up to exactly zero outside this interval.

EXAMPLE 3.19

Consider the signal g tð Þ¼ exp �mtð Þu tð Þ. Determine and sketch the Fourier transform of g(t) when

m 6¼ 0.

Solution
For m< 0 (growing exponential), the Fourier integral for g tð Þ¼ exp �mtð Þu tð Þ does not converge.

Hence, when m< 0; the Fourier transform of g(t) does not exist. When m> 0 (decaying exponen-

tial), using (3.42a), we get

G fð Þ¼ 1

m + j2πf

The amplitude spectrum jG fð Þj and the phase spectrum θ(f), as shown in Figure 3.26, are thus as

follows:

G fð Þj j ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 + 2πfð Þ2

q

0

0

FIGURE 3.26 Signals in Example 3.19.
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and

θ fð Þ¼�tan�1 2πf

m

� �

Since g(t) is a real signal, jG fð Þj is an even function of f and θ(f) is an odd function of f.

EXAMPLE 3.20

Consider the signal g(t), which is a rectangular even pulse of duration T and amplitude A, defined

as follows:

g tð Þ¼A u t + T=2ð Þ�u t�T=2ð Þð Þ
Determine the Fourier transform G(f), and sketch its magnitude and phase spectra.

Solution
Using (3.42a), the Fourier transform G(f) is determined as follows:

G fð Þ¼
ðT=2
�T=2

A exp �j2πftð Þ dt¼AT
sin πfTð Þ

πfT

� �
¼ AT sinc fTð Þ

Since g(t) is real and even, G(f) is real and even. Figure 3.27 shows the magnitude spectrum jG fð Þj
and the phase spectrum θ(f). The phase spectrum takes on the values 0° and + 180°, depending on
the polarity of sinc(fT). We have used both + 180° and �180° to preserve the odd symmetry. The

amplitude spectrumhas amain lobe with a width of 2/THz, centered on the origin. The amplitudes

of the side lobes decrease with increases in frequency.

FIGURE 3.27 Signals in Example 3.20.
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EXAMPLE 3.21

Determine the Fourier transform of δ t� t0ð Þ, where t0 is a constant time shift, and the inverse Fou-

rier transform of δ f� f0ð Þ, where f0 is a constant frequency shift.

Solution
Using (3.42a), we get the following:

G fð Þ¼
ð1
�1

δ t� t0ð Þe�j2πftdt

Using (3.29a), the sifting property, we obtain the following:

δ t� t0ð Þ$ e�j2πft0

Note that when t0 ¼ 0, we get the following well-known Fourier transform pair, as shown in

Figure 3.28a:

δ tð Þ$ 1

Using (3.42b), we get the following:

g tð Þ¼
ð1
�1

δ f� f0ð Þej2πftdt

0 0

(a)

(b)

00

1

1

FIGURE 3.28 Signals in Example 3.21: (a) Dirac delta function and its Fourier transform and (b) DC

signal and its Fourier transform.
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Using (3.29a), the sifting property, we obtain the following:

ej2πf0t $ δ f� f0ð Þ

Note that when f0 ¼ 0, we get the following well-known Fourier transform pair, as shown in

Figure 3.28b:

1$ δ fð Þ

3.7.3 Fourier Transform for Periodic Signals

The Fourier transform of a periodic signal, in a strict mathematical sense, does

not exist, as periodic signals are not energy signals. In a limiting sense, Fourier
transform can be defined for complex exponentials. As such, the Fourier trans-

form of a periodic signal can be obtained through the Fourier transform of its

complex exponential Fourier series term by term. To this effect, all periodic sig-
nals have a common feature in that their Fourier transforms consist of delta

functions. Thus, the delta (impulse) function, which does not exist physically

and is not defined explicitly, can provide a unified method of describing peri-
odic signals in the frequency domain.

Consider the periodic signal g(t) with period T0. We can then define the peri-

odic signal g(t) using the generating function p(t), where p(t) equals g(t) over
one single period and is zero elsewhere, as shown by:

g tð Þ¼
X1

m¼�1
p t�mT0ð Þ (3.45)

On the other hand, using (3.37a) and (3.37b), this periodic signal can be repre-

sented in terms of the complex exponential Fourier series:

g tð Þ¼
X1

n¼�1
cn exp

j2πnt

T0

� �
(3.46a)

cn ¼ 1

T0

� �ðT0=2
�T0=2

g tð Þ exp � j2πnt

T0

� �
dt¼ f0

ð1
�1

p tð Þ exp �j2πnf0tð Þdt¼ f0P nf0ð Þ (3.46b)

where cn is the complex coefficient, P(f) is the Fourier transform of p(t), and
f0 ¼ 1=T0. As the RHS of (3.46b) indicates, the samples of the Fourier transform

of the generating function at multiples of the fundamental frequency f0 and the

complex exponential Fourier series coefficients of the periodic function are
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linearly related. Substituting (3.46b) into (3.46a) and combining the result

with (3.45) yields the following:

g tð Þ¼
X1

m¼�1
p t�mT0ð Þ¼ f0

X1
n¼�1

P nf0ð Þ exp j2πnf0tð Þ (3.47)

where (3.47) is known as Poisson’s sum formula. Noting the Fourier transform

of an exponential function is a delta function, the Fourier transform of the peri-

odic signal g(t) in (3.47) is then as follows:

g tð Þ¼
X1

m¼�1
p t�mT0ð Þ$G fð Þ¼ f0

X1
n¼�1

P nf0ð Þδ f �nf0ð Þ (3.48)

Equation (3.48) highlights the fact that the Fourier transform of a periodic sig-

nal consists of delta functions occurring at integermultiples of the fundamental
frequency, including the origin, and each delta function is scaled by a factor

equal to the corresponding value of P(nf0). Note that the nonperiodic generat-

ing function p(t), constituting one period of g(t), has a continuous spectrum,
but the periodic g tð ) has a discrete spectrum. In other words, periodicity in

the time domain results in a discrete spectrum defined at integer multiple of

the fundamental frequency.

Note that for an infinite sequence of uniformly spaced delta functions, we have

p tð Þ¼ δ tð Þ and we thus have P fð Þ¼ 1. Using (3.48), we can have the following
interesting relation:

X1
m¼�1

δ t�mT0ð Þ$ f0
X1

n¼�1
δ f �nf0ð Þ (3.49)

Note that if T0 ¼ 1 (i.e., f0 ¼ 1), then an infinite sequence of uniformly spaced
delta functions in the time domain is its own Fourier transform.

EXAMPLE 3.22

Determine the Fourier transforms of cos(2πfct) and sin(2πfct).

Solution
The signal cos(2πfct) is periodic with period 1/fc, and the generating function p(t) is as follows:

p tð Þ¼
cos 2πfctð Þ, tj j � 1

2fc

0, tj j> 1

2fc

8>><
>>:
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Using (3.17) and (3.42a), the Fourier transform of p(t) is as follows:

P fð Þ¼
ð 1
2fc

� 1
2fc

cos 2πfctð Þe�j2πft dt¼
ð 1
2fc

� 1
2fc

ej2πfct + e�j2πfct

2

� �
e�j2πft dt¼ sin πf=fcð Þ

2π fc� fð Þ +
sin πf=fcð Þ
2π �fc� fð Þ

P(f) at multiples of fc is then as follows:

P nfcð Þ¼ sin πnð Þ
2πfc 1�nð Þ +

sin πnð Þ
2πfc �1�nð Þ

Using L’Hôpital’s rule, we have P �fcð Þ¼ 1=2fc, and for all other values of n (i.e., n 6¼�1), we have

P nfcð Þ¼ 0. Using (3.48), we thus have the following important Fourier transform pair:

cos 2πfctð Þ$ 0:5 δ f� fcð Þ + δ f + fcð Þð Þ

With the same line of reasoning, we can get the Fourier transform of sin(2πfct) as follows:

sin 2πfctð Þ$�0:5j δ f� fcð Þ�δ f + fcð Þð Þ

Figure 3.29 shows cos(2πfct) and sin(2πfct) and their Fourier transforms.

(b)

(a)

FIGURE 3.29 Signals in Example 3.22: (a) cosine function and its Fourier transform and (b) sine function

and its Fourier transform.
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3.7.4 Properties of Fourier Transform

The Fourier transform possessesmany important and useful properties through
which the tedious mathematical work of finding the Fourier transform or the

inverse Fourier transform can be significantly simplified. Effective applications

of these properties, along with possible exploitation of signal symmetries, can
provide a valuable check on the final results. The Fourier transform properties

are summarized in Table 3.3.

Table 3.3 Fourier transform properties

Property Mathematical description

Linearity g1 tð Þ$G1 fð Þ&g2 tð Þ$G2 fð Þ) αg1 tð Þ+ βg2 tð Þ$ αG1 fð Þ+ βG2 fð Þ
Time-frequency duality g tð Þ$G fð Þ)G tð Þ$g �fð Þ
Time scaling g tð Þ$G fð Þ) g αtð Þ$ 1

αj j
� �

G
f

α

� �
Time reversal g tð Þ$G fð Þ) g �tð Þ$G �fð Þ
Time shifting g tð Þ$G fð Þ) g t� t0ð Þ$G fð Þe�j2πft0

Frequency translation g tð Þ$G fð Þ) ej2πfctg tð Þ$G f� fcð Þ
Linear modulation g tð Þ$G fð Þ) g tð Þ cos 2πfctð Þ$0:5 G f + fcð Þ+G f� fcð Þð Þ
Time convolution g1 tð Þ$G1 fð Þ&g2 tð Þ$G2 fð Þ) g1 tð Þ�g2 tð Þ$G1 fð ÞG2 fð Þ
Time multiplication g1 tð Þ$G1 fð Þ&g2 tð Þ$G2 fð Þ)g1 tð Þg2 tð Þ$G1 fð Þ �G2 fð Þ
Conjugate functions g tð Þ$G fð Þ ) g� tð Þ$G� �fð Þ
Time autocorrelation g tð Þ$G fð Þ&Rg τð Þ¼

ð1
�1

g� tð Þg t� τð Þdt ) Rg τð Þ$ jG fð Þj2

Time differentiation g tð Þ$G fð Þ) d

dt
g tð Þ$ j2πfG fð Þ

Time integration g tð Þ$G fð Þ)
ðt
�1

g τð Þdτ$G fð Þ
j2πf

+
G 0ð Þ
2

δ fð Þ

nth moments g tð Þ$G fð Þ) tng tð Þdt$ j

2π

� �n

+
dn

dfn
G fð Þ

Time average g tð Þ$G fð Þ)
ð1
�1

g tð Þdt¼G 0ð Þ

Frequency average g tð Þ$G fð Þ)
ð1
�1

G fð Þdf ¼ g 0ð Þ

Parseval’s relation g1 tð Þ$G1 fð Þ&g2 tð Þ$G2 fð Þ)
ð1

�1
g1 tð Þg�2 tð Þdt¼

ð1
�1

G1 fð ÞG�
2 fð Þdf

Note: 1) $ implies Fourier transform pair

2) “A) B” implies “If A, then B”

3) j j denotes magnitude of the complex quantity contained within

4) α and β are some real constants and n is some positive integer

5) * implies the complex conjugate operation when left as an exponent and implies the convolution operation when inserted
between two signals
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Linearity Property:
Let g1 tð Þ$G1 fð Þ and g2 tð Þ$G2 fð Þ, then for constants α and β,we have
αg1 tð Þ+ βg2 tð Þ$ αG1 fð Þ+ βG2 fð Þ

(3.50)

The proof of this property directly follows from the linearity of integrals defin-
ing the Fourier transform and the inverse Fourier transform.

This extremely important property underscores the fact that the Fourier trans-
form is a linear operation. In other words, the Fourier transform of a linear

combination of a number of Fourier transformable signals is equal to the same

linear combination of the Fourier transforms of the signals, and vice versa.

EXAMPLE 3.23

Determine the Fourier transforms of the even and odd parts of the rectangular pulse g(t) defined

as follows: g tð Þ¼Au tð Þ�Au t�Tð Þ.
Solution
Using (3.12), we have ge tð Þ¼ g tð Þ + g �tð Þð Þ=2 and go tð Þ¼ g tð Þ�g �tð Þð Þ=2. Using the linearity prop-

erty, we can get the Fourier transforms of ge(t) and go(t) as follows:

Ge fð Þ ¼
ð1
�1

ge tð Þ exp �j2πftð Þ dt¼ 0:5

ð1
�1

g tð Þ + g �tð Þð Þ exp �j2πftð Þdt

¼ 0:5

ð1
�1

g tð Þ exp �j2πftð Þ dt + 0:5
ð1
�1

g �tð Þ exp �j2πftð Þdt

¼ 0:5

ðT
0
A exp �j2πftð Þ dt + 0:5

ð0
�T

A exp �j2πftð Þ dt

¼ A

2

� �
� 1

j2πf

� �
exp �j2πfTð Þ�1ð Þ + A

2

� �
� 1

j2πf

� �
1�exp j2πfTð Þð Þ

¼ A

2

� �
� 1

j2πf

� �
exp �j2πfTð Þ� exp j2πfTð Þ½ 	 ¼ A

2

� �
� 1

j2πf

� �
�2jsin 2πfTð Þð Þ¼AT sinc 2fTð Þ

Go fð Þ ¼
ð1
�1

go tð Þ exp �j2πftð Þ dt¼ 0:5

ð1
�1

g tð Þ�g �tð Þð Þ exp �j2πftð Þ dt

¼ 0:5

ð1
�1

g tð Þexp �j2πftð Þ dt�0:5

ð1
�1

g �tð Þ exp �j2πftð Þ dt

¼ 0:5

ðT
0
A exp �j2πftð Þ dt�0:5

ð0
�T

A exp �j2πftð Þ dt

¼ A

2

� �
� 1

j2πf

� �
exp �j2πfTð Þ�1ð Þ� A

2

� �
� 1

j2πf

� �
1�exp + j2πfTð Þð Þ

¼ A

2

� �
� 1

j2πf

� �
exp �j2πfTð Þ + exp j2πfTð Þ�2½ 	

¼ A

2

� �
� 1

j2πf

� �
2cos 2πfTð Þ�2ð Þ¼ j

A

2πf

� �
�2 sin2 πfTð Þ� �¼�jAT sinc fTð Þsin πfTð Þ
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EXAMPLE 3.24

Determine the Fourier transform of the unit step function u(t).

Solution
The unit step function can be viewed as a limit of the following exponential function:

g tð Þ¼
1 + e�atð Þ

2
, t> 0

1�eatð Þ
2

, t< 0

8>><
>>:

We can thus define the unit step function as follows:

u tð Þ¼ lim
a!0

g tð Þ

The Fourier transform of g(t) is then as follows:

G fð Þ¼
ð0
�1

1�eatð Þ
2

exp �j2πftð Þ dt +
ð1
0

1 + e�atð Þ
2

exp �j2πftð Þ dt

¼ 0:5

ð0
�1

�eatexp �j2πftð Þ dt +
ð1
0
e�atexp �j2πftð Þdt


 �
+ 0:5

ð1
�1

exp �j2πftð Þ dt

¼ 0:5 � 1

a� j2πf
+

1

a + j2πf


 �
+ 0:5 δ fð Þ¼ �j4πf

2 a2 + 4π2f2ð Þ + 0:5 δ fð Þ

We therefore have:

U fð Þ¼ lim
a!0

G fð Þ¼ lim
a!0

�j4πf

2 a2 + 4π2f2ð Þ + 0:5 δ fð Þ

 �

¼ 1

j2πf
+
δ fð Þ
2

EXAMPLE 3.25

Determine the Fourier transform of sgn(t).

Solution
We know that the signum function can be written in terms of the unit step function, as follows:

sgn tð Þ¼ 2u tð Þ�1

Using the linear property of the Fourier transform, we have:

F sgn tð Þ½ 	 ¼ F 2u tð Þ�1½ 	 ¼ 2F u tð Þ½ 	� δ fð Þ

After substituting the Fourier transform of u(t), we have:

F sgn tð Þ½ 	 ¼ 2
1

j2πf
+
δ fð Þ
2


 �
� δ fð Þ¼ 1

jπf
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Duality Property:
If g tð Þ$G fð Þ, then G tð Þ$ g �fð Þ (3.51)

The proof of this property follows from replacing t by�t in the definition of the
inverse Fourier transform, i.e.,

g �tð Þ¼
ð1
�1

G fð Þ exp �j2πftð Þ df

and then interchanging the variable t and f, we thus get the following:

G tð Þ$ g �fð Þ¼
ð1
�1

G tð Þ exp �j2πftð Þ dt

This property portrays that there is a consistent symmetry between the time-
domain and frequency-domain representations of a signal. With caution, we

may interchange time and frequency.

EXAMPLE 3.26

Determine the Fourier transform of g tð Þ¼ sinc tð Þ:
Solution
We know we have the following transform pair:

u t +
1

2

� �
�u t�1

2

� �� �
$ sinc fð Þ

By using the duality property of the Fourier transform, we get the following:

sinc tð Þ$ u �f +
1

2

� �
�u �f�1

2

� �� �

Since u �f +
1

2

� �
�u �f�1

2

� �� �
is an even function, we then have the following:

sinc tð Þ$ u f +
1

2

� �
�u f�1

2

� �� �

EXAMPLE 3.27

Assumingwe haveG fð Þ¼ e�2jfj, determine its inverse Fourier transform g(t). Note that the Fourier

transform of e�2jtj is 1= 1 + πfð Þ2
� �

.

Solution
By using the duality property, we thus get

g tð Þ¼F�1 e�2 fj j� ¼ 1

1 + πtð Þ2
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Time-ScalingProperty:

Let g tð Þ$G fð Þ, then for real constant a 6¼ 0, wehave

g atð Þ$ 1

aj j
� �

G
f

a

� � (3.52)

To prove this property, we first take the Fourier transform of g(at), and then
make a change of variable (i.e., set s¼ at, where ds¼ a dt). Depending on the

sign of a, we can therefore have the following two cases:

F g atð Þ½ 	 ¼
ð1
�1

g atð Þe�j2πftdt¼ 1

a

� �ð1
�1

g sð Þe�j2π f
að Þsds¼ 1

a

� �
G

f

a

� �
, a> 0

F g atð Þ½ 	 ¼
ð1
�1

g atð Þe�j2πftdt¼� 1

a

� �ð1
�1

g sð Þe�j2π f
að Þsds¼� 1

a

� �
G

f

a

� �
, a< 0

Combining the above two equations gives rise to (3.52).

This property highlights the fact that compression in one domain brings about
expansion in another. In other words, the compression in the time domain by

some factor is equivalent to the expansion of its frequency domain by the same

factor, and vice versa. For instance, if a signal is contracted in the time domain
(i.e., the signal duration becomes shorter and the changes in the signal appear

more abrupt), its frequency content is increased. This property provides a

valuable insight in signal duration and its bandwidth, as they are inversely
proportional (i.e., by making a signal narrower, its spectrum becomes wider,

and vice versa). For the special case of time reversal (i.e., a¼ �1), we have

g �tð Þ$G �fð Þ.

EXAMPLE 3.28

Consider the signal g tð Þ¼Au t +
T

2

� �
�Au t�T

2

� �
, where A> 0 is the amplitude and T is the dura-

tion of the rectangular pulse, as shown in Figure 3.30a.Determine the Fourier transform G(f).

Assuming the area of the pulse remains a constant, discuss the impact of changes in T on G(f).

FIGURE 3.30 Signals in Example 3.28.
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Solution
Using (3.40a), the Fourier transform G(f) is determined as follows:

G fð Þ¼
ðT=2
�T=2

A exp �j2πftð Þdt¼AT
sin πfTð Þ

πfT

� �
¼AT sinc fTð Þ

Since g(t) is real and even, G(f) is real and even. The amplitude spectrum has a main lobe with

a width of 2/THz, centered on the origin. The amplitudes of the side lobes decrease with increases

in frequency. Assuming AT, the area of a pulse in the time domain, is a constant, Figure 3.30b

shows themain lobe of jG fð Þj for various values of T. Note that a time compression (i.e., a decrease

in T) brings about a frequency expansion (i.e., an increase in main lobe). As T! 0; then jG fð Þj!A

(i.e., as the pulse becomes the narrowest, the main lobe becomes the widest, and as T!1; then

jG fð Þj!Aδ fð Þ (i.e., as the pulse becomes the widest), the main lobe becomes the narrowest).

Time-Shifting Property:
If g tð Þ$G fð Þ, then for aconstant t0 as a time shift, we have
g t� t0ð Þ$G fð Þe�j2πft0

(3.53)

To prove this property, we first take the Fourier transform of g t� t0ð Þ, and then

make a change of variable (i.e., set s¼ t� t0, where ds¼ dt). We therefore have

the following:

F g t� t0ð Þ½ 	 ¼
ð1
�1

g t� t0ð Þe�j2πftdt¼
ð1
�1

g sð Þe�j2πf s+ t0ð Þds¼ e�j2πft0

ð1
�1

g sð Þe�j2πfsds

¼G fð Þe�j2πft0

This property underlines the fact that when a signal is shifted in time, which in

turn leaves its shape unchanged, its magnitude spectrum completely remains
unaffected by the time shift, but its phase is shifted by a linear factor propor-

tional to the time shift.

EXAMPLE 3.29

Determine the Fourier transform of the following impulse train:

X1
i¼�1

δ t� iTð Þ

Solution
Noting δ tð Þ$ 1 and using the time-shifting property, we have δ t� t0ð Þ$ e�j2πft0 . Therefore, using

the linearity property, the Fourier transform of the impulse train is as follows:

F
X1
i¼�1

δ t� iTð Þ
" #

¼
X1

m¼�1
e�j2πfmT

The impulse train is a periodic signal, and it can thus be expressed as an infinite sum of complex

exponential functions. We thus have:

X1
i¼�1

δ t� iTð Þ¼ 1

T

� � X1
n¼�1

ej2πnt=T
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By replacing t by f, T by 1/T, and n by �m, and then dividing both sides by T, we get the

following:

1

T

� �X1
i¼�1

δ f� i=Tð Þ¼
X1

m¼�1
e�j2πmfT

We thus have the following:

F
X1
i¼�1

δ t� iTð Þ
" #

¼ 1

T

� �X1
i¼�1

δ f� i

T

� �

The Fourier transform of impulse train, spaced T seconds, is thus another impulse train, spaced

1/T Hz apart.

Frequency-Shifting Property:

If g tð Þ$G fð Þ, then for a constant fc as a frequency shift, we have

ej2πfctg tð Þ$G f � fcð Þ
(3.54)

To prove this property, we take the Fourier transform of exp(j2πfct)g(t), as
follows:

F ej2πfc tg tð Þ� ¼ ð1
�1

ej2πfctg tð Þe�j2πftdt ¼
ð1
�1

g tð Þe�j2π f�fcð Þtdt ¼G f � fcð Þ

This property brings to light the fact that amultiplication in the time domain by

a complex exponential results in a shift in the frequency domain. Note that the
frequency-shifting property is the dual of the time-shifting property. This prop-

erty is also called the linear modulation theorem. Since exponential ej2πfct is not a

real function, it cannot be physically generated, as such frequency shifting in
practice is achieved by multiplying the signal by a sinusoidal function.

EXAMPLE 3.30

Determine the Fourier transforms of cos 2πfct + θð Þ and sin 2πfct + θð Þ, where fc and θ are the fre-

quency and initial phase, respectively.

Solution
Using (3.17), we get the following:

cos 2πfct + θð Þ¼ 0:5ejθej2πfct + 0:5 e�jθe�j2πfct

Using the linearity property and the frequency-shifting property, and noting 1$ δ fð Þ; we get the

following:

cos 2πfct + θð Þ$F cos 2πfct + θð Þ½ 	 ¼ 0:5ejθF ej2πfct
� 

+ 0:5 e�jθF e�j2πfct
� 

¼ 0:5 ejθδ f� fcð Þ + e�jθδ f + fcð Þ� �
Using (3.17), we get the following:

sin 2πfct + θð Þ¼�0:5j ejθej2πfct + 0:5j e�jθe�j2πfct
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Similarly, we can find the Fourier transform of a sine function as follows:

sin 2πfct + θð Þ$ F sin 2πfct + θð Þ½ 	 ¼�0:5j ejθF ej2πfct
� 

+ 0:5j e�jθF e�j2πfct
� 

¼ �0:5j ejθδ f� fcð Þ�e�jθδ f + fcð Þ� �
Thespectrumof thecosine functionor thesine functionconsistsofapairofdelta functionsoccurringat

f¼�fc. As expected, their magnitude spectra remain the same, but their phase spectra are different.

EXAMPLE 3.31

Determine the Fourier transform of the radio-frequency pulse:

g tð Þ¼ Au t +
T

2

� �
�Au t�T

2

� �� �
cos 2πfctð Þ:

Solution

Noting we have Au t +
T

2

� �
�Au t�T

2

� �� �
$AT sinc fTð Þ; and using (3.17), the Fourier transform

of g(t) is then as follows:

Au t +
T

2

� �
�Au t�T

2

� �� �
cos 2πfctð Þ¼ Au t +

T

2

� �
�Au t�T

2

� �� �
ej2πfct + e�j2πfct

2

� �
$

AT

2
sinc f� fcð Þ + sinc f + fcð Þð Þ

ConvolutionProperty:

Let g1 tð Þ$G1 fð Þ and g2 tð Þ$G2 fð Þ, then we haveð1
�1

g1 τð Þg2 t� τð Þdτ¼ g1 tð Þ �g2 tð Þ$G1 fð ÞG2 fð Þ
(3.55)

where the symbol * denotes the convolution operation. To prove this property,
we first take the Fourier transform of the convolution integral, and then make a

change of variable (i.e., set s¼ t� τ, where ds¼ dt). We therefore have the

following:

F

ð1
�1

g1 τð Þg2 t� τð Þdτ
� �

¼
ð1
�1

ð1
�1

g1 τð Þg2 t� τð Þdτe�j2πftdt

¼
ð1
�1

g1 τð Þ
ð1
�1

g2 t� τð Þe�j2πf t�τð Þdt
� �

e�j2πf τdτ

¼
ð1
�1

g1 τð Þ
ð1
�1

g2 sð Þe�j2πfsds

� �
e�j2πf τdτ

¼
ð1
�1

g1 τð ÞG2 sð Þe�j2πf τdτ ¼
ð1
�1

g1 τð Þe�j2πf τdτ

� �
G2 sð Þ

¼G1 fð ÞG2 fð Þ
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This property stresses that the convolution of two signals in the time domain is

transformed into the product of their individual Fourier transforms. This allows
us to exchange a complex convolution operation in the time domain for a sim-

ple multiplication operation in the frequency domain and then an inverse Fou-

rier transform operation.

EXAMPLE 3.32

Determine the Fourier transform of the following triangular pulse:

g tð Þ¼
� tj j + 1, jtj � 1

0, jtj> 1

8<
:

Solution
The convolution of a unit-amplitude unit-wide rectangular pulse with itself results in a triangular

pulse, i.e. g tð Þ¼ g1 tð Þ �g1 tð Þ, where g1 tð Þ¼ u t +
1

2

� �
�u t�1

2

� �
:By using the convolution property,

the Fourier transform of g(t) can be viewed as the product of the Fourier transform of the rect-

angular pulse and itself. In other words, we have the following:

G fð Þ¼ sinc fð Þ sinc fð Þ¼ sinc2 fð Þ

EXAMPLE 3.33

Determine g tð Þ¼ cos 2πtð Þ �e� tj j.

Solution
The Fourier transforms of e� tj j and cos(2πt) are, respectively, as follows:

F e� tj j� ¼ ð1
�1

e� tj je�j2πftdt¼
ð0
�1

ete�j2πftdt +

ð1
0
e�te�j2πftdt¼ 2

1 + 2πfð Þ2
F cos 2πtð Þ½ 	 ¼ 0:5 δ f + 1ð Þ + δ f�1ð Þð Þ

Using the convolution property, we thus have the following:

F e� tj j �cos 2πtð Þ� ¼ 0:5 δ f + 1ð Þ + δ f�1ð Þð Þ 2

1 + 2πfð Þ2
 !

¼ δ f + 1ð Þ + δ f�1ð Þ
1 + 2πð Þ2
� �

0
@

1
A

We now take the inverse Fourier transform, and thus have:

e� tj j �cos 2πtð Þ¼F�1 δ f + 1ð Þ + δ f�1ð Þ
1 + 2πð Þ2
� �

0
@

1
A

2
4

3
5¼F�1 δ f + 1ð Þ

1 + 2πð Þ2
� �

0
@

1
A

2
4

3
5 + F�1 δ f�1ð Þ

1 + 2πð Þ2
� �

0
@

1
A

2
4

3
5

¼ 1

1 + 2πð Þ2
e�j2πt
� �

+
1

1 + 2πð Þ2
ej2πt
� �¼ 2cos 2πtð Þ

1 + 2πð Þ2
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Multiplication Property:
Let g1 tð Þ$G1 fð Þ and g2 tð Þ$G2 fð Þ, then we have

g1 tð Þg2 tð Þ$
ð1
�1

G1 sð ÞG2 f � sð Þds¼G1 fð Þ �G2 fð Þ
(3.56)

where * denotes the convolution operation. To prove this property, we first take

the Fourier transform of g1(t) g2(t), then substitute the inverse Fourier trans-

form for g2(t), and finally make a change of variable (i.e., set s¼ f �ρ, where
ds¼ dρÞ. We therefore have the following:

F g1 tð Þg2 tð Þ½ 	 ¼
ð1
�1

g1 tð Þg2 tð Þe�j2πft dt¼
ð1
�1

g1 tð Þ
ð1
�1

G2 ρð Þej2πρtdρ
� �

e�j2πftdt

¼
ð1
�1

ð1
�1

g1 tð ÞG2 ρð Þe�j2π f�ρð Þtdρ dt ¼
ð1
�1

G2 f � sð Þds
ð1
�1

g1 tð Þe�j2πst dt

¼
ð1
�1

G2 f � sð ÞG1 sð Þds¼ G1 fð Þ �G2 fð Þ

Thisproperty, alsoknownasmultiplication theorem, points to the fact that theFou-
rier transform of the multiplication of two signals in the time domain is the con-

volution of their individual Fourier transforms. Note that if g1(t) and g2(t) have

bandwidths W1 and W2 Hz, then their product, i.e., g1(t)g2(t), has a bandwidth
equal to the sum of their bandwidths, i.e., W1 +W2ð Þ Hz. Moreover, if one of

the two signals, say g1(t), is a sinusoidal signal with frequency fc, then the Fourier

transform of the product is in fact the frequency-shifted version of G2(f) by �fc.

EXAMPLE 3.34

Determine the Fourier transform of g tð Þ¼ sinc tð Þ cos 2πfctð Þ:
Solution
g(t) is the product of two signals. We thus find the Fourier transform of each of the two signals and

then find the convolution of their Fourier transforms. We have the following Fourier transforms:

sinc tð Þ$ u f +
1

2

� �
� u f�1

2

� �

cos 2πfctð Þ$ 0:5 δ f + fcð Þ + δ f� fcð Þð Þ

We therefore have the following:

F g tð Þ½ 	 ¼ F sinc tð Þ½ 	 �F cos 2πfctð Þ½ 	 ¼ u f +
1

2

� �
� u f�1

2

� �� �
�0:5 δ f + fcð Þ + δ f� fcð Þð Þ

Noting the convolution of any function with a delta function results in a function shifted to the loca-

tion of the delta function. We therefore have:

G fð Þ¼ 0:5 u f +
1

2
+ fc

� �
� u f�1

2
+ fc

� �
+ u f +

1

2
� fc

� �
� u f�1

2
� fc

� �� �

Conjugate Functions:
If g tð Þ$G fð Þ, then g� tð Þ$G� �fð Þ (3.57)
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Toprove this property,we startwith thedefinitionof the inverse Fourier transform:

g tð Þ¼
ð1
�1

G fð Þej2πftdf

We then take the complex conjugate of the inverse Fourier transform, and

replace f by �s and df by –ds. We thus have:

g� tð Þ¼
ð1
�1

G� fð Þe�j2πftdf ¼ �
ð�1

1
G� �sð Þej2πstds ¼

ð1
�1

G� �fð Þej2πftdf $G� �fð Þ

This property displays that the Fourier transform of a complex-valued time
function g(t) is the complex conjugate of the Fourier transform of G �fð Þ: Note

that if g(t) is a real-valued time function, i.e., g tð Þ¼ g� tð Þ, we then have

G fð Þ¼G� �fð Þ, which in turn means the magnitude response is an even func-
tion and the phase response is an odd function.

EXAMPLE 3.35

Assuming g(t) is a complex-valued function, determine the Fourier transform of its real and

imaginary parts.

Solution
The real part and the imaginary part of g(t) are, respectively, as follows:

gr tð Þ¼ g tð Þ + g� tð Þ
2

gi tð Þ¼ g tð Þ�g� tð Þ
2j

Using the linear property based on conjugate functions, we have:

Gr fð Þ¼G fð Þ +G� �fð Þ
2

Gi fð Þ¼G fð Þ�G� �fð Þ
2j

Autocorrelation Property:
Let Rg τð Þ¼ g τð Þ � g� �τð Þ and g tð Þ$G fð Þ, then we have

Rg τð Þ$ jG fð Þj2
(3.58)

To prove this property, we take the Fourier transform of g τð Þ�g� �τð Þ; using
the convolution property. The result is thus the product of the Fourier trans-

form of g(τ) (i.e., G(f)) and the Fourier transform of g� �τð Þ (i.e., G*(f)). We

therefore have:

F g τð Þ �g �τð Þ½ 	 ¼G fð ÞG� fð Þ¼ jG fð Þj2

This property reflects the point that the Fourier transform of the time autocor-

relation function of the signal g(t) is the magnitude squared of the Fourier

transform G(f), a real-valued, nonnegative function. The autocorrelation

1073.7 Fourier Transform



provides a measure of similarity between a signal and its time-delayed version.

The time-delayed versions of a signal all have the same autocorrelation func-
tion, as the Fourier transform of the autocorrelation function has no informa-

tion about phase. For a given time-domain function, there is therefore a unique

autocorrelation function. The converse, however, is not necessarily true.

EXAMPLE 3.36

Determine the autocorrelation function of the signal g tð Þ¼ e�tu tð Þ:
Solution
We first find the Fourier transform of the signal g(t):

G fð Þ¼
ð1
�1

g tð Þe�j2πftdt¼
ð1
0
e�te�j2πftdt¼ 1

1 + j2πf

By taking the inverse Fourier transform of the magnitude squared, we get the autocorrelation

function:

Rg τð Þ¼
ð1
�1

jG fð Þj2ej2πftdt¼
ð1
0

1

1 + 2πfð Þ2
ej2πftdt¼ 0:5e�jτj

EXAMPLE 3.37

Determine the autocorrelation function of the periodic signal g tð Þ¼ cos 2πfctð Þ:
Solution
We first find the square of the magnitude spectrum as follows:

jG fð Þj2 ¼ j0:5 δ f + fcð Þ + δ f� fcð Þð Þj2 ¼ 0:25 δ f + fcð Þ + δ f� fcð Þð Þ

Taking the inverse Fourier transform results in the autocorrelation function as follows:

Rg τð Þ¼ 0:5 cos 2πfcτð Þ

As expected, the autocorrelation function is also periodic with the same period.

Differentiation Property:
If g tð Þ$G fð Þ, then
d

dt
g tð Þ$ j2πfG fð Þ

(3.59)

To prove this property, we take the first derivative of the inverse Fourier trans-

form as follows:

d

dt
g tð Þ¼ d

dt

ð1
�1

G fð Þej2πftdf ¼
ð1
�1

j2πf G fð Þð Þej2πftdf $ j2πf G fð Þ

This property indicates that if the first derivative of a signal is Fourier transform-

able, then the differentiation of a time function has the effect of multiplying its
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Fourier transform by the factor j2πf. Assuming that the Fourier transform of the

higher-order derivative exists, with the repeated application of this property, we
can then have the following relation:
dn

dtn
g tð Þ$ j2πfð ÞnG fð Þ:

EXAMPLE 3.38

Determine the Fourier transform of the signal g(t) defined by

g tð Þ¼

0, t<�2

t + 2, �2� t��1

1, �1< t< 1

�t + 2, 1� t� 2

0, t> 2

8>>>>>>>><
>>>>>>>>:

Solution
The derivative of g(t) is as follows:

d

dt
g tð Þ¼ u t + 2ð Þ�u t + 1ð Þ�u t�1ð Þ + u t�2ð Þ

The second derivative of g(t) is then as follows:

d2

dt2
g tð Þ¼ δ t + 2ð Þ�δ t + 1ð Þ�δ t�1ð Þ + δ t�2ð Þ

Note that the derivative of a discontinuity is an impulse function whose amplitude is equal to the

magnitude of the discontinuity. We now take the Fourier transform of both sides as follows:

j2πfð Þ2 G fð Þ¼ ej4πf �ej2πf �e�j2πf + e�j4πf

We can therefore find G(f) as follows:

G fð Þ¼ cos 2πfð Þ�cos 4πfð Þ
2π2f2

Integration Property:

If g tð Þ$G fð Þ, thenðt
�1

g τð Þdτ$G fð Þ
j2πf

+
G 0ð Þ
2

� �
δ fð Þ

(3.60)

To prove this property, we take advantage of the fact that the definite integral of

a function may be viewed as the convolution of that function and the unit step
function. In other words, we have:ðt
�1

g sð Þds¼ g tð Þ �u tð Þ

We know that the convolution in the time domain results in the multiplication

in the frequency domain, so we therefore have:
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F

ðt
�1

g sð Þds
� �

¼ F g tð Þ½ 	F u tð Þ½ 	 ¼G fð Þ 1

j2πf
+
δ fð Þ
2

� �
¼ G fð Þ

j2πf
+
G 0ð Þ δ fð Þ

2

This property shows that the integration of a time function has the effect of

dividing its Fourier transform by the factor j2πf, but an additional term is
needed to account for a possible DC component in the integrator output. This

property can be generalized to multiple integrations.

EXAMPLE 3.39

Using g tð Þ¼ δ t + 1ð Þ�2 δ tð Þ + δ t�1ð Þ, determine the Fourier transform of k(t), where

k tð Þ¼
1� tj j, tj j � 1

0, tj j> 1

8<
:

Solution
By integrating g(t) twice, we can get k(t). Noting that we have

G fð Þ¼ exp �j2πfð Þ�2 + exp j2πfð Þ¼ 2cos 2πfð Þ�2¼�4sin2 πfð Þ

we use the integration property twice to obtain the Fourier transform of k(t). We thus get:

K fð Þ¼ G fð Þ
j2πfð Þ2

¼�4sin2 πfð Þ
j2πfð Þ2

¼ sinc2 fð Þ:

nth-Moment Property:
If g tð Þ$G fð Þ, thenð1
�1

tng tð Þdt¼ j
2π

� �n dn

df n
G fð Þjf¼0

(3.61)

To prove this property, we differentiate the Fourier transform with respect to

frequency, and we thus have:

d

df
G fð Þ¼ d

df

ð1
�1

g tð Þ e�j2πftdt¼
ð1
�1

�j2πtð Þ g tð Þ e�j2πftdt

We repeat the process n times, and we thus get the following:

dn

df n
G fð Þ¼

ð1
�1

�j2πtð Þn g tð Þ e�j2πftdt

We divide both sides by �j2πð Þn and we set f ¼ 0. We therefore get the

following:

ð1
�1

tng tð Þdt¼ j

2π

� �n dn

df n
G fð Þjf¼0
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EXAMPLE 3.40

Noting that the Fourier transform of a Gaussian pulse is a Gaussian pulse, i.e., we have:

e�πt2 $ e�πf2

Determine the second moment of the Gaussian pulse.

Solution
We find the first and the second derivatives of the Fourier transform as follows:

d

df
G fð Þ¼�2πfe�πf2

d2

df2
G fð Þ¼�2π e�πf2 + 2πfð Þ2e�πf2

We now set f ¼ 0 in the second derivative, multiply it by
j

2π

� �2

, and thus obtain the following:

j

2π

� �2 d2

df2
G fð Þjf¼0 ¼

j

2π

� �2

�2πð Þ¼ 1

2π

We therefore have the following:ð1
�1

t2e�πt2dt¼ 1

2π

Time-AverageProperty:

If g tð Þ$G fð Þ, thenÐ1
�1 g tð Þdt¼G 0ð Þ

(3.62)

To prove this property, we simply put f ¼ 0 in the definition of the Fourier
transform.

This property states that the area under a time function is equal to the value of
its Fourier transform G(f) at f ¼ 0. In other words, the time average of a signal is

equal to its DC value.

EXAMPLE 3.41

Determine the time-average of g tð Þ¼ e�tsin 2πfctð Þu tð Þ.
Solution

Noting we have e�tu tð Þ$ 1

1 + j2πf
, and using the Euler’s identity and the frequency shifting prop-

erty, the Fourier transform G(f) is then as follows:

G fð Þ¼ 1

2j

1

(1 + j2π f� fcð Þ�
1

(1 + j2π f� fcð Þ
� �

¼ 2πfc

1 + j2πfð Þ2 + 2πfcð Þ2

We therefore haveð1
�1

g tð Þdt¼G 0ð Þ¼ 2πfc

1 + 2πfcð Þ2
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Frequency-Average Property:

If g tð Þ$G fð Þ, thenð1
�1

G fð Þdf ¼ g 0ð Þ
(3.63)

To prove this property, we simply put t¼ 0 in the definition of the inverse Fou-

rier transform.

This property reveals that the area under the Fourier transform of a signal is

equal to the value of its time function g(t) at t¼ 0.

EXAMPLE 3.42

Determine the frequency average of the signal G fð Þ¼ 0:5 sinc f� fcð Þ + sinc f + fcð Þð Þ.
Solution

Using u t +
1

2

� �
� u t�1

2

� �� �
$ sinc fð Þ and the frequency shifting property, g(t) is as follows:

g tð Þ¼ u t +
1

2

� �
� u t�1

2

� �� �
cos 2πfctð Þ

We therefore have:ð1
�1

G fð Þdf¼ g 0ð Þ ¼ 1

Parseval’s Relation:

If g1 tð Þ$G1 fð Þ and g2 tð Þ$G2 fð Þ, then we haveð1
�1

g1 tð Þg�2 tð Þdt¼ Ð1�1G1 fð ÞG�
2 fð Þdf

(3.64)

To prove this property, we substitute for the inverse Fourier transforms of g1(t)

and g2*(t), and rearrange the terms:ð1
�1

g1 tð Þg�2 tð Þdt¼
ð1
�1

ð1
�1

G1 fð Þej2πftdf

 � ð1

�1
G�

2 sð Þe�j2πstds


 �
dt

¼
ð1
�1

G1 fð Þ
ð1
�1

G�
2 sð Þ
ð1
�1

ej2πt f�sð Þdt ds df

The above expression can be simplified by the fact that the inverse Fourier trans-
form of an exponential function is a delta function, i.e., we have the following:ð1
�1

ej2πt f�sð Þdt¼ δ f � sð Þ

We therefore have:ð1
�1

g1 tð Þg�2 tð Þdt¼
ð1
�1

G1 fð Þ
ð1
�1

G�
2 sð Þδ f � sð Þds

� �
df

Using the sifting property in (3.29a), we get the following:
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ð1
�1

g1 tð Þg�2 tð Þdt¼
ð1
�1

G1 fð ÞG�
2 fð Þdf

This property also illustrates the fact that if g1 tð Þ¼ g2 tð Þ¼ g tð Þ; then we have the

following:ð1
�1

jg tð Þj2dt¼
ð1
�1

jG fð Þj2df :

This is known as Rayleigh’s energy theorem, in which the squared magnitude

spectrum represents the energy spectral density. We can thus conclude that
the signal energy can be calculated through either g(t) or G(f).

EXAMPLE 3.43

Determine the area under g tð Þ¼ sinc2 tð Þ.
Solution
Noting that we have sinc tð Þ$ u f +

1

2

� �
� u f�1

2

� �� �
, by using the Rayleigh’s energy theorem,

we have the following:ð1
�1

sinc2 tð Þdt¼
ð1
�1

u f +
1

2

� �
� u f�1

2

� �� �2

df¼ 1

3.7.5 Numerical Computation of Fourier Transform:
Discrete Fourier Transform

When g(t) is mathematically known, its Fourier transform can be determined by
using (3.42a), either analytically or through numerical integration. However, if

g(t) cannot be defined mathematically, we cannot use (3.42a) and we then need

to compute G(f) numerically. To compute G(f) numerically, we have to use the
samples of g(t). However,G(f) can be determined only at some finite number of

frequencies (i.e., at samples ofG(f) only). We therefore need to find the relation-

ships between samples of g(t) and samples ofG(f), i.e., to define the discrete Fou-
rier transform (DFT) and its inverse discrete Fourier transform (IDFT). The DFT

provides an approximation to the Fourier transform. In any numerical compu-

tation, the input data must be finite, so the number of samples of g(t) and G(f)
must be both finite. To this effect, if g(t) is not time-limited, we truncate it to

make its duration finite, so we can find its DFT, and if G(f) is not frequency-

limited, we filter it to make it band-limited, so we can find its IDFT.

Figure 3.31 shows the relation between the samples of g(t) and samples of G(f)

and all relevant parameters. We consider the duration of g(t) to be T0 > b, i.e.,
g tð Þ¼ 0 in the interval b< t� T0. We sample g(t) at uniform intervals of Ts sec-

onds, then the number of samples N is as follows:

N¼T0
Ts

¼ fs
f0

(3.65)
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FIGURE 3.31 Relation between the samples of g(t ) and samples of G(f ).

114 CHAPTER 3: Signals, Systems, and Spectral Analysis



where f0 ¼ 1

T0
is the spectral sampling interval and fs ¼ 1

Ts
is the sampling fre-

quency of g(t). Consider a finite data sequence {g(0), g(1), . . ., g(N – 1)}, which

is the result of sampling an analog signal g(t). With Ts as the sampling interval

in the time domain, the Fourier transform sequence {G(0),G(1), . . .,G(N – 1)}
is the result of sampling G(f), with fs as the sampling interval in the frequency

domain. The discrete Fourier transform and the inverse discrete Fourier trans-

form, which are both linear operations, are respectively as follows:

G kð Þ¼
XN�1

n¼0

g nð Þ exp � j2πnk

N

� �
, k¼ 0, 1, 2, . . . , N�1; (3.66a)

g nð Þ¼ 1

N

� �XN�1

k¼0

G kð Þ exp j2πnk

N

� �
, n¼ 0, 1, 2, . . . , N�1 (3.66b)

Figure 3.32 shows the implementation of DFT and IDFT. Note that the DFT is a

periodic sequence of length N, with period fs, and the IDFT is a periodic
sequence of length N, with period T0. The periodic repetition of the discrete

Fourier transform can cause overlapping of spectral components, resulting in

error. This error, however, can be made as small as possible by decreasing
the sampling interval Ts (i.e., increasing the sampling frequency fs). Also, when

g(t) is not time-limited, its truncation will cause further error. This error can be

reduced by increasing the truncating interval T0. When T0 > b, we have several
zero-valued samples in the interval [b, T0]. Thus, by increasing the number of

zero-valued samples, we reduce f0. This process is called zero padding, through

which, we can have more closely spaced samples of G(f). For a given sampling

(b)(a)

FIGURE 3.32 Implementation of DFT and IDFT.
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interval Ts, larger T0 implies larger N. In short, by choosing a reasonably large

value of N, we have samples of G(f) as close as possible.

Sequences of numbers defined at uniformly spaced points in time and fre-

quency are used to compute DFT. The signal g(n) and its spectrumG(k) are both
periodic with the period of N. To compute DFT, we require N2 complex oper-

ations. Note that each complex signal generator actually consists of a pair of

generators that outputs a cosine signal and a sine signal. For large N, the pro-
cessing time may become quite excessive. There is a well-known algorithm

called the fast Fourier transform (FFT) that can significantly reduce the number

of computations. The FFT is very efficient as it follows the divide-and-conquer
strategy, whereby the original DFT computation is decomposed successively

into smaller DFT computations.

3.8 TIME AND FREQUENCY RELATIONS

A signal can be fully defined either in the time domain or in the frequency

domain, but not in both. Using the Fourier transform pair, a signal defined

in one domain can be completely determined in the other domain. The time
duration and frequency spectrum of a signal are inversely related, as a contrac-

tion in one domain results in an expansion in the other domain.Noting that the

spectral width of signals can have a direct bearing on the communication system
capacity as well as on the equipment design accommodating the desired signal

while rejecting noise, we need to focus on definitions of bandwidth. Since the

effective time duration of a signal can have an impact on the interference level,
the time-bandwidth product needs to be also defined and thus examined.

3.8.1 Bandwidth Definitions

Bandwidth is a very important measure of performance in digital communica-
tion systems. Nevertheless, the term bandwidth is usually used loosely. It is thus

critical to provide an accurate definition and a quantitative description of band-

width. The definitions of bandwidth for signals also apply to systems. The
bandwidth of a signal reflects a range of positive frequencies with significant

spectral content. All practical signals are time-limited and their spectra thus

extend to infinity. It is therefore not clear as to how to determine what part
of the spectrum constitutes a significant amount of energy or power of the sig-

nal. Clearly, it is difficult to have a universally accepted definition of band-

width, as signals and their applications vary significantly. However, there are
many definitions that are commonly used.

It is important to note that shifting the spectral content of a lowpass signal by a
sufficiently large frequency—through a process known as modulation—to pro-

duce its corresponding bandpass signal has the effect of increasing the band-

width of the signal. The term bandwidth, denoted by B, may be defined, as
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the difference (in Hz) between two nominal frequencies, f2 and f1, i.e.,

B¼ f2� f1, where f2 � f1 � 0, and f2 and f1 are determined by one of the follow-
ing definitions of bandwidth.

Absolute Bandwidth – Absolute bandwidth provides a theoretical definition.

Assuming the spectrum is zero beyond f2 � f1 � 0, we have B¼ f2� f1. Absolute

bandwidth can be applied to frequency-limited signals and ideal lowpass and
bandpass filters. No absolute bandwidth can be defined for high-pass filters, as

f2 !1, and consequently B!1. In essence, for all realizable signals and fil-

ters, the absolute bandwidth is infinite.

3-dB (orHalf-Power) Bandwidth – The 3-dB (or half-power) bandwidth is one

of the widely-used definitions. Assuming the maximum (peak) value of the
magnitude spectrum occurs at a frequency inside the band [f1, f2], we have

B¼ f2� f1, where themagnitude spectrum at any frequency inside the band falls

no lower than 1=
ffiffiffi
2

p
times the peak value. The signal power at f1 or f2 is thus 3

(ffi�20 log10 1=
ffiffiffi
2

p�
)) dB lower than the peak signal power. However, this def-

inition becomes ambiguous when the magnitude spectrum has multiple peaks.

With this definition, the bandwidth can be easily read from a plot of magnitude
spectrum. However, it may not be quite representative when the magnitude

spectrum has slowly decreasing tails.

Fractional-Power Bandwidth – The occupied bandwidth, as adopted by FCC,
defines a band of frequencies with 99% of the signal power, where 0.5% of the

signal power is above the upper-frequency limit and 0.5% of the signal power

is below the lower-frequency limit. This definition is primarily focused on
passband signals and filters. However, for lowpass signals and filters, the def-

inition may be modified to include 1% of the signal power above the upper-

frequency limit (f2), as the signal power below the lower-frequency limit
(f1 ¼ 0) is zero.

Null-to-Null (Zero-Crossing) Bandwidth – The null-to-null (zero-crossing)
bandwidth is a commonly-used definition. For bandpass signals, when the mag-

nitude spectrumhas amain lobe (the lobewith the peak value) bounded bynulls

(the frequencies f1 and f2 at which the magnitude spectrum is zero), we have
B¼ f2� f1, as the main lobe is centered on the frequency fc ¼ f2 + f1ð Þ=2. For low-
pass signals, we have f1 ¼ 0 (i.e., only one half of the width of the main spectral

lobe is the bandwidth). Note that the null-to-null bandwidth can be easily read
from a plot of magnitude spectrum.

Bounded-Power Bandwidth – The level of power at every frequency outside
the power bandwidth has fallen at least to a certain level below its maximum

level. This relative level is usually specified in negative decibels. For instance, a

power bandwidth of –50 dB indicates the signal outside the power bandwidth
is attenuated by a factor of 100,000, say from a maximum of 1000 W to a level

not exceeding 10 mW.
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Root-Mean-Square (rms) Bandwidth – It is defined as the square root of

the second moment of the squared magnitude spectrum of the signal taken
about the origin f ¼ 0ð Þ, and thennormalized to the signal energy. The root-mean

square bandwidth Brms for a lowpass signal is definedmathematically in (3.67a).

Although the mathematical evaluation of the rms bandwidth is rather simple, its
measurement in the lab is not straightforward.

Amplitude-Equivalent Bandwidth – It is an equivalent rectangular pulse
whose height is the maximum of magnitude spectrum and its bandwidth is

BAEB, so the rectangular pulse and the magnitude spectrum of the signal have

the same area. The amplitude equivalent bandwidth for a lowpass signal is
defined mathematically in (3.68a).

Noise-Equivalent Bandwidth – It is an equivalent rectangular bandwidth with

the same mid-band gain (the maximum value of the squared magnitude spec-
trum over all frequencies) that will have as much power as the signal over all

frequencies. The power equivalent bandwidth BNEB for a lowpass signal is
defined mathematically in (3.69a).

Note that a bandwidth definition, such as those of root-mean-square,

amplitude-equivalent, and noise-equivalent, can be easily extended to band-
pass signals and filters, if instead of the zero frequency, the center frequency

fc 
 0 is considered.

3.8.2 Time-Bandwidth Product

As the scaling property of the Fourier transform clearly indicates, a time reduc-

tion in the duration of a signal (i.e., time compression) gives rise to an increase
in its spectrum (i.e., bandwidth expansion), and vice versa. More specifically, if

the duration of a signal is increased by a certain factor, the bandwidth of the

signal is then decreased by the same factor. It is thus mutually exclusive for a
signal to be both time-limited and band-limited. The time-bandwidth product

is therefore always infinite, unless time duration and bandwidth duration of

a signal are defined in a way that their product is finite. For any class of signals,
such as exponential and Gaussian pulses, the product of the signal’s duration

and its bandwidth is a constant. It is important to note that for a class of signals,

the choice of a particular definition for bandwidth merely changes the value
of the constant. The time-bandwidth product is lower bounded, and highlights

the uncertainty principle that both the time duration and the bandwidth of a

signal cannot be made arbitrarily small simultaneously. In here, we assume g(t)
is a real even signal with its maximum value at t¼ 0, and its even magnitude

spectrum jG fð Þj has its maximum value at f ¼ 0.

Root-mean square bandwidth and time duration – The bandwidth, corre-

sponding time duration, and the resulting time-bandwidth product for a low-

pass signal are respectively as follows:
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Brms ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1
�1

f 2jG fð Þj2dfð1
�1

jG fð Þj2df

vuuuuut ¼ 1

E

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1
�1

f 2jG fð Þj2df
s

(3.67a)

Trms ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1
�1

t2jg tð Þj2dtð1
�1

jg tð Þj2dt

vuuuuut ¼ 1

E

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1
�1

t2jg tð Þj2dt
s

(3.67b)

Trms Brms � 1

4π
(3.67c)

where E is the signal energy and the equality holds for the Gaussian pulse. This
in turnmeans with respect to the rms bandwidth definition, the Gaussian pulse

occupies the least possible bandwidth.

Amplitude-equivalent bandwidth and time duration – The bandwidth, corre-
sponding time duration, and the resulting time-bandwidth product for a low-

pass signal are respectively as follows:

BAEB ¼

ð1
�1

G fð Þj jdf
2G 0ð Þ (3.68a)

TAEB ¼

ð1
�1

g tð Þj jdt
2g 0ð Þ (3.68b)

TAEB BAEB � 1

4
(3.68c)

Noise-equivalent bandwidth and time duration – The bandwidth, corre-

sponding time duration, and the resulting time-bandwidth product for a low-
pass signal are respectively as follows:

BNEB ¼

ð1
�1

jG fð Þj2df
2jG 0ð Þj2 (3.69a)

TNEB ¼

ð1
�1

jg tð Þjdt
� �2

ð1
�1

jg tð Þj2dt
(3.69b)

TNEB BNEB � 1

2
(3.69c)

It is important to note that regardless of the definition employed for the band-

width and time duration, the bandwidth of a signal and the corresponding time
duration of the signal are inversely proportional.
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EXAMPLE 3.44

Consider the well-known tent signal g1 tð Þ¼ e�mjtj, wherem is a positive constant, and the widely-

used Gaussian signal g2 tð Þ¼ e�bt2 , where b is a positive constant. Figure 3.33 shows the time and

frequency representations of these two lowpass signals. By using the definitions provided in (3.67),

(3.68), and (3.69), determine the time-bandwidth product for each of these two signals.

Solution
The results, as shown in Table 3.4, indicate that the time-bandwidth product for all cases is inde-

pendent of the parameters m and b.

3.9 SIGNAL TRANSMISSION THROUGH SYSTEMS

Our main focus here is on LTI systems and their impacts on signals, and not so

much concerned with the actual system elements. We view a system in terms of
the operation it performs on an input x(t) to produce an output y(t).

3.9.1 Signal Transmission through LTI Systems

In the time domain, a linear system is described by its impulse response (i.e.,

the response of the system with zero initial condition when its input is a unit

impulse or delta function δ tð ÞÞ. For a time-invariant system, the shape of the
impulse response remains the same nomatter when the unit impulse is applied

to the system. Assuming the unit impulse δ(t) is applied to an LTI system at

t¼ 0, the impulse response is represented by h(t) in the time domain or equiv-
alently by its frequency response H(f) (i.e., the Fourier transform of h(t)). In

other words, for x tð Þ¼ δ tð Þ, we have y tð Þ¼ h tð Þ, or equivalently, if X(f) and

Y(f) represent the Fourier transforms of the input and output of an LTI system,
respectively, then for X fð Þ¼ 1, we have Y fð Þ¼H fð Þ. In an LTI system, a fre-

quency component is present at the output if it is present at the input. In other

words, LTI systems cannot introduce new frequency components, as only
nonlinear and/or time-varying systems can produce new frequency

components.

The necessary and sufficient condition for an LTI system to be causal is to have a

zero impulse response for negative time. We thus have the following:

Causality criterion in an LTI system: h tð Þ¼ 0, for t< 0 (3.70)

The necessary and sufficient condition for an LTI system to have the bounded-

input-bounded-output (BIBO) stability is to have an absolutely integrable

impulse response. We thus have the following:

Stability criterion in an LTI system:

ð1
�1

h tð Þj jdt<1 (3.71)

An LTI system can be described by a linear differential equation (for

continuous-time signals) or a linear difference equation (for discrete-time
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Table 3.4 Time-bandwidth product for tent and Gaussian signals

Terms of interest Tent signal Gaussian signal

g(t) e�m tj j, m> 0 e�bt2 , b> 0

G(f) 2m

m2 + 4π2f2

ffiffiffi
π

b

r
e�π2 f2=b

g(0) 1 1

G(0)
2

m

ffiffiffi
π

b

r
ð1
�1

g tð Þj jdt 2

m

ffiffiffi
π

b

r
ð1
�1

G fð Þj jdf 1 1

(Continued)

0

0 0

1

1

1 1

0

1

2

2

1

2

FIGURE 3.33 Signals in Example 3.44.
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Table 3.4 Time-bandwidth product for tent and Gaussian signals—cont’d

Terms of interest Tent signal Gaussian signalð1
�1

jg tð Þj2dt¼E
1

m

ffiffiffiffiffiffi
π

2b

r
ð1
�1

jG fð Þj2df ¼E
1

m

ffiffiffiffiffiffi
π

2b

r
ð1
�1

t2jg tð Þj2dt 1

2m3

ffiffiffi
π

p

4b
ffiffiffiffiffiffi
2b

p
ð1
�1

f2jG fð Þj2df ¼ 1

4π2

ð1
�1

g0 tð Þð Þ2dt m2

4π2
b
ffiffiffi
b

p

4π2
ffiffiffiffiffiffi
2π

p

Brms ¼ 1

E

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1
�1

f2jG fð Þj2df
s m

2π

ffiffiffi
b

p

2π

Trms ¼ 1

E

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1
�1

t2jg tð Þj2dt
s

1

m
ffiffiffi
2

p 1

2
ffiffiffi
b

p

TrmsBrms � 1=4π
ffiffiffi
2

p

4π

1

4π

BAEB ¼

ð1
�1

G fð Þj jdf
2G 0ð Þ

m

4

1

2

ffiffiffi
b

π

r

TAEB ¼

ð1
�1

g tð Þj jdt
2g 0ð Þ

1

m
1

2

ffiffiffi
π

b

r

TAEBBAEB � 1=4
1

4

1

4

BNEB ¼

ð1
�1

jG fð Þj2df
2jG 0ð Þj2

m

8

0:5
ffiffiffi
b

pffiffiffiffiffiffi
2π

p

TNEB ¼

ð1
�1

g tð Þj jdt
� �2

ð1
�1

jg tð Þj2dt
4

m

ffiffiffiffiffiffi
2π

p ffiffiffi
b

p

TNEBBNEB � 1=2 1

2

1

2
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signals). LTI systems play a significant role in digital communication system

analysis and design, as an LTI system can be easily characterized either in the
time domain using the system impulse response h(t) or in the frequency

domain using the system transfer function H(f).

3.9.2 Time Response and Convolution in LTI Systems

Convolution is the input-output relationship in the timedomain.Byconvolution,

theoutput y(t) in anLTI systemcanbederived fromthe input x(t) and the impulse

response h(t). It can be shown that the output y(t) can be derived as follows:

y tð Þ¼
ð1
�1

x τð Þh t� τð Þdτ¼ x tð Þ �h tð Þ¼
ð1
�1

h τð Þx t� τð Þdτ¼ h tð Þ �x tð Þ (3.72)

where * denotes the convolution operation. Equation (3.72) is called the convo-

lution integral, andshows thaty(t),which is the response tox(t), is theconvolution

of the input x(t) and the impulse response h(t). Note that y(t) is nonzero for the
interval that is the sum of the intervals during which x(t) and h(t) are nonzero. In

otherwords, ifx(t) is limited to the timeinterval [a,b] andh(t) is limited to the time

interval [c, d], y(t) is then limited to the time interval a + c, b + d½ 	. Equation (3.72)
reflects the fact that thepresentvalueof theoutputsignal is aweighted integralover

the past history of the input signal, weighted according to the impulse response of

the system. In a way, the impulse response h(t) acts as a memory function for the
system. For a causal LTI system, there can be no output prior to the time t¼ 0.

Therefore, the lower limit of the integration in (3.72) can be changed to zero.

For an LTI system, the impulse response h(t) contains all the informationneeded,
and thus completely characterizes the system.

EXAMPLE 3.45

Suppose the impulse response of an LTI system is as follows:

h tð Þ¼ u tð Þ�u t�2ð Þ
Determine the output signal y(t) provided that the input signal is as follows:

x tð Þ¼ u tð Þ�u t�3ð Þ

Solution
After substituting h(t) and x(t) in (3.72), the signal output is then as follows:

y tð Þ¼
ð1
�1

x τð Þh t� τð Þdτ

¼
ð1
�1

u τð Þu t� τð Þdτ�
ð1
�1

u τð Þu t�2� τð Þdτ�
ð1
�1

u τ�3ð Þu t� τð Þdτ +
ð1
�1

u τ�3ð Þu t�2� τð Þdτ

¼ t u tð Þ� t�2ð Þu t�2ð Þ� t�3ð Þu t�3ð Þ + t�5ð Þu t�5ð Þ:

x(t), h(t) and y(t) are all shown in Figure 3.34.
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3.9.3 Frequency Response and Transfer Function
in LTI Systems

We know, from the discussion on the Fourier transform, that convolution in
the time domain implies multiplication in the frequency domain. Using

(3.72), we can therefore have the following:

Y fð Þ¼X fð ÞH fð Þ (3.73)

Equation (3.73) implies that the Fourier transform of the output signal is equal
to the product of the transfer function of the system and the Fourier transform

of the input signal.H(f), the Fourier transform of h(t), is generally referred to as

the transfer function or the frequency response of the LTI system, and contains all
relevant information about the system. If X(f) is limited to the frequency band

[x1, x2] and if H(f) is limited to the frequency band [h1, h2], Y(f) is then limited

to the frequency band y1, y2½ 	 ¼ x1, x2½ 	 \ h1, h2½ 	. In other words, if at a certain

(a)

(c)

(b)

0

0

32 5

2

3

1

1

2

0

FIGURE 3.34 Signals in Example 3.45.
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frequency, the Fourier transform of the input signal or the transfer function is

zero, the Fourier transform of the output signal at that frequency is also zero. To
find y(t), it is sometimes much easier to find Y(f) by using (3.73) and then find

its inverse Fourier transform. The frequency responseH(f) is generally complex

and can thus be written as follows:

H fð Þ¼ H fð Þj jexp jβ fð Þð Þ (3.74)

where jH fð Þj is called the amplitude (magnitude) response, and β(f) is called the
phase response. In a linear system with a real-valued impulse response h(t), we

have the following:

H fð Þj j ¼ H �fð Þj j (3.75a)

β fð Þ¼�β �fð Þ (3.75b)

We can therefore conclude that for a real-valued impulse response the magni-

tude response is an even function and the phase response is an odd function.
Since X(f) and Y(f) may be complex, using (3.73) and (3.74), we have the

following:

Y fð Þj j ¼ X fð Þj j H fð Þj j (3.76a)

∡Y fð Þ¼∡X fð Þ+ β fð Þ (3.76b)

The magnitude response of the output signal is thus the product of the magni-

tude response of the input and themagnitude response of the transfer function,
and the phase response of the output signal is the sum of the phase response of

the input signal and the phase response of the transfer function. In other words,

an input signal of frequency f is modified, as its magnitude response is scaled by
a factor jH fð Þj and its phase response is shifted by a factor β(f). Clearly, during
the transmission, some frequency components may be amplified, while others

may be attenuated, and the relative phases of the various components may also
change, thus resulting in an output signal that may be different from the input

signal.

By using a sine-wave generator at the input of an LTI system and an oscilloscope

at its output, the system frequency response can be easily measured in a

communication laboratory, and thus plotted. For the system input
x tð Þ¼Acos 2πf0tð Þ, the system output will be y tð Þ¼A H f0ð Þj j cos 2πf0t + β f0ð Þð Þ.
For the frequency range of interest, f0 is varied, and at each step, the amplitude

and phase at the output are both measured. The ratio of the magnitude of the
output to that of the input represents the magnitude (amplitude) response of

the LTI system and the difference between the phase of the output and that of

the input represents its phase response.
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EXAMPLE 3.46

Suppose the frequency response of an LTI system is as follows:

H fð Þ¼ 1

2 + j2πf

Determine the output signal in the time domain provided that the input signal is as follows:

x tð Þ¼ e�tu tð Þ

Solution
Using (3.42a), the Fourier transform of the input signal is as follows:

X fð Þ¼ 1

1 + j2πf

Using (3.73), we then determine the Fourier transform of the output signal:

Y fð Þ¼ X fð ÞH fð Þ¼ 1

2 + j2πf

� �
1

1 + j2πf

� �
¼ 1

2 + j2πfð Þ 1 + j2πfð Þ¼
1

1 + j2πf
� 1

2 + j2πf

Using (3.42b), the inverse Fourier transform is as follows:

y tð Þ¼ e�tu tð Þ�e�2t u tð Þ¼ e�t�e�2t
� �

u tð Þ

3.9.4 Application of Periodic Signals to LTI Systems

The response of an LTI system to a complex exponential is a complex exponen-

tial with the same frequency and a possible change in its magnitude and/or
phase. With H(f) as the LTI system transfer function, the response to the expo-

nential exp(j2πf0t) is exp(j2πf0t)H(f0). Note thatH(f) is a complex function that
can be characterized by its magnitude response jH(f)j and phase response

∡H fð Þ. Suppose the input x(t) is periodic with period T0 ¼ 1=f0, and has the

following Fourier series representation:

x tð Þ¼
X1

n¼�1
xn exp

j2πnt

T0

� �
(3.77)

where {xn} represents the complex exponential Fourier series coefficients for
the input x(t). The output y(t) is also periodic with period T0 ¼ 1=f0, and has

the following Fourier series representation:

y tð Þ¼
X1

n¼�1
xnH

n

T0

� �
exp

j2πnt

T0

� �
¼
X1

n¼�1
yn exp

j2πnt

T0

� �
(3.78)

where {yn} represents the complex exponential Fourier series coefficients for
the output y(t). For the amplitude and phase of the nth harmonic of the output

signal, we thus have the following:
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yn ¼ xnH
n

T0

� �
⟺

ynj j ¼ xnj j H n

T0

� �				
				

∡yn ¼∡xn +∡H
n

T0

� �

8>>>>><
>>>>>:

(3.79)

EXAMPLE 3.47

Consider an LTI system whose frequency response is as follows:

H fð Þ¼�j
π

4

� �
sgn fð Þ

Suppose the input signal x(t) is an odd periodic square wave of period 1, where x tð Þ¼ 1, for

0< t� 0:5, and x tð Þ¼�1, for 0:5< t� 1. Determine the output signal in the time domain.

Solution
We first determine the magnitude and phase frequency responses, which are as follows:

jH fð Þj¼ π

4
and ∡H fð Þ¼� π

2

� �
sgn fð Þ

Using (3.37), we thus have:

x tð Þ¼ 4

π

� �X1
n¼1

1

2n�1
sin 2 2n�1ð Þπtð Þ

¼ 1

j

� �
2

π

� �X1
n¼1

1

2n�1
exp j2 2n�1ð Þπtð Þ�exp �j2 2n�1ð Þπtð Þð Þ

To determine the output corresponding to each frequency, we use (3.79):

y tð Þ¼ 1

j

� �
π

4

� � 2

π

� �X1
n¼1

1

2n�1
exp j2 2n�1ð Þπt�π=2ð Þ�exp �j2 2n�1ð Þπtð Þ + π=2ð Þ

¼
X1
n¼1

1

2n�1
sin 2 2n�1ð Þπt�π

2

� �
¼�

X1
n¼1

1

2n�1
cos 2 2n�1ð Þπtð Þ

3.9.5 Distortionless Transmission

It is of paramount interest that in a communication channel the output signal be
an exact replica of the input signal; after all, that is theultimate goal in signal trans-

mission. It is therefore important to determine the characteristics of a communi-

cation system that allows no distortion. In a distortionless transmission, the input
andoutput signals in the timedomain have identical shapes, except for a possible

change of amplitude anda constant delay. Inotherwords, for the input signal x(t)

transmitted through a distortionless channel, the output signal y(t) is defined by:

y tð Þ¼ kx t� tdð Þ (3.80)

where the constant k< 1 reflects the transmission attenuation, and the constant

td > 0 accounts for the transmission delay, as a transmission medium always
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introduces an attenuation, no matter how small, and a delay, no matter how

short. By applying the Fourier transform to (3.80), we get the following:

Y fð Þ¼ kX fð Þe�j2πftd (3.81)

The transfer function of a distortionless channelH(f) is then defined as follows:

H fð Þ¼Y fð Þ
X fð Þ¼ ke�j2πftd (3.82a)

Equation (3.82a) indicates that in order to achieve distortionless transmission

through a channel, the magnitude response of the channel must be a constant
and the phase response must be a linear function of frequency that passes

through the origin. In other words, the following two requirements must be

satisfied over the frequency band of interest (the band of frequencies that
the spectrum of the transmitted signal exists):

H fð Þj j ¼ k (3.82b)

∡H fð Þ¼ β fð Þ¼�2πftd (3.82c)

Equations (3.82b) and (3.82c) provide the requirements for distortionless

transmission, as shown in Figure 3.35.

When the magnitude response of the channel jH fð Þj is not constant over

the frequency band of interest, we have magnitude distortion (i.e., the fre-

quency components of the input signal experience different amounts of
attenuation, or possibly gain). Also, when the phase response of the chan-

nel β(f) is not linear with respect to the frequency inside the band of inter-

est, we have phase distortion (i.e., the components of different frequencies
undergo different amounts of delay). Interestingly, the human ear is insen-

sitive to phase distortion, but relatively sensitive to amplitude distortion.
However, the human eye is more sensitive to time delay, rather than ampli-

tude distortion.

0 0

(b)(a)

FIGURE 3.35 Frequency response of an ideal distortionless channel: (a) magnitude response and (b)

phase response.
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EXAMPLE 3.48

Consider an LTI system whose impulse response is as follows:

h tð Þ¼ exp �tð Þu tð Þ
Determine the system output y(t) if its input is x tð Þ¼ cos tð Þ + cos ffiffiffi

3
p

t
� �

:

Solution
Using (3.42a), the magnitude and phase spectra of the system frequency response is as follows:

jH fð Þj¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + 2πfð Þ2

q
and

∡H fð Þ¼ β fð Þ¼�tan�1 2πfð Þ
Using (3.42a), the Fourier transform of the input is as follows:

X fð Þ¼ 0:5 δ f� 1

2π

� �
+ δ f +

1

2π

� �� �
+ 0:5 δ f�

ffiffiffi
3

p

2π

 !
+ δ f +

ffiffiffi
3

p

2π

 ! !

Note that the input signal has only two distinct frequency components. Using (3.73), the Fourier

transform of the output is then as follows:

Y fð Þ¼
ffiffiffi
2

p

4

 !
δ f� 1

2π

� �
exp � jπ

4

� �
+ δ f +

1

2π

� �
exp

jπ

4

� �� �

+
1

4

� �
δ f�

ffiffiffi
3

p

2π

 !
exp � jπ

3

� �
+ δ f +

ffiffiffi
3

p

2π

 !
exp

jπ

3

� � !

Using (3.42b), the output y(t) is as follows:

y tð Þ¼
ffiffiffi
2

p

2
cos t�π

4

� �
+
1

2
cos

ffiffiffi
3

p
t�π

3

� �
The linear distortion has impacted the input signal, where the amounts of attenuation and delay

are both different at the two frequencies.

3.9.6 Nonlinear Distortion

A nonlinear system cannot be described by a transfer function, as a change in

the input signal may not directly produce a corresponding change in the output
signal. We assume here the system is memoryless in the sense that the output

y(t) depends only on the input x(t) at time t. To evaluate the nonlinear distor-

tion, the common procedure is to approximate the input-output relation, also
known as the transfer characteristics, by a power series of the input x(t):

y tð Þ¼ a1x tð Þ+ a2x2 tð Þ+ a3x3 tð Þ+ . . . (3.83)

Assuming X(f) is the Fourier transform of x(t), the Fourier transform of (3.83)
becomes as follows:

Y fð Þ¼ a1X fð Þ + a2X fð Þ �X fð Þ + a3X fð Þ �X fð Þ �X fð Þ + . . . (3.84)
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where * denotes the convolution operation. Assuming x(t) is band-limited toW

Hz, x2(t) is band-limited to 2WHz, x3(t) is band-limited to 3WHz, and so on and

so forth. The nonlinearities have thus created new output frequency components
that are not present in the input.With appropriate filtering, these out-of-band fre-

quency components (jf j �W) can be suppressed. However, the second-, third-,
and the higher-order nonlinearities all produce undesirable in-band frequency

components (jf j �W). Since these frequency components, which lie in the fre-

quency band of interest, cannot be removed, we have nonlinear distortion.

EXAMPLE 3.49

In a nonlinear system, the input-output characteristic is as follows:

y tð Þ¼ x tð Þ + x2 tð Þ
Determine the output signal in time and frequency domains, if the input signal is as follows:

x tð Þ¼ 2 cos 2000πtð Þ + 2 cos 3000πtð Þ

Solution
The output signal y(t) is therefore as follows:

y tð Þ¼ 2 cos 2000πtð Þ + 2cos 3000πtð Þ + 2 cos 2000πtð Þ + 2 cos 3000πtð Þð Þ2

Using trigonometric identities, the output signal can then be simplified as:

y tð Þ¼ 2 cos 2000πtð Þ + 2cos 3000πtð Þ + 4 + 2 cos 4000πtð Þ + 2 cos 6000πtð Þ + 4cos 5000πtð Þ + 4 cos 1000πtð Þ
As shown in Figure 3.36, the system has produced frequencies in the output other than the input

frequencies of 1 and 1.5 kHz. They include harmonic distortion terms at harmonics of the input

frequencies (i.e., 2 and 3 kHz) and intermodulation distortion terms involving the sum and differ-

ence of the harmonics of the input frequencies (i.e., 0, 0.5 and 2.5 kHz).

–1

–3 –2 –1 0 1 2 3

0 1

FIGURE 3.36 Signals in Example 3.49.

130 CHAPTER 3: Signals, Systems, and Spectral Analysis



Although there is no correctingmeasure for nonlinear distortion, it can bemin-

imized by careful design to make sure the input signal does not exceed the
linear operating range of the channel’s transfer characteristics. Keeping the

signal amplitude within the linear operating range is accomplished by using

two nonlinear devices, a compressor and an expander. A compressor essentially
reduces the amplitude range of an input signal so that it falls within the linear

range of the channel. Since reducing the input range results in reducing the out-

put range, an expander is required to increase the output to the appropriate
level. The combined operation of compressing and expanding is called

companding.

3.10 COMMUNICATION FILTERS

In communication systems, filters are widely used to process signals. A commu-

nication filter is a frequency-selective system that can shape and limit the spec-
trum of a signal. The characteristics of a filter are determined by its frequency

response (i.e., the magnitude and phase responses). Filtering is thus the process

by which the relative magnitude and phase of the frequency components in a
signal are changed.

3.10.1 Ideal Filters

An ideal filter exactly passes signals at certain sets of frequencies and

completely rejects the rest. In order to avoid distortion in the filtering pro-

cess, a filter should ideally have a flat magnitude characteristic and a linear
phase characteristic over the passband of the filter (the frequency range

of interest). The most common types of filters are the low-pass filter (LPF),

high-pass filter (HPF), band-pass filter (BPF), and band-stop filter (BSF),
which pass low, high, intermediate, and all but intermediate frequencies,

respectively. Figure 3.37 shows the magnitude and phase responses of ideal

LPF, HPF, BPF, and BSF. Most communication filters are of LPF and
BPF types.

For a physically-realizable filter, its impulse response h(t) must be causal.
In the frequency domain, this condition is equivalent to the Paley-Wiener

criterion, which states that the necessary and sufficient condition for

jH fð Þj to be the magnitude response of a causal (realizable) filter is as
follows:

ð1
�1

ln H fð Þj jj j
1+ f 2ð Þ df <1 (3.85)

This condition is not met if jH fð Þj ¼ 0 over a finite band of frequencies (i.e., a
filter cannot perfectly reject any band of frequencies). However, if jH fð Þj ¼ 0 at

a single frequency (or a set of discrete frequencies), the condition may be met.
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(c)

(d)

FIGURE 3.37 Magnitude and phases responses of ideal filters: (a) lowpass filter (LPF), (b) bandpass filter (BPF), (c) highpass filter (HPF),

and (d) bandstop filter (BSF).
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According to this criterion, ideal filters are clearly noncausal. Some continuous

magnitude responses, such as H fð Þj j ¼ exp �jf jð Þ, are not allowable magnitude
responses for causal filters because the integral in (3.85) does not give a finite

result.

EXAMPLE 3.50

Determine the frequency responses and impulse responses of an ideal LPF and BPF, and discuss

the causality issue.

Solution
The frequency response of an ideal LPF with a bandwidth of W Hz and its impulse response are

respectively defined as follows:

HLPF fð Þ¼ u f +Wð Þ�u f�Wð Þð Þexp � j2πft0ð Þ

and

hLPF tð Þ¼ 2Wsinc 2W t� t0ð Þð Þ

The impulse response for t0 ¼ 0 is shown in Figure 3.38a. As reflected in (3.85), jH fð Þj does not meet

the Paley-Wiener criterion, and h(t) is thus not causal. One practical approach to filter design is to

cut off the tail of h(t) for t< 0. In order to have the truncated version of h(t) as close as possible to the

ideal impulse response, the delay t0 must be as large as possible. Theoretically, a delay of infinite

duration is needed to realize the ideal characteristics. But practically, a delay of just a few times
1

2W
can make the truncated version reasonably close to the ideal one. As an example, for an audio LPF

filter with a bandwidth of 20 kHz, a delay of 0.1 milliseconds would be a reasonable choice.

FIGURE 3.38 Signals in Example 3.50.
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The frequency response of an ideal BPF, with a bandwidth of 2W Hz and centered around the fre-

quency fc, as well as its impulse response are respectively defined as follows:

HBPF fð Þ¼ u f +W + fcð Þ�u f�W + fcð Þ + u f +W� fcð Þ�u f�W� fcð Þð Þe�j2πft0

and

hBPF tð Þ¼ 4W sinc 2W t� t0ð Þð Þcos 2πfc t� t0ð Þð Þ

The impulse response for t0 ¼ 0 is shown in Figure 3.38b. If fc 
 2W , it is reasonable to view hBPF(t)

as the slowly-varying envelope sinc(2Wt) modulating the high-frequency oscillatory signal

cos(2πfct) and shifted to the right by t0.

3.10.2 Filter Types

There are two distinct categories of filters: analog filters and digital filters. An
analog filter has a continuous-time operation and is characterized by an

impulse response of infinite duration. Analog filters are divided into passive

filters and active filters. A passive filter consists of passive circuit elements, such
as resistors, inductors, and capacitors. An active filter consists of active ele-

ments, such as operational amplifiers, in addition to passive elements. Passive

filters are useful at high frequencies, but active elements can eliminate the need
for using bulky and expensive inductors, particularly in low-frequency applica-

tions, and generate gain greater than unity. Also, switched-capacitors can be
used to replace resistors that would take up too much space in integrated cir-

cuits. Analog filters offer the benefits of continuous-time operation and

reduced complexity.

A typical digital filter consists of an ADC (analog-to-digital conversion), a dig-

ital signal processor, and a DAC (digital-to-analog conversion). Digital filters

have discrete-time operation, and in turn are classified as having either a
finite-duration impulse response (FIR) or an infinite-duration impulse response

(IIR). In the discrete-time domain, the FIR and IIR filters are characterized

by the following constant coefficient difference equations, respectively:

FIR : y nð Þ¼
XM�1

k¼0

h kð Þx n�kð Þ

IIR : y nð Þ¼
XN
k¼1

a kð Þy n�kð Þ+
XM�1

k¼0

b kð Þx n�kð Þ
(3.86)

where {x(n)} and {y(n)} are the input sequence and output sequence, respec-
tively, h kð Þ, 0� k�M � 1f g is the impulse response of FIR filter, and

a kð Þ, 1� k�Nf g and b kð Þ, 0� k�M�1f g are the IIR filter coefficients. An

FIR filter is an all-zero filter, whose operation is governed by linear constant-
coefficient difference equations of a nonrecursive nature. FIR digital filters have

finite memory, are always stable, and can realize a desired magnitude response
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with an exactly linear phase response (i.e., with no phase distortion). An IIR

filter has poles and zeros, whose operation is governed by linear constant-

coefficient difference equations of a recursive nature. IIR filters have a lower
computational complexity, but at the expense of phase distortion. FIR filters

are employed in communication systems, when phase distortion is
undesirable.

3.10.3 Filter Design

The frequency response of a filter is characterized by the following frequency

bands: passband, as input signals with frequencies inside it are passed with little
or no distortion, stopband, as input signals with frequencies inside it are atten-

uated or blocked, and transition band, as it separates the passband from the

stopband.

An ideal filter has no transition band (i.e., the transition from the passband to

stopband is abrupt and occurs at a single frequency). These characteristics result

in a nonimplementable filter. Therefore, from a practical standpoint, an accept-
able level of deviation from ideal specifications is permitted. Practical (realiz-

able) filter characteristics are gradual, without jump discontinuities in the

magnitude response.

Figure 3.39 presents the tolerance diagram for a physically-realizable analog

(continuous-time) LPF. Analogous specifications are used for digital
(discrete-time) filters, with the added provision that the response is always

periodic in the frequency domain. Note that the magnitude response in the

passband must lie between 1 and 1–εp (i.e., 1� εp < jH fð Þj<1) for
0< jf j< fp, where fp is the passband cut-off frequency and 0� εp < 1 is a toler-

ance parameter. Themagnitude response in the stopbandmust not exceed 0<

εs � 1 (i.e., jH fð Þj< εs) for jf j> fs, where fs is the stopband-edge frequency. The
magnitude response in the transition bandwidth must lie between 1–εp and εs
(i.e., εs < jH fð Þj � 1� εp) for fp � jf j � fs. The frequency response of a filter usu-

ally has a large dynamic range, as such it is common practice to use a logarith-
mic scale for the magnitude response jH fð Þj. Therefore, the fluctuation in the

passband is �20log 1� εp
� �

dB and the fluctuation in the stopband is

20 log(εs) dB.

After specifying the filter parameters (εp, εs, fp, fs), the design of the filter consists

of the following two steps: i) the approximation of a frequency response

(i.e., magnitude response or phase response or both) by a realizable transfer

function that represents a stable and causal system, and ii) the realization of

the approximating transfer function by a physical system. Both these two steps
can be implemented in a variety of ways, thus highlighting the nonuniqueness

of the filter design problem.
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The two optimality criteria commonly used in filter design are the maximally-
flat magnitude response, and the equiripple magnitude response. The Butter-

worth filter has a maximally-flat passband response, which is ideal for passing

the amplitude of a signal with little distortion. The Chebyshev filter provides
faster roll-off than the Butterworth by allowing ripple in the passband response.

A commonalternative to both the Butterworth andChebyshev filters is theEllip-

tic filter, which provides the fastest roll-off at the expense of ripple in both the
passband and the stopband. Another type of filter that is suitable for data com-

munications is theBessel filter, which has amaximally-flat group delay (approx-

imately linear in-band phase response), but has a wider transition band.

3.11 SPECTRAL DENSITY AND AUTOCORRELATION
FUNCTIONS

Autocorrelation represents the correlation of a signal with itself, and thus pro-

vides a measure of similarity between the signal and its own delayed version.

Autocorrelation provides valuable spectral information about the signal, and
may be viewed as the time-domain counterpart of spectral density, defined

as the distribution of signal energy or power per unit of bandwidth. The focus

of the following discussion is on real-valued signals.

f

Passband

Stopband

Transition band

0

1

1

FIGURE 3.39 Tolerance diagram for a physically-realizable analog (continuous-time) LPF.
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3.11.1 Energy Spectral Density

According to Rayleigh’s energy theorem discussed earlier, for real-valued sig-
nals, we have the following:

E¼
ð1
�1

g2 tð Þdt¼
ð1
�1

jG fð Þj2df (3.87)

The energy of signal can be thus calculated through either g(t) orG(f). Themag-

nitude squared is called the energy spectral density (ESD), and is as follows:

Ψg fð Þ¼ jG fð Þj2 (3.88)

Energy spectral density, which is always an even, nonnegative, real-valued

function of frequency, represents the distribution of the energy of the signal

in the frequency domain. The ESD of an energy signal for any frequency can
be interpreted as the energy per unit bandwidth, which is affected by frequency

components of the signal around that frequency. Substituting (3.88) into

(3.87) highlights the fact that the total area under the energy spectral density
function of an energy signal equals the total signal energy.

When an energy signal is transmitted through an LTI system, the ESD of the

output equals the ESD of the input multiplied by the squared magnitude
response of the system. In other words, for an LTI system with the transfer func-

tion H(f), we have the following:

Ψy fð Þ¼ jH fð Þj2Ψx fð Þ (3.89)

The ESD of an energy signal can be measured by using a variable narrow-
band bandpass filter to scan the frequency band of interest and determining

the energy of the filter output for each mid-band frequency setting of

the filter.

3.11.2 Autocorrelation of Energy Signals

The autocorrelation function for a real-valued energy signal is defined as follows:

Rg τð Þ¼
ð1
�1

g tð Þg t� τð Þdt¼ g τð Þ �g �τð Þ (3.90)

Rg(τ) is the autocorrelation function of an energy signal, which measures the

similarity between the signal g(t) and its delayed version g t� τð Þ. The time

lag (or delay) is the scanning parameter that helps measure the autocorrelation
function. The autocorrelation function is a real-valued, even function, whose

maximum represents the energy of the signal and occurs at the origin
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(τ¼ 0). For an energy signal g(t), the autocorrelation function and energy spec-

tral density form a Fourier transform pair, i.e., we have:

Rg τð Þ⟷Ψg fð Þ (3.91)

If the real-valued signal is passed through an LTI system with the impulse
response h(t), the autocorrelation function of the output signal is as follows:

Ry τð Þ¼Rx τð Þ �h τð Þ �h �τð Þ (3.92)

where Rx(τ) and Ry(τ) are the input and output autocorrelation functions,
respectively.

EXAMPLE 3.51

The energy signal x tð Þ¼ 2π e�2πtu tð Þ is applied to a lowpass filter whose squared magnitude

response is as follows: jH fð Þj2 ¼ 1 + f2
� �

u f + 1=2ð Þ�u f�1=2ð Þð Þ. Determine the autocorrelation

function and energy spectral density at both input and output.

Solution
Using (3.42), we first find the Fourier transform of x(t), which is as follows:

X fð Þ¼ 1

1 + jf

Using (3.88), the input energy spectral density Ψx(f) is thus as follows:

Ψx fð Þ¼ 1

1 + f2

Using (3.91), the input autocorrelation function Rx(τ) is thus as follows:

Rx τð Þ¼ π e�2πjτj

Using (3.89), the output energy density function Ψy(f) is thus as follows:

Ψy fð Þ¼ u f + 1=2ð Þ�u f�1=2ð Þ

Using (3.91), the output autocorrelation function Ry(τ) is thus as follows:

Ry τð Þ¼ sinc τð Þ.

3.11.3 Power Spectral Density

The average power of a real-valued signal g(t) is defined as follows:

P¼ lim
T!1

1

2T

ðT
�T

jg tð Þj2dt (3.93)

Power signals have infinite energy; they are not therefore Fourier transform-
able. To circumvent this problem, we define gT tð ) as a truncated version of

the signal g(t), whose time duration is very long, but finite. gT tð ) is thus an
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energy signal and has the Fourier transform GT fð ). The power spectral density

(PSD) of the power signal g(t), which is the time average of the energy spectral
density of the truncated version gT(t), is defined as follows:

Sg fð Þ¼ lim
T!1

1

2T
jGT fð Þj2 (3.94)

Power spectral density,which is always an even, nonnegative, real-valued function

of frequency, represents thedistributionof thepowerof the signal in the frequency
domain. The followinghighlights the fact that the total areaunder thepower spec-

tral density function of a power signal g(t) equals the average signal power.

P¼
ð1
�1

Sg fð Þdf (3.95)

When a power signal is transmitted through an LTI system, the PSD of the out-

put equals the PSD of the input multiplied by the squared magnitude response
of the system. In other words, for an LTI system with transfer functionH(f), we

have the following:

Sy fð Þ¼ jH fð Þj2 Sx fð Þ (3.96)

The PSD of a power signal can be measured by using a variable narrow-band

bandpass filter to scan the frequency band of interest and determine the power
of the filter output for each mid-band frequency setting of the filter.

3.11.4 Autocorrelation of Power Signals

The autocorrelation function for a real-valued power signal is defined as follows:

Rg τð Þ¼ lim
T!1

1

2T

ðT
�T

g tð Þg t� τð Þdt (3.97)

Rg(τ) is the autocorrelation function of the power signal, which measures the
similarity between the signal g(t) and its delayed version g t� τð Þ. The time lag

(or delay) is the scanning parameter that helps measure the autocorrelation

function. The autocorrelation function is a real-valued, even function, whose
maximum represents the power of the signal and occurs at the origin (τ¼ 0).

If g(t) is periodic, then its autocorrelation function is also periodic with the

same period as g(t). For a power signal g(t), the autocorrelation function
and power spectral density form a Fourier transform pair, i.e.,

Rg τð Þ⟷Sg fð Þ (3.98)
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If a real-valued signal is passed through an LTI system with the impulse

response h(t), the autocorrelation function of the output signal is as follows:

Ry τð Þ¼Rx τð Þ �h τð Þ �h �τð Þ (3.99)

where Rx(τ) is the input autocorrelation function and Ry(τ) is the output auto-
correlation function.

EXAMPLE 3.52

The power signal x tð Þ¼ cos 2πtð Þ is applied to an ideal differentiator whose transfer function is as

follows: H fð Þ¼ j2πf. Determine the autocorrelation function and power spectral density at both

the input and output.

Solution
Using (3.97), we first find the input autocorrelation function,

Rx τð Þ¼ 1

2

� �
cos 2πτð Þ

Using (3.98), we then find the input power density function,

Sx fð Þ¼ 1

4

� �
δ f + 1ð Þ + δ f�1ð Þð Þ

Using (3.96), we then find the output power density function,

Sy fð Þ¼ 4π2f2
� � 1

4

� �
δ f + 1ð Þ + δ f�1ð Þð Þ

� �
¼ π2 δ f + 1ð Þ + δ f�1ð Þð Þ

Using (3.98), we then determine the output autocorrelation function,

Ry τð Þ¼ 2π2cos 2πτð Þ:

It is important to note that a signal, defined in the time domain or frequency

domain, has unique autocorrelation and spectral density functions. However,
the converse is not true, as several different signals may have the same autocor-

relation and spectral density functions. The reason lies in the fact that the auto-

correlation function of a signal has no information about the time of the
original signal and the spectral density function has no information about

the phase spectrum of the signal.

3.12 LOWPASS AND BANDPASS SIGNALS

A lowpass signal has frequency content around the zero frequency and the non-
negligible frequency content is limited by fj j<W. On the other hand, a band-

pass signal has non-negligible frequency content far from the zero frequency,

and centered around some frequency �fc, known as the carrier frequency.
When the carrier frequency is much higher than the bandwidth of the bandpass

signal, i.e., fc 
 2W, the signal is referred to as narrowband bandpass signal.
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3.12.1 Lowpass Representation of Bandpass Signals

A real-valued bandpass signal g(t) with nonzero spectrumG(f) in the vicinity of
�fc may be expressed as follows:

g tð Þ¼ a tð Þcos 2πfct + θ tð Þð Þ¼Re a tð Þ ej 2πfct + θ tð Þð Þ
h i

(3.100)

where a(t) and θ(t) are called the envelope and phase of the bandpass signal g(t),

respectively. Note that the envelope is always nonnegative. They are both real-

valued lowpass signals (i.e., they are slowly time-varying signals). Expanding
(3.100) yields the following:

g tð Þ¼ gI tð Þcos 2πfctð Þ�gQ tð Þsin 2πfctð Þ (3.101)

where the real-valued lowpass signals gI(t) and gQ(t) are known as the in-phase

component and quadrature component of the bandpass signal g(t), respectively,
and are defined by

gI tð Þ¼ a tð Þ cos θ tð Þð Þ (3.102a)

gQ tð Þ¼ a tð Þ sin θ tð Þð Þ (3.102b)

As reflected below, the envelope and phase components can be obtained from
the in-phase and quadrature components:

a tð Þ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2I tð Þ+ g2Q tð Þ

q
(3.103a)

θ tð Þ¼ tan�1 gQ tð Þ
gI tð Þ

� �
(3.103b)

Since both gI(t) and gQ(t) are lowpass signals, they may be derived from the band-
pass signal g(t) using the scheme shown in Figure 3.40a,where both lowpass filters

are identical with a bandwidth of W Hz. Figure 3.40b shows how the bandpass

signal g(t) can be reconstructed from its in-phase and quadrature components.

3.12.2 Quadrature Amplitude Modulation

Figures 3.40b and 3.40a can also represent the generic structures of linear
modulation schemes, known as quadrature amplitude modulation (QAM) or

quadrature-carrier modulation. QAM allows the transmission of two indepen-

dent message signals on the same carrier frequency and conserves bandwidth,
as the two signals occupy the same transmission bandwidth and yet the two

messages can be separated at the receiver.

The two signals m1(t) and m2(t), which are both lowpass signals with band-
width W, are applied to the modulator shown in Figure 3.41a. Using two
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quadrature carriers Accos(2πfct) and Ac sin(2πfct), the transmitted signal s(t) is

then as follows:

s tð Þ¼m1 tð Þcos 2πfctð Þ+m2 tð Þsin 2πfctð Þ (3.104)

This modulated signal occupies a transmission bandwidth of 2W, centered at
the carrier frequency fc. A comparison of (3.101) and (3.104) reveals thatm1(t)

is the in-phase component and �m2 tð Þ is the quadrature component.

At the receiver, a synchronous demodulator, as shown in Figure 3.41b, is required

to separate and recover the originalmessage signals. Synchronization ensures the

correct phase and frequency relationshipsbetween the local oscillators used in the
transmitter and receiver. At the outputs of the product modulators, the signals

with high-frequency components are removed by lowpass filters with bandwidth

W. It is required thatQAMmodulation systembe totally synchronous; otherwise,
an error in the phase or the frequency of the carrier at the demodulator in QAM

will result in loss and interference between the two channels.

3.12.3 Phase and Group Delay

Consider the bandpass signal x tð Þ¼ xI tð Þcos 2πfctð Þ� xQ tð Þsin 2πfctð Þ, where

xI(t) and xQ(t) are lowpass signals, each with a bandwidth of W� fc. This

Product
Modulator

Product
Modulator

Sinusoidal
Generator

° Phase
Shifter

+

(b)

Product
Modulator

Product
Modulator

Low-Pass
Filter
(LPF)

Low-Pass
Filter
(LPF)

Sinusoidal
Generator

° Phase
Shifter

(a)

FIGURE 3.40 Bandpass signal from/to lowpass signal conversion: (a) derivation of in-phase and

quadrature components from bandpass signal and (b) reconstruction of bandpass signal from in-phase

and quadrature components.
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bandpass signal passes through a channel, which introduces no amplitude dis-

tortion but has a linear phase. However, if we assume the linear equation in

(3.82c) does not pass through origin, we then have:

β fð Þ¼�2πftg +C¼�2πftg�2πfc tp� tg
� �

(3.105)

where tp is known as the phase delay or carrier delay and tg is known as the group

delay or envelope delay. The group delay is known as the derivative of the phase
response, i.e., we have:

tg ¼ � 1

2π

� �
dβ fð Þ
df

(3.106)

In the case of linear phase, the group delay tg is a constant. Group delay is the
delay that a group of two or more frequency components undergoes in passing

through a linear system. Using (3.82), we have the following:

H fð Þ¼ k exp j �2πftg�2πfc tp� tg
� �� �� �

(3.107)

Using the inverse Fourier transform as well as the time shifting and convolution

properties of the Fourier transform, the output is then as follows:

y tð Þ¼ k xI t� tg
� �

cos 2πfc t� tp
� �� ��xQ t� tg

� �
sin 2πfc t� tp

� �� �� �
(3.108)
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FIGURE 3.41 Quadrature amplitude modulation: (a) modulator and (b) demodulator.
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This demonstrates that the bandpass channel delays the lowpass signals derived

from the bandpass input signal by tg, whereas the carrier is delayed by tp. For

distortionless bandpass transmission, it is only necessary to have a transfer
function with constant amplitude and constant phase derivative over the band-

width of the signal. In other words, for bandpass signals the requirement that

the linear phase must pass through the origin can be relaxed.

Summary and Sources

In this chapter, we briefly discussed operations on signals, classifications of sig-

nals, and some widely-used signals. We also focused on classifications of sys-
tems, signal transmission through systems, and communication filters. An

extensive discussion on Fourier analysis was provided, as spectral analysis is

instrumental in analyzing signals and designing communication systems.

During the past half a century, many excellent undergraduate textbooks on

communication systems have been published. In their first editions, the focus
was almost entirely on analog communication systems, but edition by edition,

the focus turned toward digital communications, while still extensively cover-

ing analog modulation techniques [1–9]. There are also some good books that
cover signals and systems in great detail [10–13].
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Problems
3.1 Consider the doublet pulse x(t) consisting of two rectangular pulses: one of

amplitude 1, defined for the interval �1� t� 0, and the other of amplitude �1,

defined for the interval 0� t� 1. Determine the following signals in terms of x(t):

(a) g tð Þ¼ x tð Þ + x t�1ð Þ + x �tð Þ
(b) g tð Þ¼ dx tð Þ

dt

(c) g tð Þ¼
ð
x tð Þdt

(d) g tð Þ¼ x 2tð Þ
(e) g tð Þ¼ x 2t�1ð Þ

3.2 Assuming the amplitude A, the frequency fc, and the initial phase θ are all

known constants, and x(t) and y(t) are the system input and output, respec-

tively, classify the following systems as linear or nonlinear systems:

(a) y tð Þ¼ A x tð Þð Þ cos 2πfct + θð Þ
(b) y tð Þ¼ A dx tð Þ

dt

� �
cos 2πfct + θð Þ

(c) y tð Þ¼ A

ðt
0
x tð Þdt

� �
cos 2πfct + θð Þ

(d) y tð Þ¼ A cos 2πfct + θ + x tð Þð Þ
(e) y tð Þ¼ A cos 2πfct + θ +

dx tð Þ
dt

� �
(f) y tð Þ¼ A cos 2πfct + θ +

ðt
0
x tð Þdt

� �
3.3 Classify the following signals as periodic signals or nonperiodic signals; if a

signal is periodic, then determine its period:

(a) f tð Þ¼ sin 6πtð Þ + cos 4πtð Þ
(b) f tð Þ¼ 1 + cos tð Þ
(c) f tð Þ¼ exp � tj jð Þcos 2πtð Þ
(d) f tð Þ¼ u tð Þ�u t�1ð Þð Þcos 7πtð Þ
(e) f tð Þ¼ sin

ffiffiffi
2

p
πt

� �
+ cos 2tð Þ

3.4 Classify the following signals as energy signals or power signals, or signals

that are neither energy signals nor power signals:

(a) z tð Þ¼Aexp j 2πt + θð Þð Þ
(b) z tð Þ¼ sgn tð Þ
(c) z tð Þ¼ exp �2 tj jð Þ
(d) z tð Þ¼ tu tð Þ
(e) z tð Þ¼ 1 + cos tð Þ

3.5 Classify the following systems as linear or nonlinear systems, and time-

varying or time-invariant systems, where x(t) and y(t) represent the system

input and output, respectively:

(a) y tð Þ¼ 0:2x t�1ð Þ
(b) y tð Þ ¼ tx tð Þ
(c) y tð Þ¼ x tð Þ + t
(d) y tð Þ¼ x tð Þ + 1
(e) y tð Þ¼ x tð Þcos tð Þ

145Problems



3.6 Classify the following signals as even or odd signals. If a signal is neither even

nor odd, then determine its even and odd parts:

(a) g tð Þ¼ cos tð Þ + sin tð Þ + sin tð Þ cos tð Þ
(b) g tð Þ¼ tu tð Þ
(c) g tð Þ¼ sin 4πt + π=5ð Þ
(d) g tð Þ¼ exp � tj jð Þsin tð Þ
(e) g tð Þ¼ u t + 1ð Þ�u t�1ð Þ

3.7 Classify the following systems as causal or noncausal systems, andmemory or

memoryless systems, where x(t) and y(t) represent the system input and

output, respectively:

(a) y tð Þ¼ x t + 1ð Þ x tð Þ x t�1ð Þ
(b) y tð Þ¼ x tð Þcos t + 1ð Þ
(c) y tð Þ¼ 1 + x tð Þ + x2 tð Þ
(d) y t�1ð Þ¼ 0:5 x tð Þ + x t�1ð Þð Þ
(e) y tð Þ¼ e�tx t�1ð Þu tð Þ

3.8 Design the following systems, i.e., provide examples for their input–output

relations:

(a) A linear, time-invariant, causal system.

(b) A linear, time-invariant, noncausal system.

(c) A linear, time-varying, causal system.

(d) A linear, time-varying, noncausal system.

(e) A nonlinear, time-invariant, causal system.

(f) A nonlinear, time-invariant, noncausal system.

(g) A nonlinear, time-varying, causal system.

(h) A nonlinear, time-varying, noncausal system.

3.9 Design the following signals, i.e., provide examples for their time-amplitude

relations:

(a) Twosignals thatareneitherevennorodd,but theirproduct isanevensignal.

(b) A signal with unity power, which is periodic and odd.

(c) A signal with unity power, which is nonperiodic and even.

(d) A signal whose even part is periodic and odd part is nonperiodic.

3.10 Suppose we have x tð Þ¼ cos tð Þ + sin tð Þ: Show that x(t) is periodic and determine

its period, fundamental frequency, and average power. Also determine the

minimum and maximum values of x(t).

3.11 Suppose g(t) is a real-valued energy signal with even and odd parts. Show

that the energy of g(t) is equal to the sum of the energies of its even and

odd parts.

3.12 Show that in the complex exponential Fourier series, if the periodic signal g(t)

is real and even, then cn is a pure real number (i.e., its imaginary part is zero)

and an even function of n, and if the periodic g(t) is real and odd, then cn is a

pure imaginary number (i.e., its real part is zero) and an odd function of n.
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3.13 Show that in the complex exponential Fourier series for a real-valued periodic

signal g(t), the magnitude spectrum is even, i.e., cn ¼ c�nj jjj and the phase

spectrum is odd, i.e., ∅n ¼�∅�n.

3.14 Prove Parseval’s power theorem, i.e., P¼
X1

n¼�1 cnj j2, where {|cn|} are the

complex exponential Fourier series coefficients.

3.15 Find the complex exponential Fourier series of the periodic signal

g tð Þ¼ exp tð Þ, 0< t< 2π with g t + 2πð Þ¼ g tð Þ:
3.16 Find the complex exponential Fourier series for the signal

g tð Þ¼ 1 + sin 2πtð Þ + cos2 2πtð Þ.
3.17 Show that in the quadrature (trigonometric) Fourier series, if g tð ) is a periodic

real and even signal, then bn ¼ 0 and its Fourier series contains only cosine

terms, and if g(t) is a periodic real and odd signal, then an ¼ 0 and its Fourier

series contains only sine terms.

3.18 Consider the periodic even signal g(t) whose period is 2L seconds. The signal

over one period is defined as follows:

g tð Þ¼
�L

2
+ t, 0� t� L

�L

2
� t, �L� t� 0

8>>><
>>>:

Determine the quadrature (trigonometric) Fourier series coefficients.

3.19 If g(t) is a real-valued function of time and G(f) is the Fourier transform of g(t),

then show that the amplitude (magnitude) response |G(f)| is an even function,

and the phase response ∡G fð Þ is an odd function.

3.20 Assuming g(t) is an arbitrary time-limited energy signal, then by using the

singularity functions and the Fourier transform properties, determine the

Fourier transform of v tð Þ¼ γ + μg αt + βð Þ, where α, β, γ and μ are all known

nonzero constants.

3.21 Prove that an absolutely band-limited signal cannot be absolutely time-

limited, and vice versa.

3.22 Show that if a signal in time domain is odd, its Fourier transform is then pure

imaginary, and if it is even, then its Fourier transform is pure real.

3.23 Noting that the Fourier transform of g(t) is G(f), determine the Fourier

transform of gn(t), where n is a positive integer. If G(f) is band-limited to W Hz,

find the bandwidth of the Fourier transform of gn(t).

3.24 Assuming x(t) is the input and y(t) is the output, we have a communication

channel with the following relation: y tð Þ¼A x t�cð Þ +Bx t�dð Þ, where A 6¼ 0 and

B 6¼ 0 representing the amplitude scaling factors, and c> 0 and d> 0
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representing the transmission delays. Evaluate the channel transfer function

(i.e., frequency response) H(f) in terms of A, B, c and d.

3.25 (a) Assuming a> 0, find the Fourier transform of the signal g tð Þ¼ e�a tj j and the
inverse Fourier transform of the signal h tð Þ¼ 1

b2 + t2
.

(b) Consider the time-limited parabolic signal g tð Þ¼ t2 u t + 1ð Þ�u t�1ð Þð Þ.
Determine its Fourier transform.

3.26 Suppose we have an LTI system whose output y(t) and input x(t) are related by

4y tð Þ + 3dy tð Þ
dt

¼ x tð Þ

Determine the Fourier transform of the output when we have the input signal

as follows: tð Þ¼e�tu tð Þ.
3.27 Assuming x(t) and y(t) are the input and output signals, and we have in a

communication channel the following nonlinear relation: y tð Þ¼ x tð Þ + x2 tð Þ.
Assuming the input signal is x tð Þ¼m tð Þ cos 2πfctð Þ and m(t) is a lowpass

message signal with bandwidth W � fc, find y(t). Is it possible to retrievem(t) ?

3.28 Design (i.e., determine) a low-pass signal g(t) in the time domain, so its Fourier

transform G(f) has only discrete components at multiples of 5 kHz, and design

(i.e., determine) a low-pass signal h(t) in the time domain, so its Fourier

transform H(f) is continuous and has a bandwidth of 5 kHz.

3.29 Let the input to an LTI system be the signal x tð Þ¼ sinc 4tð Þ and the system

impulse response be h tð Þ¼ sinc 2tð Þ. Determine the output signal.

3.30 Determine the Fourier transform of the normalized Gaussian pulse

g tð Þ¼ exp �πt2
� �

:

3.31 Show that the response of an LTI system with a transfer function H(f) to the

complex exponential x tð Þ¼ x0 exp j 2πf0t + θ0ð Þð Þ is a complex exponential with

the same frequency, where x0, f0, and θ0 are known constants.

3.32 Using the rms definitions of bandwidth and time duration, show that

TrmsWrms � 1
4π. You may use the Cauchy-Schwartz inequality, which states for

real functions f(t) and g(t), we have

ðb
a
g2 tð Þdt

� � ðb
a
f2 tð Þdt

� �
�

ðb
a
f tð Þg tð Þdt

� �2

.

3.33 Using the rms definitions of bandwidth and time duration, show that

TrmsWrms ¼ 1
4π holds for the normalized Gaussian pulse.

3.34 Using the noise-equivalent definitions of bandwidth and time duration, show

that TNERWNER � 1
2. You may use a special form of Cauchy-Schwartz inequality,

which states for a function g(t), we have

ð1
�1

g tð Þj jdt�
ð1
�1

g tð Þdt
				

				:
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3.35 Using the noise-equivalent definitions of bandwidth and time duration, show

the condition under which the equality holds.

3.36 Using the amplitude-equivalent definitions of bandwidth and time duration,

show that TNERWNER � 1
4.

3.37 Using the amplitude-equivalent definitions of bandwidth and time duration,

show the condition under which the equality holds.

3.38 The magnitude of the transfer function of a filter is given by

H fð Þ¼ 1 + f
10000

� �2� ��0:5
. Determine the filter type and its 3-dB bandwidth.

Determine the output y(t) if the input is as follows: x tð Þ¼ 7cos 40000πt + π
4

� �
:

3.39 In a nonlinear system, the input x(t) and the output y(t) are related as follows:

y tð Þ¼ x tð Þ + x2 tð Þ

If we have x tð Þ¼ 2sinc 2tð Þ, then determine the Fourier transform Y(f).

3.40 The autocorrelation function of a nonperiodic power signal is

R τð Þ¼ exp � τ2

2σ2

� �
. Find the power spectral density and the average power

content of the signal.

3.41 Find the power spectral density and autocorrelation functions of

g tð Þ¼ cos 10πtð Þ + cos 20πtð Þ.
3.42 Show that if the carrier at the demodulator in the QAM system is not

completely synchronous, then the co-channel interference results.

3.43 Quadrature Amplitude Modulation (QAM) is the most widely used digital

modulation scheme in communication systems. Assume that m1(t) and m2(t)

are both lowpass signals, whose Fourier transforms M1(f) and M2(f) have

bandwidths of W1 and W2, respectively. Write the output signal s(t) in terms of

m1(t) andm2(t), and write S(f) in terms of M1(f) and M2(f). Determine the output

of the lowpass filters in terms of m1(t) and m2(t), assuming LPFs have cut-off

frequencies which are much less than fc and greater than both W1 and W2.

Computer Exercises

3.44 Suppose f(t) is a periodic signal whose period is 2π, and f tð Þ¼ �1 when

�π< t� 0 and f tð Þ¼ 1 when 0< t� π. Draw f(t) accurately as well as each of

the following four functions in the time domain for �6π� t� 6π. What

conclusions can you draw by comparing f(t) to the set of signals s1(t), s2(t),

s3(t), and s4(t)?
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s1 tð Þ¼ 4

π

� �
sin tð Þ:

s2 tð Þ¼ s1 tð Þ + 4

3π

� �
sin 3tð Þ:

s3 tð Þ¼ s2 tð Þ + 4

5π

� �
sin 5tð Þ:

s4 tð Þ¼ s3 tð Þ + 4

7π

� �
sin 7tð Þ:

3.45 Plot h tð Þ¼�sinc t + 1ð Þ + sinc tð Þ + sinc t�1ð Þ�sinc t�2ð Þ + sinc t�3ð Þ, where
sinc tð Þ¼ sin πtð Þ

πt . Determine the values of h(t) at t¼ k=2, where k is an integer

between �5 and 5. Can you draw any conclusions?

3.46 Determine the impulse responses h(t) of ideal LPF, BPF, and HPF, where the

cut-off frequencies of the LPF and HPF are both 1 kHz and the cut-off

frequencies of the BPF are 1 kHz and 2 kHz.

3.47 Determine the Fourier transform of a Gaussian pulse, assuming it has a zero

mean, but various values for its variance.

3.48 Determine the Fourier transform of sinc2(t), and compare it with the analytical

result.

3.49 Determine the autocorrelation function and power spectral density function of

the following signal:

g tð Þ¼ 2cos t�2ð Þ + 3sin 2t + 1ð Þ:

3.50 Determine the system output in both time and frequency domains, if the

system input is x tð Þ¼ sinc tð Þ, and y(t) and x(t) are related as follows:

y tð Þ¼ x tð Þ + x2 tð Þ:

3.51 Design a LPF whose magnitude response in the passband ranges between 1

and 0.99 and in the stopband does not exceed 0.01, with a transition band

between 1 kHz and 1.1 kHz. Also, determine its impulse response.
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CHAPTER 4

Probability, Random Variables,
and Random Processes

INTRODUCTION

We first present the fundamentals of probability, along with the axioms of

probability and their implications. We then focus on random variables, where
the outcomes of random experiments are real numbers, and mathematically

describe continuous and discrete random variables, while highlighting their

properties and applications. Finally, we introduce stochastic processes and their
impacts on linear time-invariant systems. To introduce the abstract notions and

complex concepts of probability, random variables, and random processes, a

plethora of diverse examples is presented. After studying this chapter and
understanding all relevant concepts and examples, students should be able

to do the following:

1. Know the axioms of probability and their resulting properties.

2. Understand the concept of conditional probability and the application
of Bayes’ rule.

3. Appreciate the distinct concepts of mutual exclusivity and statistical

independence.
4. Describe the cumulative distribution function (cdf) and probability

density function (pdf).

5. Identify the properties of cdf and pdf, and how to use them to calculate
probabilities.

6. Define the important continuous and discrete random variables.

7. Grasp all relevant aspects of the Gaussian distribution.
8. Determine the expected value and variance of a random variable.

9. Explain the fundamentals and applications of the conditional cdf

and pdf.
10. Evaluate the Chebyshev bound.

11. State the joint cdf and pdf and their corresponding properties.

12. Differentiate among the concepts of independence, uncorrelatedness,
and orthogonality.
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13. Relate the concepts of the sum of random variables and the central limit

theorem.

14. Connect the concept of random variables to the concept of random
processes.

15. Discuss the wide-sense and strict-sense stationary processes.
16. Gain insight into the ergodic processes.

17. Find autocorrelation and power spectral density functions.

18. Analyze random processes through linear time-invariant systems.
19. Characterize the additive white Gaussian noise.

20. Apply the sampling operation to random signals.

4.1 PROBABILITY

Probability represents the chance that a given event will occur. Almost everyone
has an intuitive notion about probability from experience. The study of prob-

ability stems from the analysis of certain games of chances. Probability has

many important applications in most branches of science and engineering.
However, our focus is solely on communications, as randomness is the essence

of communications.

4.1.1 Basic Definitions

An experiment is ameasurement procedure or observation process in which con-

ditions are known. The outcome is the end result of an experiment. In a random

experiment, theoutcomemayunpredictablyvarywhentheexperiment is repeated,
as the conditions under which it is performed cannot be predetermined with suf-

ficientaccuracy. Ina randomexperiment, theoutcome isnotuniquelydetermined
by the causes and cannot be known in advance, because it is subject to chance.

The sample space S of a random experiment is defined as the set of all pos-

sible outcomes of an experiment. In a random experiment, the outcomes,
also known as sample points, are mutually exclusive (i.e., they cannot occur

simultaneously). An event is a subset of the sample space of an experiment

(i.e., a set of sample points). Two mutually exclusive (also known as dis-

joint) events have no common outcomes (i.e., the occurrence of one pre-

cludes the occurrence of the other). The union of two events is the set of

all outcomes that are in either one or both of the two events. The intersec-

tion of two events, also known as the joint event, is the set of all outcomes

that are in both events. A certain (sure) event consists of all outcomes, and

thus always occurs. A null (impossible) event contains no outcomes, and
thus never occurs. The complement of an event contains all outcomes not

included in the event.
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EXAMPLE 4.1

In a random experiment that constitutes rolling a typical (i.e., fair, six-sided cubic shape) die pro-

vide specific examples to highlight the above definitions.

Solution
The sample space S includes six sample points 1, 2, 3, 4, 5, and 6. An event may be one with even

outcomes (i.e., 2, 4, and 6), one with odd outcomes (i.e., 1, 3, and 5), or one whose outcomes are

divisible by 3 (i.e., 3 and 6). Twomutually exclusive eventsmay be an event with even outcomes and

an event with odd outcomes. The union of two events, where one is with odd outcomes and

the other is with outcomes that are divisible by 3, consists of 1, 3, 5, and 6, and their intersection

consists of only 3. A certain event consists of outcomes that are equal to or greater than 1 and

equal to or less than 6. A null event consists of outcomes that are less than 1 or greater than

6. The complement of the event, whose outcomes are divisible by 3, is an event that contains

1, 2, 4, and 5 as its outcomes.

When the sample space S is countable, such as when it includes all integers

between 1 and 9, it is known as a discrete sample space. When the sample space
S is uncountably infinite, such as when it includes all real numbers between 1

and 9, it is known as a continuous sample space.

4.1.2 Axioms of Probability

The ratio that represents the number of times a particular event occurs over the

number of times the random experiment has been repeated is defined as the
relative frequency of the event. When the number of times the experiment being

repeated approaches infinity, the relative frequency of the event, which
approaches a limit because of statistical regularity, is called the probability of

the event. For instance, if we have a fair coin, and we toss it infinitely many

times, then the probability of heads is
1

2
. Probability is therefore a real number

assigned to an event, indicating how likely it is that the event will occur when an
experiment is performed. Note that a probability P is a function that assigns a
value to an event A, and P(A) thus represents the probability of A. The axioms of
probability are as follows:

¾ AxiomI :

P Að Þ� 0

¾ AxiomII :

P Sð Þ¼1

¾ AxiomIII :

If A1, A2, A3, . . . is a countable sequence of events such thatAi\Aj ¼Ø

for all i 6¼ j, where Ø is the empty set null eventð Þ, then
P A1[A2[A3[ . . .ð Þ¼ P A1ð Þ+ P A2ð Þ+ P A3ð Þ + � � �

(4.1)
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Figure 4.1 shows the relationship among sample space, events, and probability.
These axioms satisfy the intuitive notion of probability, as Axiom I highlights

that the probability of an event is nonnegative, Axiom II emphasizes that the

probability of all possible outcomes is one, and Axiom III underscores that
the total probability of a number of disjoint (mutually exclusive) events is

the sum of the individual probabilities. From these three axioms, the following

important properties, also known as corollaries, can be derived:

¾ P Acð Þ¼ 1�P Að Þ, where eventAc is the complement of eventA:

¾ P Að Þ� 1:

¾ P Øð Þ¼ 0, whereØ is thenull event:

¾ If A andB arenot disjoint events, then P A[Bð Þ¼ P Að Þ+ P Bð Þ�P A\Bð Þ:
¾ if A�B, then P Að Þ� P Bð Þ:

(4.2)

4.1.3 Conditional Probability and Bayes’ Rule

Suppose there are two events A and B with probabilities P(A) and P(B), respec-

tively. If we assume the probability of event B is influenced by the outcome of

event A and we also know that event A has occurred, then the probability that
event B will occur will no longer be P(B). The probability of event B when it is

known that event A has occurred is defined as the conditional probability,

denoted by P(B/A) and read as probability of B given A. The conditional prob-
ability P(B/A) and the conditional probability P(A/B) are, respectively, defined

as follows:

Sample
Space S

Events

Probability 0 1

FIGURE 4.1 Relationship among sample space, events, and probability.
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P B=Að Þ¼ P A\Bð Þ
P Að Þ , P Að Þ 6¼ 0

P A=Bð Þ¼ P A\Bð Þ
P Bð Þ , P Bð Þ 6¼ 0

(4.3)

where P A\Bð Þ, also denoted by P(A, B), is known as the joint probability of
events A and B. Equation (4.3) then gives rise to the following:

P A\Bð Þ¼ P B=Að ÞP Að Þ¼ P A=Bð ÞP Bð Þ (4.4)

If the knowledge of event A does not change the probability of the occurrence of

event B, then we have P B=Að Þ¼ P Bð Þ. Under this condition, the joint probabil-
ity of events A and B is equal to the product of probabilities of events A and B,

and these events are then said to be statistically independent. Moreover, if the

joint probability of events A and B is zero, these events are then said to bemutu-

ally exclusive or disjoint. The following highlights the conditions under which

two events are statistically independent and mutually exclusive:

P A\Bð Þ¼ P Að ÞP Bð Þ, Statistically independent events

P A\Bð Þ¼0, Mutually exclusive events
(4.5)

It is important to differentiate between the concept of statistical independence

and the concept of mutual exclusivity. Note that if events A and B are mutually

exclusive, then events A and B cannot occur at the same time (i.e., the occur-
rence of one implies that the other has zero probability of happening). Hence,

mutually exclusive events are dependent events. If two events A and B are both

mutually exclusive and statistically independent, then it implies that at least
one of the two events A and B has zero probability (i.e., we have

P A\Bð Þ¼ P Að ÞP Bð Þ¼ 0).

EXAMPLE 4.2

In rolling a pair of fair dice, event A denotes when the sum of the values of the two dice is equal to 3

and eventB is when the value of one of the dice is 3. Are the events A and Bmutually exclusive? Are

they statistically independent?

Solution
A and B aremutually exclusive, because they cannot occur together (i.e., we have P A\Bð Þ¼ 0). The

event A, with the sum of 3, occurs when the outcome is either {1, 2} or {2, 1}. Noting that the total

number of possible outcomes is 36 ¼ 6�6ð Þ, we thus have

P Að Þ¼ 2

36
¼ 1

18

We also have:

P Bð Þ¼ 1�P B
� �¼ 1� 5

36

� �
5

36

� �
¼ 11

36
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We therefore have:

P A\Bð Þ¼ 0 6¼ 1

18
�11

36
¼P Að ÞP Bð Þ

This clearly points to the fact that the events A and B are not independent, because they do not

satisfy (4.5).

The notion of statistically independence can be exploited to compute probabil-

ities of events that involve noninteracting, independent sub-events.

EXAMPLE 4.3

As shown in Figure 4.2, between points A and B, there are two parallel links, and between points B

and C, there are also two parallel links. Assume the probability of failure over any one link is p, and

the failure in one link is statistically independent of that in another link. Determine the probability

of link failure between points A and C in terms of the probability of failure p.

Solution
There isa failurebetweenpointsAandB, if both links fail.Theprobabilityof failurebetweenpointsAand

B is thusp2. Similarly, theprobability of failurebetweenpointsBandC isp2.Wecan therefore conclude

that the probability of no failure between points A and B or that between points B and C each is 1�p2.

In order to have no failure between points A and C, there must be no failure between points A and

B, nor must there exist a failure between points B and C. In other words, the probability of no fail-

ure between A and C is 1� p2
� �2

. The probability of failure between points A and C is thus

1� 1� p2
� �2 ¼ p2 2�p2

� �
. For practical communication links, we always have p� 1, the probabil-

ity of failure between points A and C thus becomes approximately 2p2.

In order to determine the probability of event A, it is sometimes best to separate

all possible causes leading to event A. If events B1, B2, . . .,Bn are all mutually

exclusive events whose union makes the entire sample space S, as shown in
Figure 4.3, we can then use the set of joint probabilities to obtain P(A), i.e.,

we can have the following:

P Að Þ¼ P A\B1ð Þ+P A\B2ð Þ+ � � � +P A\Bnð Þ (4.6)

FIGURE 4.2 Link configuration between points A and C.
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Applying (4.4), (4.6) then leads to the well-known theorem on total probability,

as follows:

P Að Þ¼ P A=B1ð ÞP B1ð Þ+ P A=B2ð ÞP B2ð Þ + � � � + P A=Bnð ÞP Bnð Þ (4.7)

This divide-and-conquer approach is a practical tool to determine the probabil-

ity of event A. The total probability theorem thus highlights the probabilities of

effects given causes when causes do not deterministically select effects.

When one conditional probability is given, but the reversed conditional prob-

ability is required, the following relation, known as Bayes’ rule, which is based

on (4.3), (4.4), and (4.7), can be used:

P B1=Að Þ¼P A\B1ð Þ
P Að Þ ¼ P A=B1ð ÞP B1ð Þ

P A=B1ð ÞP B1ð Þ+ P A=B2ð ÞP B2ð Þ + � � � + P A=Bnð ÞP Bnð Þ (4.8)

In short, Bayes’ rule highlights inference from an observed effect. It is also

important to note that the probability of an event before any experiment is per-
formed is referred to as a priori probability and after the experiment is per-

formed is called a posteriori probability.

EXAMPLE 4.4

In a binary symmetric communication (BSC) channel, the input bits transmitted over the channel

are either 0 or 1 with probabilities p and 1� p, respectively. Due to channel noise, errors aremade.

As shown in Figure 4.4, the channel is assumed to be symmetric, which means the probability of

receiving 1 when 0 is transmitted is the same as the probability of receiving 0 when 1 is transmit-

ted. The conditional probabilities of error are assumed to be each E. Determine the average prob-

ability of error, also known as the bit error rate, as well as the a posteriori probabilities.

A

……

FIGURE 4.3 A partition of sample space S into n disjoint sets.
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Solution
Let X and Y denote the channel input and output, respectively. Note that the effect of the trans-

mission is to alter the probability of each possible input from its a priori probability to its a poster-

iori probability. The a priori probabilities of transmitting bits are as follows:

P X¼ 0ð Þ¼ p and P X¼ 1ð Þ¼ 1�p:

With the transition probabilities of

P Y ¼ 1=X¼ 0ð Þ¼P Y ¼ 0=X¼ 1ð Þ¼ E

and applying (4.7), the average probability of error can be calculated as follows:

P eð Þ¼P Y ¼ 1, X¼ 0ð Þ +P Y ¼ 0, X¼ 1ð Þ¼P Y ¼ 1=X¼ 0ð ÞP X¼ 0ð Þ +P Y ¼ 0=X¼ 1ð ÞP X¼ 1ð Þ
¼ Ep + E 1�pð Þ¼ E

Using Bayes’ rule in (4.8), the a posteriori probabilities are then as follows:

P X¼ 0=Y ¼ 0ð Þ¼P Y ¼ 0=X¼ 0ð ÞP X¼ 0ð Þ
P Y ¼ 0ð Þ ¼ P Y ¼ 0=X¼ 0ð ÞP X¼ 0ð Þ

P Y ¼ 0=X¼ 0ð ÞP X¼ 0ð Þ +P Y ¼ 0=X¼ 1ð ÞP X¼ 1ð Þ

¼ 1� Eð Þp
1� Eð Þp + E 1�pð Þ¼

p� Ep
p + E�2Ep

and

P X¼ 1=Y ¼ 1ð Þ¼P Y ¼ 1=X¼ 1ð ÞP X¼ 1ð Þ
P Y ¼ 1ð Þ ¼ P Y ¼ 1=X¼ 1ð ÞP X¼ 1ð Þ

P Y ¼ 1=X¼ 0ð ÞP X¼ 0ð Þ +P Y ¼ 1=X¼ 1ð ÞP X¼ 1ð Þ

¼ 1� Eð Þ 1�pð Þ
1� Eð Þ 1�pð Þ + Ep¼

1�p� E + Ep
1�p� E + 2Ep

:

The following interesting observations regarding BSC channels can now be made:

n For E ¼ 0, i.e., when the channel is ideal, both a posteriori probabilities are one.

n For E ¼ 1

2
, the a posteriori probabilities are the same as the a priori probabilities.

n For E¼ 1, i.e., when the channel is most destructive, both a posteriori probabilities are zero.

It is very insightful to note that in the absence of a channel, the optimum receiver, whichminimizes

the average probability of error P(e), would always decide in favor of the bit whose a priori

probability was the greatest. Moreover, if P(e) >
1

2
, that is more often than not an error is made,

an inverter can then be employed to reduce the bit error rate to 1� P(e)>
1

2
, simply by turning a 1

into a 0 and a 0 into a 1.

0

11

0

FIGURE 4.4 Transition probability diagram of binary symmetric channel.
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EXAMPLE 4.5

As shown in Figure 4.5a, a network connecting the end points A and D has five identical links. The

links are assumed to fail independently and the probability of failure in a link is p. Determine the

probability of failure between the end points A and D in terms of the probability p.

Solution
We first defineP(Fi) as the probability that link # i fails, for i¼ 1, 2, 3, 4, 5, and P(F) as the probability

that the entire network fails. One way to find the probability of network failure is to include all

#1

#3

#2

#4

#5

(a)

#1

#3

#2

#4

(b)

#1

#3

#2

#4
(c)

FIGURE 4.5 (a) Link configuration between points A and D, (b) link configuration with permanently-failed

link #5, and (c) link configuration with never-failing link #5.
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32 ¼ 25
� �

possible events that involve in the failure or nonfailure of the five links. However, the

total probability theorem offers a simpler approach.

Link #5 (the link betweenB andC) makes this problem complex, because it is causing the network

not to be consisting of just series and parallel links. We therefore find the conditional probability of

failure under two mutually exclusive conditions.

In one condition, link #5 has failed and can thus be viewed as nonexistent; this in away is similar to

the concept of open circuit in the context of circuit theory. As shown in Figure 4.5b, we then have

two branches in parallel and in each branch there are two links in series. The conditional prob-

ability that the network fails given that link #5 has failed is thus as follows:

P F=F5ð Þ¼P F1[F2ð Þ\ F3[F4ð Þð Þ¼ 1� 1�pð Þ2
� �2

¼ p2 2�pð Þ2

In the other condition, link #5 is a permanent link with no possibility of failure; this in a way is

similar to the concept of short circuit in the context of circuit theory. As shown in Figure 4.5c,

we then have two parts in series and in each part there are two links in parallel. The conditional

probability that the network fails given that link #5 never fails is thus as follows:

P F=F5
� �¼P F1\F3ð Þ[ F2\F4ð Þð Þ¼ 1� 1�p2

� �2 ¼ p2 2�p2
� �

Using (4.7), the total probability theorem determines the probability of network failure:

P Fð Þ¼P F=F5ð ÞP F5ð Þ + P F=F5
� �

P F5
� �¼ p2 2�pð Þ2p + p2 2�p2

� �
1�pð Þ¼ p2 2p3�5p2 + 2p + 2

� �
Note that P(F) is not a linear function of p. As expected, for p¼ 0, we have P Fð Þ¼ 0, for p¼ 1, we

have P Fð Þ¼ 1, and for p¼ 1

2
, we have P Fð Þ¼ 1

2
. In practice, 0< p� 1, we therefore have P Fð Þ	 2p2.

4.2 RANDOM VARIABLES

Before embarking on defining a random variable and describing its impor-

tance, properties, and applications, it is interesting to highlight that the term
random variable is something of a misnomer, because it is not a variable

and it is not random! Nevertheless, the term random variable is universally

used, as it has no substitute.

4.2.1 Single Random Variable

A random variable is a numerical representation of the outcome of a random
experiment. A random variable X is a function that assigns a real number to each

outcome in the sample space S (i.e., a mapping from the sample space to the set

of real numbers), as shown in Figure 4.6. The sample space S is the domain of

the random variable and the set of all values taken on by X is the range of the

random variable. The range is a subset of all real numbers �1,1ð Þ: If the range
assumes values from a countable set (i.e., takes on only a finite number of
values), the random variable is then a discrete random variable. If the range

can take infinitely many real values (i.e., takes on values that vary continuously
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within one or more real intervals), it is then a continuous random variable. The
number of calls made by a cell phone during a finite interval of time is an exam-

ple of a discrete random variable, whereas the exact time when a phone call is

made is an example of a continuous random variable.

The cumulative distribution function (cdf) FX(x) of a random variable X is

defined as follows:

FX xð Þ¼ P X� xð Þ, for �1< x<1: (4.9)

The event X� xf g and its probability vary as x is varied (i.e., FX(x) is a function
of the variable x). The cdf of a random variable always exists, and has the fol-

lowing basic properties:

¾ 0� FX xð Þ� 1:

¾ FX xð Þ is a nondecreasing functionof x, i:e:, if a< b, then FX að Þ� FX bð Þ:
¾ lim

x!1FX xð Þ¼ 1:

¾ lim
x!�1FX xð Þ¼ 0:

¾ FX xð Þ is continuous from the right, i:e:, for h> 0,FX bð Þ¼ lim
h!0

FX x + hð Þ¼ FX b +ð Þ:

¾ P a<X� bð Þ¼ FX bð Þ�FX að Þ:
¾ P X¼ bð Þ¼ FX bð Þ�FX b�ð Þ:
¾ P X> xð Þ¼ 1�FX xð Þ:

(4.10)

Sample
Space S 

Random Variable

10

∞−∞

Probability

FIGURE 4.6 Relationship among sample space, random variable, and probability.
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Figure 4.7 shows cdf examples for continuous and discrete random variables.
FX(x) is a continuous function for a continuous random variable. It is important

to note that if the cdf is continuous at a point c, then P X¼ c½ 
 ¼ 0. This is an exam-

ple of an event with probability zero that is not necessarily an impossible event.

The probability density function (pdf) fX(x) of a random variable, if it exists, is

defined as the derivative of the cdf FX(x):

fX xð Þ¼ dFX xð Þ
dx

: (4.11)

However, the definition of pdf allows placing a delta function of weight P X¼ x½ 

at the point x where the cdf is discontinuous. The pdf properties are as follows:

¾ fX xð Þ� 0:

¾ P a�X� bð Þ¼
ðb
a

fX xð Þdx:

¾

ð1
�1

fX xð Þdx¼ 1:

¾ FX xð Þ¼
ðx

�1
fX sð Þds:

(4.12)

0

1

(a)

(b)
0

1

FIGURE 4.7 (a) Continuous cdf and (b) discrete cdf.
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EXAMPLE 4.6

Let X be a continuous random variable whose pdf is as follows:

fX xð Þ¼
kx, 0� x� 1

0, otherwise

8<:
where k is a constant. Determine k, FX(x), and P 0:25< X� 2ð Þ:
Solution
Using (4.12), we solve the following equation:

ð1
�1

fX xð Þdx¼
ð1
0

kxdx¼ 1:

We therefore obtain k¼ 2. Using (4.12), we thus have:

FX xð Þ¼
ðx
0

2s ds¼
0, x� 0
x2, 0< x� 1
1, 1< x

8<:
P 0:25< X� 2ð Þ can thus be found in two different ways:

P 0:25< X� 2ð Þ¼FX 2ð Þ�FX 0:25ð Þ¼ 1�1

4
�1

4
¼ 15

16

or

P 0:25< X� 2ð Þ¼
ð1

0:25

2x dx¼ 15

16

FX(x) is a staircase function for a discrete random variable, where themagnitude

of any jump (discontinuity) at a point is equal to the probability at that point. It

can therefore be represented by the weighted sum of unit-step functions. Since
the pdf of a discrete random variable is the derivative of its cdf, it can be thus

represented by the weighted sum of delta functions. The cdf and pdf of a dis-

crete random variable are then defined as follows:

FX xð Þ¼
X
k

pX xkð Þu x�xkð Þ¼
X
k

P X¼ xkð Þu x�xkð Þ

fX xð Þ¼ dFX xð Þ
dx

¼
X
k

pX xkð Þ δ x�xkð Þ¼
X
k

P X¼ xkð Þ δ x�xkð Þ
(4.13)

where {pX(xk)} is known as the probability mass function (pmf).

EXAMPLE 4.7

Supposewe have a fair coin. Let X be the number of heads in three coin tosses. Find the pdf and cdf

of the random variable X.
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Solution
A fair coin implies the likelihood of tails is the same as the likelihood of heads. After tossing three

times, there can be a total of eight equally-likely outcomes as follows:

HHH, HHT, HTH, HTT, THH, THT, TTH, TTTf g:
Noting X is the number of heads in three coin tosses, the pmf of X is therefore as follows:

P X¼ 0ð Þ¼ 1

8
, P X¼ 1ð Þ¼ 3

8
, P X¼ 2ð Þ¼ 3

8
, and P X¼ 3ð Þ¼ 1

8
:

The pdf and cdf of this discrete random variable are then as follows:

fX xð Þ¼ 1

8
δ xð Þ + 3

8
δ x�1ð Þ + 3

8
δ x�2ð Þ + 1

8
δ x�3ð Þ

FX xð Þ¼ 1

8
u xð Þ + 3

8
u x�1ð Þ + 3

8
u x�2ð Þ + 1

8
u x�3ð Þ

4.2.2 Important Single Random Variables

Table 4.1 and Table 4.2 summarize some of the basic properties of some well-
known continuous and discrete random variables, respectively.

Bernoulli random variable is a discrete random variable. It takes the value of 1
with probability of p and 0 with probability of 1�p, where 0� p� 1. Its pmf is

then defined as follows:

P X¼ kð Þ¼ pX kð Þ¼
1�p, k¼ 0

p, k¼ 1

8<: (4.14)

A Bernoulli trial is equivalent to the tossing of a biased coin. A Bernoulli ran-

dom variable may be used in modeling channel errors.

Binomial random variable is a discrete random variable. It is the number of

times 1, with probability p, occurs in n independent Bernoulli trials, where
0� p� 1. Its pmf is then defined as follows:

P X¼ kð Þ¼ pX kð Þ¼
n
k

� �
pk 1�pð Þn�k, k¼ 0, 1, . . . , n

0, otherwise

8><>: (4.15)

Table 4.1 Important continuous random variables

Name Probability Density Function Mean Variance

Uniform fX xð Þ¼ 1

b�a
, a� x�b a+b

2

b�að Þ2
12

Exponential fX xð Þ¼ λe�λt, x� 0, λ> 0
1

λ

1

λ2

Gaussian fX xð Þ¼ 1ffiffiffiffiffiffiffiffiffiffi
2πσ2

p exp � x�mð Þ2
2σ2

 !
, �1< x<1 m σ2

Rayleigh fX xð Þ¼ x

α2

� �
exp � x2

2α2

� �
, x� 0, α> 0 α

ffiffiffi
π

2

r
2�π

2

� �
α2
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where
n
k

� �
≜

n!

k! n�kð Þ!. A Binomial random variable may be used to model the

total number of erroneous bits when a sequence of n bits is transmitted over a

channel with a bit error rate of p.

EXAMPLE 4.8

In a digital commutation system, bits are transmitted over a channel in which the bit error rate is

assumed to be 0.0001. The transmitter sends each bit five times, and a decoder takes a majority

vote of the received bits to determine what the transmitted bit was. Determine the probability that

the receiver will make an incorrect decision.

Solution
Eachbit transmission is viewedas aBernoulli trial. Using (4.15), we findP X� 3ð Þ, where p¼ 0:0001:

P X� 3ð Þ¼
X5
k¼3

5
k

� �
0:0001ð Þk 0:9999ð Þ5�k ffi 9:99�10�12

A uniform random variable can be discrete or continuous. Figure 4.8 shows the

pdf and cdf for continuous and discrete uniform random variables. The discrete

uniform random variable occurs when outcomes are equally likely, such as roll-
ing a fair die. It takes on values in a set of L positive integers with equal prob-

ability. Its pmf is then defined as follows:

P X¼ kð Þ¼ pX kð Þ¼ 1

L
, k¼m + 1, . . . , m + L , �1<m<1 (4.16)

The discrete random variable is used to generate random numbers in computer

simulationmodels. Note that events that have an equi-probable finite number of

outcomes form the basis upon which counting formulas, to find the number of
combinations and permutations, are developed.

The continuous uniform random variable arises where all values in a known
finite interval of the real line are equally likely. The continuous random variable

in the interval [a, b] has the following pdf:

fX xð Þ¼
1

b�a
, a< x� b

0, otherwise

8<: (4.17)

Table 4.2 Important discrete random variables

Name Probability Mass Function Mean Variance

Bernoulli p0 ¼ 1�pð Þ, p1 ¼p, 0�p� 1 p p 1�pð Þ
Binomial pk ¼ n

k

� �
pk 1�pð Þn�k , k¼ 0, 1, � � � , n np np 1�pð Þ

Geometric pk ¼p 1�pð Þk�1, k¼ 1, 2, � � � 1

p

1�p

p2

Poisson pk ¼ αke�α

k!
, α> 0, k¼ 0, 1, � � � α α
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The continuous uniform random variable is used when the range of the ran-

dom variable is known, and we have no other knowledge about possible values

that the random variable can have. This random variable is often used tomodel
the random phase of a sinusoidal signal, in that a uniform distribution of phase

between 0 and 2π (i.e., [0, 2π]) is frequently assumed. Also, in analog to digital

conversion, this random variable is used to describe the errors due to rounding
off in the quantization process.

The Gaussian (normal) random variable is the most widely used random vari-
able in communications, simply because it can be used to approximate the sum

of a large number of independent random variables. It represents the distribu-

tion of thermal noise in signal transmission. The Gaussian random variable is a
continuous random variable whose pdf is as follows:

fX xð Þ¼ 1ffiffiffiffiffiffiffiffiffiffi
2πσ2

p
� �

exp � x�mð Þ2
2σ2

 !
, �1< x<1 (4.18)

where the parameter m, called the mean, can have any finite real value (i.e.,

�1<m<1Þ, and the parameter σ2, called the variance, can have any finite

positive value (i.e., 0< σ2 <1Þ. As shown in Figure 4.9, the Gaussian pdf is
a bell-shaped curve centered and symmetric about m and its width increases

with σ, the standard deviation. The maximum value of the Gaussian pdf, also

known as mode, occurs at the mean valuem, and is inversely proportional to σ.
The cdf of the Gaussian random variable is given as follows:

FX xð Þ¼
ðx
�1

1ffiffiffiffiffiffiffiffiffiffi
2πσ2

p
� �

exp � t�mð Þ2
2σ2

 !
dt (4.19)

By making a change of variable x¼ t�m
σ ; (4.19) becomes as follows:

FX xð Þ¼
ðx�m

σ

�1

1ffiffiffiffiffiffi
2π

p
� �

exp �x2

2

� �
dx (4.20)

1

(a)

1

0
(b)

1

. . .

(c)

1

0

. . .

(d)

FIGURE 4.8 (a) pdf of a continuous random variable, (b) cdf of a continuous variable, (c) pdf of a discrete

random variable, and (d) cdf of a discrete random variable.
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The integrand in (4.20) is known as a zero-mean (i.e., m¼ 0), unit-variance
(i.e., σ2 ¼ 1Þ Gaussian pdf. Since the above integral cannot be solved analyti-

cally, a numerical solution is required. To determine (4.20), we can use the

Q-function, as shown in Figure 4.10 and defined below:

0

FIGURE 4.9 pdf of a Gaussian random variable with mean m and variance σ2.

Area =

Area =
1

2

Area =
1

2

Area= 

FIGURE 4.10 Area interpretation of Q(x) for Gaussian pdf.
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Q xð Þ¼
ð1
x

1ffiffiffiffiffiffi
2π

p
� �

exp �x2

2

� �
dx (4.21)

Q(x) is simply the probability of the tail of the pdf of a zero-mean, unit-variance

Gaussian random variable. Using (4.21), (4.19) can be thus written as follows:

FX xð Þ¼ 1�Q
x�m

σ

� �
(4.22)

Due to symmetry of the Gaussian pdf, we haveQ 0ð Þ¼ 1

2
andQ �xð Þ¼ 1� Q xð Þ.

The widely-used Q-function, can be evaluated by using look-up tables or

MATLAB’s qfunc(x) or approximate expressions that give very good accuracy
for Q(x), such as the following:

Q xð Þ	 π

π�1ð Þx + ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 + 2πð Þp !

1ffiffiffiffiffiffi
2π

p exp �x2=2
� �� �

(4.23)

EXAMPLE 4.9

In a communication system, the noise level is modeled as a Gaussian random variable withm¼ 0

and σ2 ¼ 0:0001. Determine P X> 0:01ð Þ and P �0:04

3
� X� 0:05

3

� �
.

Solution
Using (4.22), we have P X> 0:01ð Þ¼Q

0:01� 0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0001

p
� �

¼Q 1ð Þ¼ 0:159, and also

P �0:04

3
� X� 0:05

3

� �
¼P �0:04

3
� X

� �
�P

0:05

3
� X

� �
¼Q

� 0:04

3
�0

0:01

0B@
1CA�Q

0:05

3
�0

0:01

0B@
1CA

¼Q �4

3

� �
�Q

5

3

� �
¼ 1�Q

4

3

� �
�Q

5

3

� �
ffi 0:858:

If X and Y are independent zero-meanGaussian random variables with variance
σ2, then R¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 +Y2

p
represents the magnitude of the point with coordinates

(X, Y) in the polar plane and θ¼ tan�1 Y
X

� �
represents its phase. R is known as a

Rayleigh random variable 0, 1½ Þ and θ is a uniform random variable in the
interval [0, 2π]. The pdf for the Rayleigh random variable X, as shown in

Figure 4.11, is given by

fX xð Þ¼
x

σ2

� �
exp � x2

2σ2

� �
, x� 0

0, x< 0

8><>: (4.24)
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where x is a nonnegative real number, as magnitude can never be negative. The

mean, variance, andmode of the Rayleigh distribution are σ

ffiffiffi
π

2

r
, σ2 2�π

2

� �
, and

σ, respectively. Unlike the Gaussian random variable, the mean and variance
depend on a single parameter σ and cannot thus be adjusted independently.

4.2.3 Expected Value

The expected value ormean of a random variable X represents a real number, and

in a very large number of observations ofX, corresponds to the average ofX or the

sample mean or the arithmetic mean. The expected value of a continuous ran-
dom variable and that of a discrete random variable are, respectively, as follows:

E X½ 
 ¼
ð1
�1

xfX xð Þdx

E X½ 
 ¼
X
i

xiP X¼ xið Þ:
(4.25)

In other words, themean locates the center of gravity of the area under the curve

of the pdf. Let X be a random variable and let Y ¼ g Xð Þ denote a real-valued

function. Y is therefore a random variable as well. The expected value of the
random variable Y when X is a continuous random variable and when it is a

discrete random variable are, respectively, as follows:

E g Xð Þ½ 
 ¼
ð1
�1

g xð ÞfX xð Þdx

E g Xð Þ½ 
 ¼
X
i

g xið ÞP X¼ xið Þ:
(4.26)

If we assumeY ¼ g Xð Þ≜ X�E X½ 
ð Þ2, then E[Y] is called the varianceof the random
variableX. ThevarianceofX, denotedbyσX

2, is thesecondmomentof thedifference

betweenarandomvariableXanditsmeanE[X],andisameasureof thewidthofthe

pdf of X. It is a measure of its randomness. For instance, a large variance indicates

0

FIGURE 4.11 Rayleigh pdf with mean σ
ffiffiffiffiffiffiffiffi
π=2

p
and variance σ2 2�π=2ð Þ.
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the random variable is quite spread and it is thus more unpredictable, whereas a

small variance shows the random variable is concentrated around its mean and it
is thus less random. The square root of the variance σX

2 is called the standard devi-

ation, and is aquantitywith the sameunit asX. For instance, the randomvariableX

and its standard deviation σX may be both in volts or amperes. Since statistical
expectation is a linear operation, the variance of X can then be as follows:

σ2X ¼ E X�E X½ 
ð Þ2	 
¼ E X2
	 
� E X½ 
ð Þ2 (4.27)

EXAMPLE 4.10

Suppose Y ¼ a X + b, where X is a random variable with mean m and variance σX
2, and a and b are

fixed constants. Determine the mean and variance of the random variable Y in terms of a and b as

well as the mean and variance of the random variable X.

Solution
Using (4.25) and noting statistical expectation is a linear operation, we obtain the mean of Y as

follows:

E Y½ 
 ¼ E aX + b½ 
 ¼ aE X½ 
 + b¼ am + b

This in turn means the mean value of Y is linearly related to the mean value of X in the same

way that the random variables Y and X are linearly related. We then find the mean-square value

of Y as follows:

E Y2
	 
¼E aX + bð Þ2	 
¼E a2x2 + b2 + 2abX

	 
¼ a2E x2
	 


+ b2 + 2abE X½ 

Using (4.27), we can now find the variance of Y, as follows:

σ2Y ¼E Y2
	 
� E Y½ 
ð Þ2 ¼ a2E X2

	 

+ b2 + 2abE X½ 
� �� aE X½ 
 + bð Þ2 ¼ a2E X2

	 
�a2E2 X½ 
 ¼ a2σ2X

For certain values of a and b, we have the following interesting relations:

n If b¼ 0, i.e., Y is proportional to X, then E Y½ 
 ¼ aE X½ 
 ¼ am and σ2Y ¼ a2σ2X .

n If a¼ 0, i.e., Y is not a random variable, then E Y½ 
 ¼ b and σ2Y ¼ 0:

n If a¼ 1, i.e., Y is a shifted version of X, then E Y½ 
 ¼E X½ 
 + b¼m + b and σ2Y ¼ σ2X .

EXAMPLE 4.11

Suppose we have a fair coin. Let X be the number of tails in four coin tosses. Determine the mean

and variance of the random variable X.

Solution
Using (4.25), we first find the mean:

E X½ 
 ¼ 0ð Þ 1

16

� �
+ 1ð Þ 4

16

� �
+ 2ð Þ 6

16

� �
+ 3ð Þ 4

16

� �
+ 4ð Þ 1

16

� �
¼ 2

and using (4.27), we have:

E X2
	 
¼ 0ð Þ2 1

16

� �
+ 1ð Þ2 4

16

� �
+ 2ð Þ2 6

16

� �
+ 3ð Þ2 4

16

� �
+ 4ð Þ2 1

16

� �
¼ 5

We therefore have σ2X ¼ 5� 2ð Þ2 ¼ 1:
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EXAMPLE 4.12

We have X¼Acos 2πfct + θð Þ, where the amplitude A and the frequency fc are both known con-

stants, and θ is a uniform random variable in the interval [0, 2π]. Find the expected value and var-

iance of the random variable X.

Solution
Using (4.25), we get:

E X½ 
 ¼
ð2π
0
Acos 2πfct + θð Þ 1

2π

� �
dθ¼ 0:

Using (4.26) and a trigonometric identity, we get:

E X2
	 
¼ ð2π

0
A2 cos 2πfct + θð Þð Þ2 1

2π

� �
dθ¼A2

2

ð2π
0

1 + cos 4πfct + 2θð Þð Þ 1

2π

� �
dθ¼A2

2
:

Using (4.27), we thus obtain σ2X ¼
A2

2
.

4.2.4 Conditional cdf and pdf of a Random Variable

The conditional cdf and conditional pdf incorporate partial knowledge about the

outcome of an experiment in the evaluation of probabilities of events. If there is
some information about a random variable X, then its conditional cdf and pdf

need to incorporate that. Suppose the event C, defined as X� b, is given, we

thus have P Cð Þ¼ P X� bð Þ¼
ðb
�1

fX xð Þdx> 0. Using (4.3) and (4.11), the condi-

tional cdf and pdf of X given C are, respectively, defined as follows:

FX x=Cð Þ¼ P X� x=Cð Þ¼ P X� xð Þ\Cð Þ
P Cð Þ ¼ P X� x,X� bð Þ

P Cð Þ
fX x=Cð Þ¼ dFX x=Cð Þ

dx

(4.28)

There are now two possible situations, depending on whether x or b is larger. If

x� b, then the event that X� b is contained in the event that X� x and we thus
have P X� xð Þ\Cð Þ¼ P X� x,X� bð Þ¼ P X� bð Þ¼ P Cð Þ. On the other hand, if

x� b, then the event that X� x is contained in the event that X� b and we thus

have P X� xð Þ\Cð Þ¼ P X� x,X� bð Þ¼ P X� xð Þ. As a result, the conditional cdf
and pdf in (4.28) can be simplified as follows:

FX x=Cð Þ¼

P Cð Þ
P Cð Þ¼ 1, x> b

P X� xð Þ
P Cð Þ , x� b

8>>><>>>:
fX x=Cð Þ¼

0, x> b

fX xð Þ
P Cð Þ , x� b

8>><>>:
(4.29)
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In (4.29), dividing the pdf of X, i.e., fX(x), by P(C), which is less than one,

ensures that the area under the conditional pdf fX(x/C) is one, an essential
requirement for any pdf.

EXAMPLE 4.13

Assume X is a zero-mean unit-variance Gaussian random variable. Determine the conditional pdf

fX x= Xj j � 1ð Þ:
Solution
We know we have:

P Xj j � 1ð Þ¼P �1� X� 1ð Þ¼P �1� Xð Þ�P 1� Xð Þ¼Q �1ð Þ�Q 1ð Þ¼ 1� Q 1ð Þð Þ�Q 1ð Þ¼ 1�2Q 1ð Þ
¼ 0:683

Using (4.29), we have the following:

fX x= Xj j � 1ð Þ¼
fX xð Þ
0:683

¼ 1:464fX xð Þ, �1< x� 1

0, x��1 or x> 1

8<:
Figure 4.12 shows the pdf of X and its conditional pdf. Note that for the range of the random var-

iable X for which the condition is not met, the conditional pdf is zero, and for the range in which it is

met, the conditional pdf is scaled up version of the pdf of X so as to ensure the area under it is unity.

4.2.5 Functions of a Single Random Variable

Let X be a random variable and let g(X) be a real-valued function of X. If
Y ¼ g Xð Þ, then Y is also a random variable. The cdf of Y depends on both the

function g(X) and the cdf ofX. The probability of an eventC involving Y is equal

to the probability of the equivalent event B involving X such that g(X) is in C
(i.e., we have P Y inCð Þ¼ P g Xð Þ inCð Þ¼ P X inBð ÞÞ:
To determine the pdf of Y, we solve the equation y¼ g xð Þ for x in terms of y.
Assuming there are n solutions {x1, x2, . . ., xn} and for each solution xi, the

0−1 1

FIGURE 4.12 pdfs for Example 4.13.
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derivative y0 ¼ g0 xið Þ exists, and is also nonzero, it can be shown that the pdf of

Y ¼ g Xð Þ is as follows:

fY yð Þ¼
Xn
i¼1

fX xið Þ
g0 xið Þj j (4.30)

EXAMPLE 4.14

The random variables X and Y are linearly related, i.e., Y ¼ aX + b, where a 6¼ 0 and b are some fixed

constants. Determine the cdf and pdf of Y in terms of the cdf and pdf of X.

Solution
Noting that the sign of the constant a plays a role, the cdf of Y can be determined as follows:

FY yð Þ¼P Y � yð Þ¼P aX + b� yð Þ

¼
P X� y�b

a

� �
¼ FX X� y�b

a

� �
, a> 0

P X� y�b

a

� �
¼ 1�FX X� y�b

a

� �
, a< 0

8>><>>:
We differentiate the above equation to obtain the pdf of Y:

fY yð Þ¼
1

a

� �
fX

y�b

a

� �
, a> 0

1

�a

� �
fX

y�b

a

� �
, a< 0

8>><>>:
We thus have:

fY yð Þ¼ 1

aj j fX
y�b

a

� �
Of course, this last equation is in the format of (4.30), as we have g xð Þ¼ ax + b, x1 ¼ y�b

a
, g0 xð Þ¼ a

and g0
y�b

a

� �
¼ a.

EXAMPLE 4.15

Let X be a random variable with a Gaussian pdf with mean m and standard deviation σ. Let

Y ¼ a X + b. Find the pdf of Y, and determine a and b in terms of m and σ, such that the random

variable Y has a zero-mean and unit-variance.

Solution
Using the result in the previous example as well as (4.18), the pdf of Y is as follows:

fY yð Þ¼ 1

aj j
ffiffiffiffiffiffiffiffiffiffi
2πσ2

p
 !

exp � y�b�amð Þ2
2a2σ2

 !
After comparing the above equation with (4.18), we can conclude that Y is also a Gaussian random

variable whose mean is b + am and variance is a2σ2. This highlights the important fact that a linear
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function of a Gaussian random variable is also a Gaussian random variable. We now need to solve

the following system of linear equations for a and b:

a2σ2 ¼ 1

b + am¼ 0

8<: !
a¼�1

σ

b¼m

σ

8>>><>>>:

EXAMPLE 4.16

Let X be a zero-mean unit-variance Gaussian random variable whose pdf fX(x) is known. Assuming

Y ¼ X2, determine the pdf of the random variable Y, i.e., fY(y).

Solution
We first solve the equation y¼ x2, we thus obtain x¼� ffiffiffi

y
p

, assuming y> 0. We then find the deriv-

ative y0 ¼ 2x. Using (4.30), we obtain the following result:

fY yð Þ¼
fX

ffiffiffi
y

p� �
2
ffiffiffi
y

p +
fX � ffiffiffi

y
p� �

2
ffiffiffi
y

p ¼ 1ffiffiffiffiffiffiffiffi
2πy

p !
exp � y

2

� �
, y> 0

0, y� 0

8><>:

4.2.6 Chebyshev Inequality

To determine the probability of an event, the pdf or cdf of a random variable is
required. However, when neither of them is known, then the mean and vari-

ance can be used to arrive at bounds on probabilities. A bound, by definition,

encompasses all cases, including the worst case, therefore, when it is applied to
a particular case, it may be quite weak (i.e., not very tight). The Chebyshev

inequality, which can be used to obtain lower bounds on the probability of

finding the random variable X outside an interval, is as follows:

P X� mj j � að Þ� σ2

a2
, a> 0

P X�mj j � cσð Þ� 1� 1

c2
, c> 0

(4.31)

Note that m and σ2 are the mean and the variance of the random variable X,

respectively.

EXAMPLE 4.17

Calculate and estimate the width or spread of a Gaussian random variable using the Q-function

and the Chebyshev inequality, respectively.
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Solution
By using (4.22) and (4.31), the calculation and estimation results can be provided as follows:

This means that for a Gaussian random variable, the probability of observing X within a few stan-

dard deviations is very high. Although by increasing the width under consideration, the accuracy of

an estimate can be improved, the estimate, however, always falls far short of its corresponding

calculation, as the Chebyshev inequality is not a tight bound. Note the area under a Gaussian pdf,

for instance, in the interval m�4σ, m + 4σð Þ is 99.994% and a very negligible 0.006% of the area lies

outside this interval. Such numbers are very important, as they can be used in defining our con-

fidence in results based on measurements with random errors.

4.2.7 Pair of Random Variables

We now focus on two continuous random variables; however, the discussion

can be easily extended to multiple continuous or discrete random variables.
A pair of random variables X and Y represents a function that assigns a pair

of real numbers to each outcome in the sample space S. In other words, it is

a mapping from the sample space to the real plane, rather than to the real line
as it is the case for a single random variable. The joint cdf of two-dimensional

random variables X and Y is defined as follows:

FX,Y x, yð Þ¼ P X� x, Y � yð Þ (4.32)

The probability of the event X� x, Y � yf g varies as x and y are varied, i.e., FX,Y(x,

y) is a function of the variables x and y. The joint cdf has the following properties:

¾ FX,Y x1, y1ð Þ� FX,Y x2, y2ð Þ, if x1 � x2 and y1 � y2:

¾ lim
x!a +

FX,Y x, yð Þ¼ FX,Y a, yð Þ:
¾ lim

y!b +
FX,Y x, yð Þ¼ FX,Y x, bð Þ:

¾ FX,Y x1, �1ð Þ¼ 0:

¾ FX,Y �1,y1ð Þ¼0:

¾ FX,Y 1,1ð Þ¼ 1:

¾ FX x1ð Þ¼ FX,Y x1,1ð Þ:
¾ FY y1ð Þ¼ FX,Y 1, y1ð Þ:
¾ P x1 <X� x2, y1 <Y � y2ð Þ¼ FX,Y x2, y2ð Þ�FX,Y x2, y1ð Þ�FX,Y x1, y2ð Þ+ FX,Y x1, y1ð Þ

(4.33)

Probability Calculation Estimation

P X � mj j � σ½ 
 1�2Q 1ð Þ	 0:6826 1� 1
1ð Þ2 ffi 0

P X � mj j � 2σ½ 
 1�2Q 2ð Þ	 0:9444 1� 1
2ð Þ2 ffi 0:75

P X � mj j � 3σ½ 
 1�2Q 3ð Þ	 0:9973 1� 1
3ð Þ2 ffi 0:8889

P X � mj j � 4σ½ 
 1�2Q 4ð Þ	 0.99994 1� 1
4ð Þ2 ffi 0:9375

P X � mj j � 5σ½ 
 1�2Q 5ð Þ	 0.99999 1� 1
5ð Þ2 ffi 0:96
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If X and Y are jointly continuous random variables, then the joint pdf, which can

be obtained from the joint cdf by differentiation, is as follows:

fX,Y x, yð Þ¼ @2FX,Y x, yð Þ
@x@y

(4.34)

Note that if X and Y are not jointly continuous, it is then possible that the above

partial derivative does not exist. In view of this, we may need to invoke delta
functions at the points where the cdf is jointly discontinuous. A two-

dimensional joint pdf is analogous to a mass density distributed over a plane

where the total mass is unity. The joint pdf properties are as follows:

¾ FX,Y x, yð Þ¼
ðx
�1

ðy
�1

fX,Y w, zð Þdwdz:

¾

ð1
�1

ð1
�1

fX,Y x, yð Þ dx dy¼ 1:

¾ P a<X� b, c<Y � dð Þ¼
ðd
c

ðb
a

fX,Y x, yð Þdxdy:

¾ fY yð Þ¼
ð1
�1

fX,Y x, yð Þdx:

¾ fX xð Þ¼
ð1
�1

fX,Y x, yð Þdy:

(4.35)

The fX(x) and fY(y) in (4.35) are each known as a marginal pdf, and they
are obtained by integrating over the variables that are not of interest. It is impor-

tant to note that the joint pdf in general cannot be obtained from the marginal

pdfs, as the marginal pdfs can only provide partial information about the
joint pdf.

EXAMPLE 4.18

Suppose the joint pdf of X and Y is as follows:

fX,Y x, yð Þ¼
2 1� xð Þ, 0� x� 1and0� y� 1

0, elsewhere

8<:
Calculate the probability that x� 0:5 and 0:4� y� 0:7, and find the marginal pdfs of X and Y.

Solution
Using (4.35), we can obtain the following:

P 0� x� 0:5, 0:4� y� 0:7ð Þ¼
ð0:7
0:4

ð0:5
0

2 1� xð Þdxdy¼ 0:225:
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fX xð Þ¼
ð1
�1

fX,Y x, yð Þdy¼
ð1
0
2 1� xð Þdy¼ 2 1� xð Þ, 0� x� 1 :

fY yð Þ¼
ð1
�1

fX,Y x, yð Þdx¼
ð1
0
2 1� xð Þdx¼ 1, 0� y� 1 :

Figure 4.13 shows the joint pdf as well as the marginal pdfs.

Assuming X and Y are two dependent continuous random variables, the condi-

tional pdf of Y given X¼ x, and the conditional pdf of X given Y ¼ y are, respec-

tively, defined as follows:

fY=X y=xð Þ ¼ fX,Y x, yð Þ
fX xð Þ

fX=Y x=yð Þ ¼ fX,Y x, yð Þ
fY yð Þ

(4.36)

EXAMPLE 4.19

Suppose fX,Y x, yð Þ¼
1

2
, 0� x� y and 0� y� 2:

0, elsewhere

8><>:

1

2

0

1

10

0

1

1

2

FIGURE 4.13 Joint pdf and marginal pdfs for Example 4.18.
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Determine the conditional pdf of X, given Y ¼ y, and evaluate the probability that X<
1

2
, given Y ¼ 1.

Solution
Using (4.35), we first find the following:

fY yð Þ¼
ð1
�1

fX,Y x, yð Þdx¼
ðy
0

1

2

� �
dx¼ y

2
:

Using (4.36), we then find the following:

fX=Y x=yð Þ¼ fX,Y x, yð Þ
fy yð Þ ¼

1

2
y

2

¼ 1

y
, 0� y� 2

We can now determine the conditional probability:

P X� 1

2
=Y ¼ 1

� �
¼
ð1=2
0

fX=Y x=y¼ 1ð Þ dx¼
ð1=2
0

1

1

� �
dx¼ 1

2
:

4.2.8 Independent, Uncorrelated, and Orthogonal
Random Variables

The random variables X and Y are independent if and only if their joint cdf is

equal to the product of the marginal cdfs or equivalently if and only if their
joint pdf is equal to the product of the marginal pdfs, as shown below:

FX,Y x, yð Þ¼ FX xð ÞFY yð Þ
fX,Y x, yð Þ¼ fX xð ÞfY yð Þ

(4.37)

If X and Y are independent random variables, then the random variables

defined by any pair of functions g(X) and h(Y) are also independent.

EXAMPLE 4.20

The joint pdf for the random variables X and Y is given by fX,Y x, yð Þ¼ x + y for 0� x� 1 and 0� y� 1:

Are X and Y statistically independent?

Solution
Using (4.35), we obtain the marginal pdfs as follows:

fX xð Þ¼
ð1
�1

fX,Y x, yð Þdy¼
ð1
0
x + yð Þdy¼ x + 0:5, 0� x� 1 :

fY yð Þ¼
ð1
�1

fX,Y x, yð Þdx¼
ð1
0
x + yð Þdx¼ y + 0:5, 0� y� 1 :
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Since we have

fX,Y x, yð Þ¼ x + yð Þ 6¼ x + 0:5ð Þ y + 0:5ð Þ¼ fX xð ÞfY yð Þ

The random variables X and Y are not statistically independent.

The expected value of g(X, Y), which is a function of two random variables X
and Y, is defined as follows:

E g X, Yð Þ½ 
 ¼
ð1
�1

ð1
�1

g X, Yð ÞfX,Y x, yð Þdxdy (4.38)

EXAMPLE 4.21

Let Z¼ X + Y . Find E[Z].

Solution
Using (4.38), we have the following:

E Z½ 
 ¼
ð1

�1

ð1
�1

x + yð ÞfX,Y x, yð Þdxdy¼
ð1

�1

ð1
�1

x fX,Y x, yð Þdx dy +
ð1

�1

ð1
�1

y fX,Y x, yð Þdxdy

¼
ð1

�1
x

ð1
�1

fX,Y x, yð Þdy
0@ 1Adx +

ð1
�1

y

ð1
�1

fX,Y x, yð Þdx
0@ 1Ady

¼
ð1
�1

x fX xð Þdx +
ð1
�1

y fY yð Þdy¼E X½ 
 +E Y½ 
:

Thus, the expected value of the sum of two random variables is equal to the sum of the individual

expected values. This is an important result, especially in view of the fact that X and Y random

variables need not to be independent.

EXAMPLE 4.22

Suppose the random variables X and Y are independent and we have g X, Yð Þ¼ f Xð Þh Yð Þ. Show that

E g X, Yð Þ½ 
 ¼E f Xð Þ½ 
E h Yð Þ½ 
.
Solution
Using (4.38), we can obtain the following:

E g X, Yð Þ½ 
 ¼
ð1

�1

ð1
�1

f xð Þh yð ÞfX,Y x, yð Þdx dy¼
ð1

�1

ð1
�1

f xð Þh yð ÞfX xð ÞfY yð Þdx dy

¼
ð1

�1
f xð ÞfX xð Þdx

8<:
9=;

ð1
�1

h yð ÞfY yð Þdy
8<:

9=;¼E f xð Þ½ 
E h yð Þ½ 
:

Additionally, for the special case of g X, Yð Þ¼ f Xð Þh Yð Þ¼ XjYk, and for any real j and k, we have

E XjYk
	 
¼E Xj



E
	
Yk

	 

. This is an important result for independent random variables.
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The covariance of two random variables X and Y, which measures the degree of

similarity between X and Y, is defined as follows:

COV X, Yð Þ¼ E X�E X½ 
ð Þ Y�E Y½ 
ð Þ¼E XY½ 
�E X½ 
E Y½ 
½ (4.39a)

The correlation coefficient, which is the normalized version of the covariance, is

defined as follows:

ρX,Y ¼
COV X, Yð Þ

σXσY
¼ E XY½ 
�E X½ 
E Y½ 


σXσY
(4.39b)

The correlation coefficient provides a measure of the linear dependence

between the random variables X and Y, and can be at most 1 in magnitude.

It is insightful to know that a positive correlation coefficient implies X and Y
both increase or decrease together, and a negative correlation coefficient

indicates when X increases, Y decreases, and vice versa. If ρX,Y ¼�1, then Y

can be predicted by a linear function of X, i.e., Y ¼ aX + b, where a 6¼ 0 and b
are some constants. Note that for ρX,Y ¼ 1; we have a> 0, and for ρX,Y ¼�1;

we have a< 0.

The random variables X and Y are uncorrelated if and only if E XY½ 
 ¼ E X½ 
E Y½ 
,
i.e., ρX,Y ¼ 0; and they are orthogonal if and only if E XY½ 
 ¼ 0. As shown earlier, if

X and Y are independent, we have E XjYk
	 
¼ E Xj



E
	
Yk

	 

, including when

j¼ k¼ 1. It is then obvious that X and Y are uncorrelated (i.e.,

E XY½ 
 ¼ E X½ 
E Y½ 
) when they are independent. That is, independence indicates

absence of correlation. However, the converse, in general, is not always true,
i.e., it is possible for X and Y to be uncorrelated, but not independent. As dis-

cussed later, there is only one special case for which independence and uncor-

relatedness are equivalent, and that is when the random variables X and Y are
jointly Gaussian.

EXAMPLE 4.23

Let θ be uniformly distributed in the interval [0, 2π]. Let X¼ cos θð Þ and Y ¼ sin θð Þ: Are X and Y are

independent? Are they uncorrelated? Are they orthogonal?

Solution
If X and Y were independent, the point (X, Y) would assume all values in the square �1� x� 1

and �1� y� 1. However, this is not the case. Since x and y are related according to

x2 + y2 ¼ cos2 θð Þ + sin2 θð Þ¼ 1, X and Y are not independent. We now find the following:

E XY½ 
 ¼E cos θð Þsin θð Þ½ 
 ¼
ð2π
0

cos θð Þsin θð Þð Þ 1

2π

� �
dθ¼

ð2π
0

1

2
sin 2θð ÞÞ 1

2π

� �
dθ¼ 0

X and Y are thus orthogonal. Noting that E X½ 
 ¼E Y½ 
 ¼ 0, we have E XY½ 
 ¼E X½ 
E Y½ 
, X and Y are also

uncorrelated.
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4.2.9 Jointly Gaussian Random Variables

The random variables X and Y are jointly Gaussian if their joint pdf, for
�1< x<1 and �1< y<1; has the following form:

fX,Y x, yð Þ¼
exp � 1

2 1�ρ2X,Y

� � x�mX

σX

� �2

�2ρX,Y
x�mX

σX

� �
y�mY

σY

� �
+

y�mY

σY

� �2
 !8<:

9=;
2πσXσY

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�ρ2X,Y

q
(4.40)

wheremX andmY are the mean values, and σX and σY are the standard deviations

of the randomvariablesX andY, respectively, and ρX,Y is the correlation coefficient
between X and Y. To determine the probability, we need to find the volume under

fX,Y(x,y) for the particular region of interest in the x-yplane. Someof the important

properties of the jointly Gaussian random variables are as follows:

n If ρX,Y ¼ 0; then the random variables X and Y are not only

uncorrelated, but they are also statistically independent.
n If σX ¼ σY and ρX,Y ¼ 0, then the equal-pdf contour is a circle, otherwise it

is an ellipse.

n The marginal pdf of X and that of Y are both Gaussian random variables.
n The conditional pdf of X given Y ¼ y and that of Y given X¼ x are

individually Gaussian random variables.

EXAMPLE 4.24

Suppose X and Y are jointly Gaussian random variables. Show that if they are uncorrelated (i.e.,

ρX,Y ¼ 0Þ, then they are statistically independent.

Solution
With ρX,Y ¼ 0; (4.40) simplifies to the following:

fX,Y x, yð Þ¼ 1

2πσXσY
exp �1

2

x�mX

σX

� �2

+
y�mY

σY

� �2
" #( )

Using (4.35), we can obtain the marginal pdfs fX(x) and fY(y) as follows:

fX xð Þ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
2πσX2

p !
exp � x�mXð Þ2

2σX2

 !

fY yð Þ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
2πσY 2

p !
exp � y�mYð Þ2

2σY 2

 !

We thus have fX,Y x, yð Þ¼ fX xð ÞfY yð Þ, which implies X and Y are statistically independent.

4.2.10 Sum of Random Variables

If the random variable Z is the sum of n independent random variables x1, x2,
. . ., xn, then the pdf of the sum Z is the convolution of the pdf of x1, the pdf of

x2,. . .., and the pdf of xn.
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EXAMPLE 4.25

A random variable is defined as the sum of four independent and identically-distributed random

variables. Assuming the pdf of each has a uniform distribution in the interval �1

2
,
1

2

� �
, determine

the pdf of the sum.

Solution
Note that the convolution of the two functions fX1 xð Þ and fX2 xð Þ is defined as follows:

fX1 xð Þ� fX2 xð Þ¼
ð1

�1
fX1 tð ÞfX2 x� tð Þdt

where * denotes the convolution operation. We first find the pdf of the sum of two uniformly-

distributed random variables. The pdf of b¼ a1 + a2 is the convolution of the pdfs of a1 and a2. It

is well known that the convolution of two identical square-shape functions results in a

triangular-shape function and is thus as follows:

fB bð Þ¼
1� bj j, bj j � 1

0, bj j> 1

8<:
We then find the pdf of the sum of three random variables. The pdf of c¼ a1 + a2 + a3 ¼ b + a3 is the

convolution of the pdfs of b and a3, and is thus as follows:

fC cð Þ¼
0:75�c2, cj j � 0:5

0:5 1:5� cj jð Þ2, 0:5� cj j � 1:5
0, 1:5� cj j

8<:
We finally find the pdf of the sum of four random variables. The pdf of d¼ a1 + a2 + a3 + a4 ¼ c + a4 is

the convolution of the pdfs of c and a4, and is thus as follows:

fD dð Þ¼

jdj3
2

�d2 +
2

3
, 0� dj j< 1

� dj j3
6

+ d2�2 dj j + 4

3
, 1� dj j< 2

0 2� dj j

8>>>><>>>>:
Figure 4.14 shows the pdfs of one single variable, the sum of two variables, the sum of three ran-

dom variables, and the sum of four random variables. The total interval of the convolution is the

sum of the intervals of the functions being convoluted. To this effect, by addingmore random vari-

ables, the pdf of the sum becomes wider and closer to that of a Gaussian random variable.

The variance of the sum of random variables is equal to the sum of the individ-

ual variances only if the random variables are statistically independent. How-

ever, the expected value of the sum of random variables is always equal to the
sum of the individual expected values, whether the random variables are statis-

tically independent or not. The sum of a number of independent Gaussian ran-

dom variables with their respective means and variances is a Gaussian random
variable whose mean is the sum of the means and variance is the sum of the

variances.
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Let S be the sum of n independent identically-distributed (iid) random vari-

ables, each with finite mean m and finite variance σ2. Therefore, the mean of

S is nm and its variance is nσ2. Let V be the normalized sum with zero-mean
and unit-variance, i.e., V ¼ S�nmð Þ=σ ffiffiffi

n
p

. The central limit theorem states as

n!1, the pdf of V, regardless of the distribution of the n random variables,

can be approximated by a Gaussian random variable with zero-mean and
unit-variance. Based on the central limit theorem, thermal noise is assumed

to have Gaussian distribution. The Gaussian distribution thus plays a central

role in communications.

0−1.5 1.5

0.75

(c)

(d)

0.67

−2 20

1

−0.5 0.50
(a)

0
(b)

1−1

1

FIGURE 4.14 (a) pdf of one variable, (b) pdf of sum of two variables, (c) pdf of sum of three variables,

and (d) pdf of sum of four variables.
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EXAMPLE 4.26

In a binary communication channel, each data packet has 10,000 bits. Each bit can be in error

independently with probability of 10–3. Using the central limit theorem, determine the approximate

probability that more than 0.4% of the bits are in error.

Solution
There are two ways to solve this problem, one using Binomial distribution to provide an accurate,

but time-consuming result, and one using the central limit theorem to provide a good quick

approximation. The focus here is on the latter. There are 10,000 iid random variables. Each ran-

dom variable is assumed to be 1 if the bit is in error and 0 if not. We therefore have the mean and

variance for each random variable as follows:

Mean ¼ 10�3 1ð Þ + 1�10�3
� �

0ð Þ¼ 10�3

Variance ¼ 10�3 1ð Þ2 + 1�10�3
� �

0ð Þ2
� �

� 10�3
� �2

¼ 0:000999

Based on the central limit theorem, S is assumed to be the number of errors in the packet, and has

a Gaussian distribution with the following mean and variance:

Mean ¼ nm¼ 10000�0:001¼ 10

Variance¼ nσ2 ¼ 10000�0:000999¼ 9:99

The number of erroneous bits S is greater than 40 ¼ 10000� 0:4%ð Þ bits. Noting the random var-

iable V ¼ S�nmð Þ=σ ffiffiffi
n

p
is a standard Gaussian distribution with zero-mean and unit-variance, we

can thus have the following:

P S> 40ð Þ¼P V >
40�10ffiffiffiffiffiffiffiffiffi

9:99
p

� �
¼P V > 9:49158ð Þ¼Q 9:49158ð Þ¼ 1:05�10�21

4.3 RANDOM PROCESSES

The main objective of a digital communication system is the transfer of time-
varying signals, such as voice signals, computer data, image files, video clips,

and multimedia information. These signals from the receiving viewpoint are

unpredictable; otherwise their transmissions serve no purpose, and thus
become unnecessary. In addition, there are sources of channel degradation,

such as noise, interference, and fading that are random functions of time.

Hence, the study of random processes is imperative to digital communications.

4.3.1 Basic Concepts

Each sample point in the sample space is a function of time, and the sample
space comprising functions of time is called a random process or stochastic pro-

cess. The notion of a random process is an extension of the random variable

concept; the difference is that in random processes, the mapping is done onto
signals (functions of time) rather than onto constants (real numbers). The basic

connection between the concept of a random process and the concept of a
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random variable is at any particular instant of time the value of a random pro-

cess is a random variable.

To every outcome (sample point)w in the sample space S, according to some rule,

a functionof time is assigned. Thegraphof the functionX(t,w) versus t, forw fixed,
is calleda sample functionof the randomprocess.Foragivenw¼wi, a specific func-

tion of time t, i.e., X(t, wi), is produced, and for a specific time t¼ tk, X(tk, w) is a

random variable, as it mapsw onto the real line. For a specificwi and a specific tk,
X(tk, wi) is simply a number. An ensemble of X(t, w) is called a random process.

EXAMPLE 4.27

Suppose we have X t, θð Þ¼A cos 2πfct + θð Þ, where the amplitude A and the frequency fc are known

constants, and θ is a discrete random variable with P θ¼ 0ð Þ¼ 1=2 and P θ¼ πð Þ¼ 1=2. Is X(t, θ) a

random process?

Solution
X(t, θ) is a random process because it comprises random time-varying functions. The value of the

signal is a function of time and the random variable θ representing the random phase of the sinu-

soidal signal. The two sample functions of this random process are as follows:

X t, 0ð Þ¼Acos 2πfctð Þ and X t, πð Þ¼Acos 2πfct + πð Þ¼�A cos 2πfctð Þ.

EXAMPLE 4.28

Suppose we have X t, Að Þ¼Acos 2πfct +
π

2

� �
, where A is a uniform random variable in the interval

[�1, 1] and the frequency fc is a known constant. Is X(t, A) a random process?

Solution
X(t, A) is a random process because it comprises random time-varying functions. The value of the

signal is a function of time and the random variable A representing the random amplitude of the

sinusoidal signal. This random process has infinitely many sample functions, a couple of which

are as follows: X t, �1ð Þ¼�1cos 2πfct +
π

2

� �
¼ sin 2πfctð Þ, X t, 0ð Þ¼ 0, andX t, 1ð Þ¼ cos 2πfct +

π

2

� �
¼

�sin 2πfctð Þ:

It is common to suppress w, and simply let X(t) denote a random process. As a
random process at a given time is a random variable, it can thus be described

with a pdf. In general, the form of the pdf of a random process is different for

different instants of time. In most cases, it is not possible to determine the pdf
of a random process at a certain time or the joint pdf at two or many different

times, because all sample functions are generally not known.

A stochastic process is specified by the collection of kth -order joint cdfs or pdfs,

for any k and any choice of sampling instants t1, . . ., tk. Let X(t1), . . ., X(tk) be the
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k random variables obtained by sampling the random process X(t) at times t1,

. . ., tk. Assuming the stochastic process is continuous-valued, then its joint cdf
and pdf are, respectively, defined as follows:

FX t1ð Þ, ...,X tkð Þ x1, . . . , xkð Þ¼P X t1ð Þ� x1, . . . ,X tkð Þ� xk½ 


fX t1ð Þ, ...,X tkð Þ x1, . . . , xkð Þ¼ @kFX t1ð Þ, ..., X tkð Þ x1, . . . , xkð Þ
@x1 . . . @xk

(4.41)

Note that for k¼ 1, the cdf and pdf of the random process X(t) at time t are then

represented by FX(t)(x) and fX(t)(x), respectively.

4.3.2 Statistical Averages

Themean and variance functions of the random process X(t) are, in general, both

deterministic functions of time, and defined, respectively, as follows:

mX tð Þ¼ E X tð Þ½ 
 ¼
ð1
�1

xfX tð Þ xð Þdx

σ2X tð Þ¼ E X tð Þ�E X tð Þ½ 
ð Þ2	 
¼ ð1
�1

x�mX tð Þð Þ2fX tð Þ xð Þdx
(4.42)

The autocorrelation and autocovariance functions of the random process X(t)

are, in general, functions of t1 and t2, and are defined, respectively, as follows:

RX t1, t2ð Þ¼E X t1ð ÞX t2ð Þ½ 
 ¼
ð1
�1

ð1
�1

x1x2 fX t1ð Þ,X t2ð Þ x1, x2ð Þdx1dx2

CX t1, t2ð Þ¼ E X t1ð Þ�mX t1ð Þð Þ X t2ð Þ�mX t2ð Þð Þ½ 


¼
ð1
�1

ð1
�1

x1�mX t1ð Þð Þ x2�mX t2ð Þð Þ fX t1ð Þ,X t2ð Þ x1, x2ð Þdx1dx2

¼RX t1, t2ð Þ�mX t1ð ÞmX t2ð Þ

(4.43)

Note that fX t1ð Þ,X t2ð Þ x1, x2ð Þ is the joint pdf of random variables X(t1) and X(t2).
The correlation coefficient—defined as a measure of the extent to which a ran-

dom variable X(t1) can be predicted as a linear function of the random variable

X(t2) —is given as follows:

ρX t1, t2ð Þ¼ CX t1, t2ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CX t1, t1ð Þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

CX t2, t2ð Þp (4.44)

EXAMPLE 4.29

Let X tð Þ¼R cos 2πtð Þ, where R is a random variable whose mean and variance are mR and σR
2,

respectively. Determine the mean, variance, autocorrelation, and covariance functions, and

correlation coefficient of X(t).
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Solution
At time t, cos(2πt) is a constant, and X(t) is thus a random variable. Using (4.42), the mean and

variance functions of X(t) are then as follows:

mX tð Þ¼E X tð Þ½ 
 ¼E Rcos 2πtð Þ½ 
 ¼E R½ 
cos 2πtð Þ¼mR cos 2πtð Þ

σ2X tð Þ¼E X2 tð Þ	 
� E X tð Þ½ 
ð Þ2 ¼E R2cos2 2πtð Þ	 
� E R½ 
ð Þ2cos2 2πtð Þ
¼E R2
	 


cos2 2πtð Þ� E R½ 
ð Þ2cos2 2πtð Þ
¼ E R2

	 
� E R½ 
ð Þ2
� �

cos2 2πtð Þ
¼ σ2R cos

2 2πtð Þ
Note that the mean and variance of the random process are both functions of time. Using (4.43),

the autocorrelation and autocovariance functions of X(t) are, respectively, as follows:

RX t1, t2ð Þ¼E X t1ð ÞX t2ð Þ½ 
 ¼E Rcos 2πt1ð ÞRcos 2πt2ð Þ½ 
 ¼E R2
	 


cos 2πt1ð Þcos 2πt2ð Þ
¼ σ2R +m

2
R

� �
cos 2πt1ð Þcos 2πt2ð Þ

CX t1, t2ð Þ¼E X t1ð Þ�mX t1ð Þð Þ X t2ð Þ�mX t2ð Þð Þ½ 
 ¼RX t1, t2ð Þ�mX t1ð ÞmX t2ð Þ¼
¼ σ2R +m

2
R

� �
cos 2πt1ð Þcos 2πt2ð Þ� mRcos 2πt1ð Þð Þ mRcos 2πt2ð Þð Þ

¼ σ2Rcos 2πt1ð Þcos 2πt2ð Þ
Note that the autocorrelation and autocovariance functions are individually a function of t1 and t2.

Using (4.44), the correlation coefficient is then as follows:

ρX t1, t2ð Þ¼ CX t1, t2ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CX t1, t1ð Þp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

CX t2, t2ð Þp ¼ σ2Rcos 2πt1ð Þcos 2πt2ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2Rcos 2πt1ð Þcos 2πt1ð Þ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2Rcos 2πt2ð Þcos 2πt2ð Þ

q
¼ cos 2πt1ð Þcos 2πt2ð Þ

cos 2πt1ð Þjjcos 2πt2ð Þj j
If t1 and t2 are chosen in such a way that cos(2πt1) and cos(2πt2) have different signs, then

ρX t1, t2ð Þ¼�1 and if they have the same signs, we then have ρX t1, t2ð Þ¼ 1.

4.3.3 Stationary Processes

A random process at a given time is a random variable and, in general, the char-
acteristics of this random variable depend on the time at which the random

process is sampled. A random process X(t) is said to be stationary or strict-sense

stationary if the pdf of any set of samples does not vary with time. In other
words, the joint pdf or cdf of X(t1), . . ., X(tk) is the same as the joint pdf or

cdf of X t1 + τð Þ, . . . , X tk + τð Þ for any time shift τ, and for all choices of t1, . . .,

tk. A nonstationary process is characterized by a joint pdf or cdf that depends
on time instants t1, . . ., tk. For a stationary random process, the mean and var-

iance are both constants (i.e., neither of them is a function of time).

In principle, it is difficult to determine if a process is stationary, moreover, sta-

tionary processes cannot occur physically, because in reality signals begin at some

finite time and end at some finite time. Due to practical considerations, we sim-
ply consider the observation interval to be limited, and usually use the first and

second order statistics rather than the joint pdfs and cdfs. Since it is difficult to
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determine the distribution of a random process, the focus usually becomes on a

partial, yet useful, description of the distributionof the process, such as themean,
autocorrelation, and autocovariance functions of the random process.

A random process X(t) is a wide-sense stationary process if its mean is a constant
(i.e., it is independent of time), and its autocorrelation function depends only

on the time difference τ¼ t2� t1 and not on t1 and t2 individually. In other

words, in a wide-sense stationary process, the mean and autocorrelation func-
tions do not depend on the choice of the time origin. All random processes that

are stationary in the strict sense are wide-sense stationary, but the converse, in

general, is not true. However, if a Gaussian random process is wide-sense sta-
tionary, then it is also stationary in the strict sense. If X(t) is wide-sense station-

ary, we then have the following:

mX tð Þ¼ E X tð Þ½ 
 ¼ Constant

RX t1, t2ð Þ¼E X t1ð ÞX t2ð Þ½ 
 ¼RX t2� t1ð Þ¼RX τð Þ
(4.45)

In a wide-sense stationary random process, the autocorrelation function RX(τ)
has the following properties:

n RX(τ) is an even function.

n RX 0ð Þ¼ E X2 tð Þ½ 
 gives the average power (second moment) or the

mean-square value of the random process.
n The maximum value of RX(τ) occurs at τ¼ 0, i.e., jRX τð Þj �RX 0ð Þ.
n The more rapidly X(t) changes with time t, the more rapidly RX(τ)

decreases from its maximum RX(0) as τ increases, simply because
the autocorrelation function is a measure of the rate of change of a

random process.
n The autocorrelation function can have three types of components:

• a component that approaches zero as τ!1 (e.g., an exponential

function),
• a periodic component (e.g., a sinusoidal function), and

• a constant component representing the mean squared of the

random process.

It is important tonote that awide-sense stationary randomprocess yields aunique

autocorrelation function, but the converse is not true (i.e., two different wide-
sense stationary randomprocessesmay have the same autocorrelation function).

EXAMPLE 4.30

Consider a random process X(t) defined as follows:

X tð Þ¼Acos tð Þ +B sin tð Þ
where A and B are uncorrelated random variables with zero-mean and unit-variance. Is X(t) wide-

sense stationary?
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Solution
We thus have E A½ 
 ¼E B½ 
 ¼ 0. Since A and B are uncorrelated, we have E AB½ 
 ¼E A½ 
E B½ 
 ¼ 0. Since

σ2A ¼E A2
	 
� E A½ 
ð Þ2 ¼ 1 and σ2B ¼E B2

	 
� E B½ 
ð Þ2 ¼ 1, we have E A2
	 
¼E B2

	 
¼ 1. Using (4.42) and

(4.43), the mean and autocorrelation functions are then as follows:

mX tð Þ¼E X tð Þ½ 
 ¼E Acos tð Þ +B sin tð Þ½ 
 ¼E Acos tð Þ½ 
 +E B sin tð Þ½ 
 ¼E A½ 
cos tð Þ +E B½ 
sin tð Þ¼ 0

and

RX t, t + τð Þ¼E X tð ÞX t + τð Þ½ 
 ¼E A cos tð Þ +B sin tð Þð Þ Acos t + τð Þ +B sin t + τð Þð Þ½ 

¼E A2
	 


cos tð Þ cos t + τð Þ +E B2
	 


sin tð Þ sin t + τð Þ¼ cos tð Þ cos t + τð Þ + sin tð Þ sin t + τð Þ
¼ cos τð Þ

Since themean is not a function of time and the autocorrelation is a function of the time difference

τ, X(t) is a wide-sense stationary random process.

Indigitalcommunications,weoftenneedtodealwithmorethanonerandompro-
cess at a time. For instance, whenX(t) is the input to a systemand another process

Y(t) is the output of the system, we may need to assess the inter-relatedness

between X(t) and Y(t). The joint behavior of two random processes is specified
by the collection of joint cdfs for all possible choices of time samples of the

processes. X(t) and Y(t) are independent random processes if the random vectors

{X(t1), . . ., X(tk)} and {Y(t1
0
), . . ., Y(tj

0
)} are independent for all k, j, and for all

t1, . . ., tk and t1
0
, . . ., tj

0
, i.e., the joint cdfs is equal to the product of the individual

cdfs or equivalently, the joint pdfs is equal to the product of the individual pdfs.

The cross-correlation function of two randomprocesses X(t) and Y(t) is defined by

RXY t1, t2ð Þ¼ E X t1ð ÞY t2ð Þ½ 
 ¼RYX t2, t1ð Þ (4.46)

The random processes X(t) and Y(t) are jointly wide-sense stationary, if X(t) and

Y(t) are both wide-sense stationary and if their cross-correlation depends only
on τ¼ t1� t2, i.e., when we have:

RXY τð Þ¼ E X tð ÞY t + τð Þ½ 
 ¼RYX �τð Þ (4.47)

Thewide-sense stationary randomprocesses X(t) and Y(t) are uncorrelated if the

cross-correlation function is equal to the product of their means, and they are
orthogonal if their cross-correlation is zero. In other words, we have the

following:

RXY τð Þ¼ E X tð ÞY t + τð Þ½ 
 ¼E X tð Þ½ 
E Y t + τð Þ½ 
,Uncorrelated processes

RXY τð Þ¼ E X tð ÞY t + τð Þ½ 
 ¼0,Orthogonal processes
(4.48)

EXAMPLE 4.31

Consider a pair of random processes X(t) and Y(t) that are defined as follows:

X tð Þ¼W tð Þ cos 2πt + θð Þ
Y tð Þ¼W tð Þ sin 2πt + θð Þ
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whereW(t) is a wide-sense stationary process and the random variable θ, which is independent of

W(t), is uniformly distributed in the interval [0, 2π]. Determine the cross-correlation of X(t) and Y(t)

as well as the conditions where X(t) and Y(t) can be orthogonal to each other.

Solution
Using (4.46), we have

RXY t1, t2ð Þ¼E X t1ð ÞY t2ð Þ½ 
 ¼E W t1ð Þcos 2πt1 + θð ÞW t2ð Þsin 2πt2 + θð Þ½ 

Since W(t) and θ are independent, we can then have:

RXY t1, t2ð Þ¼E W t1ð ÞW t2ð Þ
E½cos 2πt1 + θð Þsin 2πt2 + θð Þ½ 

Noting W(t) is wide-sense stationary and using a trigonometric identity, we thus have:

RXY t1, t2ð Þ¼RW t1� t2ð ÞE 1

2
sin 2πt1 + 2πt2 + 2θð Þ�sin 2πt1�2πt2ð Þð Þ

� �
¼ 1

2
RW t1� t2ð Þ E sin 2πt1 + 2πt2 + 2θð Þ½ 
�E sin 2πt1�2πt2ð Þ½ 
ð Þ

¼�1

2
RW t1� t2ð Þsin 2πt1�2πt2ð Þ¼�1

2
RW τð Þsin 2πτð Þ:

In order to have X(t) and Y(t) orthogonal to each other, the cross-correlation must be zero. In other

words, the values of τ for whichRW τð Þ¼ 0 or sin 2πτð Þ¼ 0 (i.e., τ¼ k
2 , k¼ 0, �1, �2, . . .) can ensure

orthogonality of X(t) and Y(t).

4.3.4 Ergodic Processes

In a stationary process, the mean and autocorrelation functions are deter-
mined by ensemble averaging (i.e., averaging across all sample functions of

the process). This in turn requires complete knowledge of the first-order

and second-order joint pdfs of the process. In practice, it is difficult, if
not impossible, to observe all sample functions of a random process at a

given time. It is more likely to be able to observe a single sample function

for a long period of time. We thus define the time-averaged mean, variance

and autocorrelation functions of the sample function x(t), respectively, as

follows:

x tð Þh i¼ lim
T!1

1

2T

� �ðT
�T

x tð Þdt

x tð Þ�hx tð Þið Þ2 �¼ lim
T!1

1

2T

� �ðT
�T

x tð Þ� x tð Þh ið Þ2dt

x tð Þx t� τð Þh i¼ lim
T!1

1

2T

� �ðT
�T

x tð Þx t� τð Þdt

(4.49)

where h i is used to denote the time averaging operation. These averages are ran-

dom variables, because their values depend on which sample function of the
random process X(t) is used in the time-averaging calculations. Except for

the autocorrelation function, which is an ordinary function of the variable τ,
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the mean and the variance both turn out to be constants. In general, the time

averages and ensemble averages are not equal.

If all statistical properties of the random process X(t) can be determined from a

single sample function, then the random process is said to be strict-sense ergo-

dic. For a random process to be ergodic, it must be strictly stationary, but the
converse is not always true. For ergodic processes, the moments can be deter-

mined by time averages as well as ensemble averages, simply put, all time and

ensemble averages are interchangeable, not just the mean, variance, and
autocorrelation functions.

In general, we are not interested in estimating all the ensemble averages but
rather only certain averages, such as the mean, variance, and autocorrelation

functions. As such, our focus lies in the class of wide-sense ergodic processes. It

is generally difficult, if not impossible, to prove that ergodicity is a reasonable
assumption for a physical process, as only one sample function can be

observed. Nevertheless, ergodicity is assumed unless there are compelling

physical reasons for not doing so, that is the ergodic property holds
whenever needed.

DC power and AC power as well the total power are all measurable quantities

for ergodic processes in the sense that they can be replaced by the correspond-
ing time averages and a finite-time approximation to these time averages can be

measured in the laboratory. In the context of electrical engineering power esti-

mation, assuming X(t) is an ergodic random process that may correspond to
either a voltage or a current waveform across a one-ohm resistor, the square

of the mean value represents the DC power, the variance represents the AC

power, the standard deviation represents the root mean-square (rms) value,
and the mean-square value indicates the total power (¼ DC power + AC

power).

EXAMPLE 4.32

Suppose we have X tð Þ¼Acos 2πfct + θð Þ, where the amplitude A and the frequency fc are known

constants, and θ is a continuous uniform random variable in the interval �π

4
,
π

4

h i
: Determine if

this random process is ergodic.

Solution
Using (4.42), the expected value of the random process at an arbitrary time t is as follows:

E X tð Þ½ 
 ¼E Acos 2πfct + θð Þ½ 
 ¼
ðπ=4
�π=4

Acos 2πfct + θð Þ 2

π

� �
dθ¼ 2

ffiffiffi
2

p
A

π
cos 2πfctð Þ

Themean is a function of time and hence it is not stationary. This process cannot be ergodic, since

ergodicity requires stationarity.
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EXAMPLE 4.33

Suppose we have X tð Þ¼Acos 2πfct + θð Þ, where the amplitude A and the frequency fc are known

constants, and θ is a continuous uniform random variable in the interval [0, 2π]. Determine if this

random process is ergodic.

Solution
Using (4.42) and (4.43), it is easy to show that the mean and the autocorrelation function are as

follows:

mX tð Þ¼E X tð Þ½ 
 ¼ 0

RX τð Þ¼ X t1ð ÞX t2ð Þ½ 
 ¼A2

2
cos2πfcτ

It is therefore wide-sense stationary. Using (4.49), we now determine the time-averagedmean and

autocorrelation functions of X(t), respectively:

x tð Þh i¼ lim
T!1

1

2T

� �ðT
�T

x tð Þdt¼ lim
T!1

1

2T

� �ðT
�T

Acos 2πfct + θð Þdt

¼ lim
T!1

1

2T

� �
A

2πfc
sin 2πfcT + θð Þ�sin 2πfc �Tð Þ + θð Þð Þ

¼ lim
T!1

1

2T

� �
A

2πfc
2 sin 2πfcTð Þ cosθð Þ¼ 0

x tð Þx t� τð Þh i¼ lim
T!1

1

2T

� �ðT
�T

x tð Þx t� τð Þdt

¼ lim
T!1

1

2T

� �ðT
�T

Acos 2πfct + θð ÞAcos 2πfc t� τð Þ + θð Þdt

¼ lim
T!1

A2

4T

� �ðT
�T

cos 4πfct�2πfcτ + 2θð Þ + cos 2πfcτð Þð Þdt

¼A2

2
cos 2πfcτð Þ

We showed that the time-averaged mean and autocorrelation functions are identical with the

ensemble-averaged mean and autocorrelation functions and hence the random process is ergo-

dic in wide-sense.

4.3.5 Power Spectral Density

To analyze deterministic time-domain signals in the frequency domain, we use

the Fourier transform. In case of random processes, we could use the Fourier

transformof a sample function; however, a single sample function in general falls
short of being a representative of the whole ensemble of sample functions in a

random process. A random process is a collection of sample functions, and the

spectral characteristics of these signals determine the spectral characteristics of
the random process. A statistical average of the sample functions is thus a more

meaningful measure to reflect the spectral components of the random signal.
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For wide-sense stationary processes, the autocorrelation function is an appro-

priate measure for the average rate of change of a random process. Figure 4.15
shows two sets of sample functions for slowly-varying and rapidly-varying

wide-sense stationary random processes, and their representative autocorrela-

tion functions. If the random signals are slowly time-varying, then the random
process will mostly possess low frequencies and its power will be mostly con-

centrated at low frequencies. For such signals, the autocorrelation function is

long in duration, and decreases slowly as the time difference between two sam-
ples is increased. On the other hand, if the random signals change very fast,

then most power in the random process will be at high frequencies. For such

signals, the autocorrelation function is short in duration, and decreases rapidly
as the time difference between two samples is increased.

(a)

(b)

(c)

FIGURE 4.15 (a) Slowly-fluctuating random processes; (b) rapidly-fluctuating random processes; and

(c) autocorrelation functions of slowly and rapidly fluctuating processes.

1934.3 Random Processes



We now define the power spectral density or power spectrum of a random process

which determines the distribution of the power of the random process at
different frequencies. The power spectral density of a random process X(t) is

denoted by SX(f) and is measured by Watts per Hertz (W/Hz). Wiener-

Khintchine theorem states that the power spectral density of a wide-sense
stationary process and its autocorrelation function form a Fourier transform

pair, as given by

SX fð Þ¼ F RX τð Þ½ 
 ¼
ð1
�1

RX τð Þe�j2πf τdτ

RX τð Þ¼ F�1 SX fð Þ½ 
 ¼
ð1
�1

SX fð Þej2πf τdf
(4.50)

The power spectral density of a wide-sense stationary random process is always
real, nonnegative, and for a real-valued random process, it is an even function

of frequency.

The mean-square value of a wide-sense stationary process equals the total area

under the graph of the power spectral density (i.e., to determine the total

power, integrate the power spectral density over all frequencies), which in turn
results in RX(0), we thus have:

E X2 tð Þ	 
¼ ð1
�1

SX fð Þdf ¼RX 0ð Þ (4.51)

The zero-frequency value of the spectral density of a wide-sense stationary ran-
dom process equals the total area under the graph of the autocorrelation func-

tion, i.e., we have:

SX 0ð Þ¼
ð1
�1

RX τð Þdτ (4.52)

EXAMPLE 4.34

Suppose X(t) and Y(t) are uncorrelated, zero-mean, wide-sense stationary random processes. If

Z tð Þ¼ X tð Þ + Y tð Þ; then determine the power spectral density of Z(t).

Solution
Using (4.47), we have:

RZ τð Þ¼E Z tð ÞZ t + τð Þ½ 
 ¼E X tð Þ + Y tð Þð Þ X t + τð Þ + Y t + τð Þð Þ½ 
 ¼RX τð Þ +RY τð Þ +RXY τð Þ +RYX τð Þ

Since X(t) and Y(t) are uncorrelated, we have:

RXY τð Þ¼ E X tð Þ½ 
E Y t + τð Þ½ 
 ¼RYX �τð Þ
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Since X(t) and Y(t) are zero-mean, their cross-correlation functions are zero (i.e., RXY τð Þ¼ 0), we

thus have:

RZ τð Þ¼RX τð Þ +RY τð Þ

Noting that the Fourier transform is a linear operation, then by using (4.50), we can obtain the

following:

SZ fð Þ¼SX fð Þ +SY fð Þ

EXAMPLE 4.35

Let X tð Þ¼A cos 2πt + θð Þ, where θ is uniformly distributed in the interval [0, 2π]. Find its power

spectral density and the total power.

Solution
Using (4.45) and also a trigonometric identity, we have:

RX t1, t2ð Þ¼E X t1ð ÞX t2ð Þ½ 
 ¼E A cos 2πt1 + θð ÞAcos 2πt2 + θð Þ½ 

¼A2

2
E cos 2πt1 + 2πt2 + 2θð Þ + cos 2πt1�2πt2ð Þ½ 
 ¼A2

2
cos 2πτð Þ

Using (4.50), we get:

SX fð Þ¼A2

4
δ f + 1ð Þ + δ f�1ð Þð Þ

Using (4.51) and noting X(t) has a zero mean, we can obtain the total power P as follows:

P¼RX 0ð Þ¼
ð1
�1

SX fð Þdf¼A2

2

4.3.6 Response of Linear Time-Invariant Systems to
Random Processes

Suppose awide-sense stationary randomprocess X(t) is applied to a linear time-
invariant (LTI) system whose impulse response is h(t) and frequency response

is H(f), the system output is then a wide-sense stationary random process Y(t).

The mean of the output random process Y(t), which is equal to the mean of the
input random process X(t) multiplied by the DC response of the system, is as

follows:

E Y tð Þ½ 
 ¼E X tð Þ½ 

ð1
�1

h sð Þds¼ E X tð Þ½ 
H 0ð Þ (4.53)

Based on (4.53), if the system is not a lowpass filter or the input is a zero-mean

random process, the output process is then zero-mean. The power spectral
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density of the output random process Y(t) is equal to the power spectral density of

the input X(t) multiplied by the squared magnitude of the transfer function
H(f) of the system, hence we have:

SY fð Þ¼ jH fð Þj2 SX fð Þ (4.54)

As reflected in (4.54), the system phase response has no bearing on the output
power spectral density. Note that the autocorrelation function of the output can

be easily found through the inverse Fourier transform of the power spectral

density of the output.

EXAMPLE 4.36

The power spectral density of a zero-mean wide-sense stationary random process is the constant

N0/2. This random process is passed through an ideal lowpass filter whose bandwidth is B Hz.

Determine the autocorrelation function of the output, and the instants of time for which the sam-

ples of the output signal are uncorrelated.

Solution
Using (4.54), we get:

SY fð Þ¼ jH fð Þj2 SX fð Þ¼ jH 0ð Þj2 N0

2

� �
, 0� fj j �B

0, otherwise

8><>:
The inverse Fourier transform of the output power spectral density gives rise to the output auto-

correlation function, hence:

RY τð Þ¼ jH 0ð Þj2BN0 sinc 2Bτð Þ

Using (4.53) and noting the input mean is zero, the output mean is also zero. Using (4.48), we have

uncorrelated samples at the output, if we have the following:

RY τð Þ¼ jH 0ð Þj2BN0
sin 2πBτð Þ

2πBτð Þ
� �

¼ 0

which means
sin 2πBτð Þ

2πBτð Þ ¼ 0; or equivalently, we have 2πBτ¼ πk, or τ¼ k

2B
, where k¼�1, �2, . . ..

EXAMPLE 4.37

Suppose we have Y tð Þ¼AX tð Þcos 2πt + θð Þ, where the amplitude A is a known constant, X(t) is a

wide-sense stationary random process, and θ is a uniform random variable in the interval

[0, 2π]. Moreover X(t) and θ are assumed to be independent. Determine the power spectral density

of Y(t) in terms of the power spectral density of X(t).

Solution
Using (4.45) and also a trigonometric identity, and noting X(t) and θ are independent, we get the

following:
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RY τð Þ¼E Y t + τð ÞY tð Þ½ 
 ¼E AX t + τð Þcos 2πt + 2πτ + θð ÞAX tð Þcos 2πt + θð Þ½ 

¼ 0:5A2RX τð ÞE cos 2πτð Þ + cos 4πt + 2πτ + 2θð Þ½ 
 ¼A2

2
RX τð Þ cos 2πτð Þ

We now find the Fourier transform of RY(τ), noting multiplication in one domain requires convo-

lution in the other, the power spectral density of the output is then as follows:

SY fð Þ¼A2

2
F RX τð Þ½ 
 �F cos 2πτð Þ½ 
 ¼ A2

2
SX fð Þ � 1

2
δ f�1ð Þ + δ f + 1ð Þð Þ

� �
where * denotes the convolution operation. After carrying out the convolution operation, we then

obtain the following:

SY fð Þ¼A2

4
SX f�1ð Þ +SX f + 1ð Þð Þ:

When a random process is transmitted through a linear system, the first two

moments—mean, as well as autocorrelation and covariance functions—can
generally provide an adequate statistical characterization of the system. How-

ever, when the system is nonlinear, valuable information may be contained in

higher-order moments of the resulting random process.

4.3.7 Gaussian Random Process

The Gaussian random process makes mathematical analysis simple and ana-
lytic results possible. Moreover, due to the central limit theorem, a Gaussian

random process is an appropriate model to describe many different physical

phenomena, such as noise in a communication system. A random process
X(t) is aGaussian random process if the samples X(t1), X(t2), . . ., X(tk) are jointly

Gaussian random variables for all k, and all choices of t1, t2, . . ., tk. The joint pdf

of Gaussian random variables is determined by the vector ofmeans and a covari-
ance matrix. For a Gaussian random process X(t), the joint pdf of two random

variables resulting from samplingX(t), i.e.,X(t1),X(t2), is completely specified by

the set of means mX(t) and the set of autocovariance functions CX(t1, t2).
A Gaussian process has some interesting properties, but they are not true in gen-

eral for random variables that are not jointly Gaussian, they are as follows:

n The Gaussian process provides a good mathematical model for many

physically-observed random phenomena.
n The Gaussian randomprocess fromwhich Gaussian random variables are

derived can be completely specified, in a statistical sense, from all first and

second moments only.
n If a Gaussian random process X(t) is the input to a linear system, then the

output Y(t) is also a Gaussian random process, and X(t) and Y(t) are

jointly Gaussian processes.
n If a Gaussian random process satisfies the conditions for wide-sense

stationary, then the process is also strictly stationary.
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n If a Gaussian random process is stationary, then it is also ergodic.

n If the set of random variables obtained by sampling a Gaussian random

process are all uncorrelated, the set of random variables are then
statistically independent.

n If the joint pdf of the random variables resulting from sampling the
random process is Gaussian, then the resulting marginal densities and

conditional densities are all individually Gaussian.

n Linear transformation of a set of Gaussian random variables, obtained by
sampling a Gaussian random process, produces another set of Gaussian

random variables.

n The linear combination of jointly Gaussian variables, resulting from
sampling the random process, is also jointly Gaussian.

n For Gaussian random variables, nonlinear and linear mean-square

estimates are identical.
n In system analysis, the Gaussian process is often the only one for which a

complete statistical analysis can be carried out.

EXAMPLE 4.38

A stationary Gaussian random process X(t) with zero-mean and power spectral density SX(f) is

applied to a linear filter whose impulse response h(t) is as follows:

h tð Þ¼
1

T
, 0< t< T

0, otherwise

8><>:
A sample Y is taken of the random process at the filter output at time T. Determine the mean,

variance, and pdf of the random variable Y.

Solution
Since h(t) is a linear filter, the output Y(t) is also a Gaussian random process, and a sample at time

T is a Gaussian random variable. Also, the frequency response H(f) is as follows:

H fð Þ¼
ð1
�1

h tð Þexp �j2πftð Þdt¼ 1

T

� �ðT
0
exp �j2πftð Þdt¼ sinc fTð Þexp �jπfTð Þ

Using (4.53), we have

E Y½ 
 ¼E X½ 
H 0ð Þ¼ 0

Using (4.27), (4.51), and (4.54), we then have:

σ2Y ¼E Y2
	 
� E Y½ 
ð Þ2 ¼E Y2

	 
¼ ð1
�1

jH fð Þj2SX fð Þdf¼
ð1
�1

SX fð Þ sinc2 fTð Þdf

The filter output is therefore Gaussian with a zero mean and a variance that is a function of input

power spectral density.
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4.3.8 Noise

Noise refers to the unwanted and ever-present time-varying waves that can
degrade the transmission of signals in communication systems. A major com-

munication design objective is to minimize the effect of noise. There are two

distinct categories of sources of noise, one is external to the system, such as
atmospheric noise and man-made noise, and the other is internal to the

system, such as the transmitting and receiving equipment causing shot and

thermal noise.

White noise is ideally defined as a wide-sense stationary random process n(t)

whose frequency components all appear with equal power. White noise is a
mathematical idealization and cannot exist as a physically realizable process.

The adjective white is used in the sense that white light contains equal amounts

of all frequencies within the visible frequency band. Since the power spectral
density of white noise is a constant for all frequencies, its autocorrelation func-

tion consists of a delta (impulse) function. The power spectral density and auto-

correlation functions of white noise, as shown in Figure 4.16, are as follows:

SN fð Þ¼N0

2

RN τð Þ¼N0

2
δ τð Þ

(4.55)

It is important to highlight that according to (4.55), any two different samples

of white noise—no matter how closely together in time they are taken—are

0

2

2

0

FIGURE 4.16 Power spectral density and autocorrelation function of white noise.
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uncorrelated. Strictly speaking, white noise has infinite average power and, as

such, it is not physically realizable. As long as the bandwidth of a noise process
at the input of a system is significantly larger than that of the system itself, the

noise process can be modeled as white noise.

EXAMPLE 4.39

Show that white noise is a zero-mean process.

Solution
The proof is by contradiction, in that we assumewhite noise n(t) is not a zero-mean process. To this

effect, it can be viewed as the sum of a zero-mean process nZ(t) and a constant K that represents

the mean of white noise, i.e., we have:

n tð Þ¼ nZ tð Þ +K
The autocorrelation function of n(t) is then as follows:

RN τð Þ¼E n tð Þn t + τð Þ½ 
 ¼E nZ tð Þ +Kð Þ nZ t + τð Þ +Kð Þ½ 

¼E nZ tð ÞnZ t + τð Þ½ 
 +K E nZt½ 
 +K E nZ t + τð Þ½ 
 +K2

¼RZ τð Þ + Kð Þ 0ð Þ + Kð Þ 0ð Þ +K2 ¼RZ τð Þ +K2

Using (4.55), we must then have the following:

RN τð Þ¼RZ τð Þ +K2 ¼N0

2
δ τð Þ

We thus conclude that we must have K2 ¼ 0, i.e., K¼ 0.

It is of great importance to note that noise in a communication system is gen-

erally assumed to be stationary, zero-mean, additive white Gaussian noise

(AWGN). Any two samples of white Gaussian noise, no matter how closely
together in time they are taken, are thus statistically independent. In a sense,

white Gaussian noise represents the ultimate in randomness.

EXAMPLE 4.40

A linear time-invariant systemworks as a differentiator (i.e., its output is the derivative of its input).

Determine the power spectral density of the output signal, if the input signal is an idealized

white noise.

Solution
The frequency response of a differentiator is a linear function of frequency, and is thus as follows:

H fð Þ¼ j2πf

Using (4.54) and (4.55), we have:

SY fð Þ¼ jH fð Þj2SX fð Þ¼ 2πfð Þ2N0

2
¼ 2π2N0f

2
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4.3.9 Narrowband Bandpass Noise

In a communication receiver, a bandpass filter is generally employed as part of
the demodulation process. The noise n(t) at the output of such a filter is known

as narrowband bandpass noise. This filtered noise is a bandpass process whose

power spectral density is mainly concentrated around some frequency fc with a
bandwidth of 2WHz. To assess the impact of narrowband noise on the perfor-

mance of a communication system, the narrowband bandpass noise is repre-

sented in the following two ways:

n tð Þ¼ nI tð Þcos 2πfctð Þ�nQ tð Þsin 2πfctð Þ

n tð Þ¼R tð Þcos 2πfct + θ tð Þð Þ
(4.56)

where nI(t) and nQ(t) are the lowpass in-phase and quadrature components,

respectively, and R tð Þ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nI tð Þð Þ2 + nQ tð Þð Þ2

q
and θ tð Þ¼ tan�1 nQ tð Þ

nI tð Þ
� �

are the

lowpass envelope and phase components, respectively. Figure 4.17 shows

extraction of nI(t) and nQ(t) from n(t) and generation of n(t) from nI(t) and
nQ(t). If n(t) is filtered white Gaussian noise, the in-phase component nI(t)

and the quadrature component nQ(t) are then zero-mean jointly Gaussian.

As shown in Figure 4.18, nI(t) and nQ(t) have the same power spectral density,
and are as follows:

SNI
fð Þ¼ SNQ

fð Þ¼ SN f + fcð Þ+ SN f � fcð Þ, fj j �W
0, otherwise

�
(4.57)

nI(t) and nQ(t) components are uncorrelated with each other, and assuming

SN(f) is symmetric around the mid-frequency fc, nI(t) and nQ(t) components
are statistically independent. When n(t) is a Gaussian zero-mean random pro-

cess, then R(t) is Rayleigh-distributed and θ(t) is uniformly-distributed.

Low-pass
filter 

Low-pass
filter

(a)

+

(b)

+

−

FIGURE 4.17 (a) Extraction of in-phase and quadrature components and (b) generation of narrowband

bandpass process.
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EXAMPLE 4.41

Suppose a white Gaussian noise process of zero-mean and power spectral density
N0

2
is passed

through an ideal narrowband bandpass filter. Determine the statistical characteristics of the

in-phase and quadrature components of the filter output.

Solution
The filter output is a narrowband Gaussian process n(t) with zero-mean and power spectral den-

sity as shown in Figure 4.18. Using (4.57), the power spectral density of the lowpass in-phase and

quadrature components is symmetric around zero. Figure 4.18 indicates that the processes n(t),

nI(t) and nQ(t) have a common variance 2N0W. Hence, the pdfs of the zero-mean Gaussian random

variables nI(t) and nQ(t), at some fixed time t¼ t1, are, respectively, as follows:

fNI tð Þ nI t1ð Þð Þ¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
πN0W

p
� �

exp �n2I t1ð Þ
4N0W

� �
fNQ tð Þ nQ t1ð Þð Þ¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
πN0W

p
� �

exp �n2Q t1ð Þ
4N0W

� �

It is important to note that when the input to a filter is a white Gaussian noise,
the output will still be Gaussian, but no longer white. As discussed in Chapter-

3, the noise equivalent bandwidth of a nonideal filter, whose input is white

noise, is defined as follows:

0–W W

(b)

2

0 – W+ W− W

(a)

FIGURE 4.18 (a) Power spectral density of bandpass white noise and (b) power spectral density of in-

phase and quadrature components.
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BNEB ¼

ð1
0

jH fð Þj2df
H2

max

(4.58)

where H(f) represents the transfer function of the filter and Hmax denotes the
maximum value of jH(f)j in the passband frequencies of the filter. The equiv-

alent noise bandwidth of a commercial filter is generally provided by the

manufacturer.

EXAMPLE 4.42

Determine the noise equivalent bandwidth of a first-order lowpass RC filter.

Solution
The transfer function of the filter and its magnitude response are as follows:

H fð Þ¼ 1

1 + j2πfRC

and

H fð Þj j ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + 2πfRCð Þ2

q
Noting H2

max ¼ 1 and using (4.58), we thus obtain BNEB ¼ 1

4RC
.

4.3.10 Sampling Theorem of Random Signals

Sampling is an indispensable signal-processing tool to bridge between
continuous-time signals and discrete-time signals and, in turn, paves the way

for digital signal processing and transmission. A wide-sense stationary process

X(t) is called band-limited if its power spectral density vanishes for frequencies
beyond a specific frequency W and it has finite power, as shown below:

SX fð Þ¼ 0, fj j>W

RX 0ð Þ<1
(4.59)

X(t) can be reconstructed from the sequence of its samples taken at a minimum

rate of twice the highest frequency component (i.e., 2WÞ. The sampled version

of the process equals the original in the mean-square sense for all time t, and it
is as follows:

bX tð Þ¼
X1

n¼�1
X

n

2W

� �
sinc 2Wt�nð Þ, �1< t<1 (4.60)

where X n
2W

� �
is the random variable obtained by sampling the process X(t) at

t¼ n
2W. It can be shown that themean-square error between the original process

and the sampled version is zero, i.e., we have the following:

e2 ¼ E X tð Þ� bX tð Þ
� �2� �

¼ 0 (4.61)
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Suppose we have SX fð Þ 6¼ 0; for fj j>W, i.e., X(t) is not band-limited toWHz. If

X(t) is applied to an ideal lowpass filter whose bandwidth is W Hz and the
resulting output Y(t) is sampled at a rate equal to 2W, then the resulting

mean-square error between the original (unfiltered) signal X(t) and the sam-

pled version Ŷ(t) is as follows:

e2 ¼ E X tð Þ� bY tð Þ
� �2� �

¼ 2

ð1
W

SX fð Þdf 6¼ 0 (4.62)

EXAMPLE 4.43

The power spectral density of a wide-sense stationary random process is as follows:

SX fð Þ¼
�10�12 fj j + 10�6, fj j � 106

0, otherwise

8<:
The signal is passed through an ideal lowpass filter whose bandwidth is W Hz, and its output is

then sampled at 2W Hz. Determine the mean-square value of the sampling error for a)W ¼ 1 MHz

and b) W ¼ 500 kHz.

Solution
This problem highlights the relationship between the bandwidth of a random signal and the sam-

pling rate.

(a) Using (4.61), we have e2 ¼ 0, as the sampling rate is twice the highest frequency

component.

(b) Since the sampling rate is not high enough, we must use (4.62) to find the

mean-square error:

e2 ¼ 2

ð106
106

2

�10�12f + 10�6
� �

df¼ 0:25:

Summary and Sources

In this chapter, we first introduced the basic concept of probabilities of random
events, the conditional probability, which quantifies the effect of partial knowl-

edge about the outcome of an event, and Bayes’ rule, which gives the a poster-

iori probability of an event given that another event has occurred. The
discussion of a single random variable was extended to two random variables,

definitions of independent, uncorrelated, and orthogonal random variables

were provided, and the jointly Gaussian random variables and the central limit
theorem were introduced. We also developed models and procedures for char-

acterizing random processes, highlighted the basic connection between the
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concept of a random process and the concept of a random variable, and intro-

duced statistical averages, stationary processes, and ergodic processes. After
introducing the Gaussian random process and its features, we characterized

noise encountered in communication systems. The knowledge gained in this

chapter will be utilized in the following chapters to assess digital communica-
tion systems with nondeterministic imperfections.

There are many good books on probability and statistics, and there are few
good books on random processes. However, the book by Leon-Garcia [1] is

one of the best books which covers probability, random variables, and stochas-

tic processes very well, not only with a clear emphasis on electrical engineering
applications, but with a focus on communications as well. There are other

excellent books in the area that have been widely used during the past decades,

including the widely-known book by Papoulis and Pillai [2]. Of course, there
are other good sources which also deal with various aspects of random variables

and random processes [3–11].

[1] Leon-Garcia, Probability, Statistics, and Random Processes for Electrical Engineering, third ed.,
Pearson, ISBN: 978-0-13-147122-1, 2008.

[2] Papoulis and S.U. Pillai, Probability, Random Variables and Stochastic Processes, fourth ed.,

McGraw-Hill, ISBN: 0-07-112256-7, 2002.

[3] W.L. Root andW.B. Davenport,An Introduction to the Theory of Random Signals andNoise,Wiley-

IEEE Press, ISBN: 978-0-87942-235-6, 1987.

[4] G.R. Cooper and C.D. McGillem, Probabilistic Methods of Signal and System Analysis, third ed.,

Oxford University, ISBN: 0195123549, 1998.

[5] R.A. Johnson, Probability and Statistics for Engineers, eighth ed., Prentice Hall, ISBN: 978-0-321-

64077-2, 2011.

[6] T.L. Fine, Probability and Probabilistic Reasoning for Electrical Engineering, Pearson, ISBN: 0-13-

020591-5, 2006.

[7] H.P. Hsu, Probability, Random Variables, and Random Processes, McGraw-Hill, ISBN: 0-07-
030644-3, 1996.

[8] A.H. Haddad, Probabilistic Systems and Random Signals, Pearson, ISBN: 0-13-009455-2, 2006.

[9] M.R. Spiegel, Probability and Statistics, McGraw-Hill, ISBN: 0-07-060220-4, 1975.

[10] R.L. Scheaffer and L.J. Young, Introduction to Probability and its Applications, third ed., Cengage
Learning, ISBN: 978-0-534-38671-9, 2010.

[11] S. Kay, Intuitive Probability and Random Processes Using MATLAB, Springer, ISBN: 978-0-387-

24157-9, 2006.

Problems
4.1 Given that P Að Þ¼ 0:9, P Bð Þ¼ 0:8, and P A \Bð Þ¼ 0:7, determine P Ac \ Bcð Þ.

Note that Ac and Bc are the complements of A and B, respectively.

4.2 An experiment consists of rolling three fair six-sided dice at the same

time. EventG is when the sumof the dots shown on the three dice is equal to 16.

Find the probability of event G.
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4.3 Consider rolling a single fair die, and define two events H¼ 1, 2, 3, 4f g and

J¼ 3, 4, 5f g. Are events H and J mutually exclusive? Are they statistically

independent?

4.4 There are two identical bags. In each bag, there are 10 balls, numbered

from 1 to 10. We randomly pick a ball from each bag. Determine the probability

that the product of the two numbers on the two balls, picked from the two

bags, is a multiple of 3.

4.5 Two numbers x and y are selected at random between 0 and 2. Let events

A, B, and C be defined as follows: A¼ 1< x< 2f g, B¼ 1< y< 2f g, and
C¼ x> yf g: Are there any two events which are statistically independent?

4.6 Assuming there are n events A1,A2, . . ., An, write an expression to show when

they are mutually exclusive events, and an expression to show when they

are statistically independent events.

4.7 Suppose all four ways a family can have two children are equally likely.

Let event A be a family with two children, but at least one is a girl, and event

C be with two girls. Are events A and C statistically independent?

4.8 There are four devices, but one of them is defective. Two, one after the other,

are to be selected at random for use. Find the probability that the second

device selected is not defective, given that the first one was not defective.

4.9 The manufacturers A, B, and C have records of providing products with 10%,

5%, and 20% defective rates, respectively. Suppose 20%, 35%, and 45% of

the current supply came from the manufacturers A, B, and C, respectively.

If a randomly selected product is defective, what is the probability that it

comes from the manufacturer B?

4.10 Suppose that 10% of all used computers need repairs. If four computers

are randomly selected, find the probability that at least one computer in the

sample of four is defective.

4.11 In pulse code modulation, to combat the accumulation of noise and distortion,

regenerative repeaters are used to make decisions on bits. Consider a

pulse code modulation system with k� 1 regenerative repeaters in series.

Suppose the average probability of error incurred in each regeneration

process is p. Assuming kp� 1, approximate the average probability of error for

the entire end-to-end channel. Note that a bit is detected correctly over the

entire channel, consisting of k regenerative repeaters, if either the bit is

detected correctly over every link or errors on a bit are made over an even

number of links only.

4.12 A system consists of n subsystems in series. Each of the n subsystems

consists of parallel components, where the first subsystem consists of n1
parallel components, the second subsystem consists of n2 parallel
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components, and finally the nth subsystem consists of nn parallel components.

Assume that the probability of failure of a component is p and the components

fail independently. Note that n, n1, n2, . . ., nn are all positive integers and may

be different from one another. Find the probability that the system functions.

4.13 A system consists of m subsystems in parallel. Each of the m subsystems

consists of components in series, where the first subsystem consists of m1

components in series, the second subsystem consists of m2 components in

series, and finally the mth subsystem consists of mm components in series.

Assume that the probability of failure of a component is p and the components

fail independently. Note that m, m1, m2, . . ., mm are all positive integers and

may be different from one another. Find the probability that the system fails.

4.14 There are two urns. The first urn contains ten black and five white balls,

whereas the second one contains three black and three white balls. If a ball

selected at random from one of the urns is white, then determine the

probability that it was drawn from the first urn.

4.15 Noting that n and r are both positive integers and n� r, the following table

shows the formulas for permutations (i.e., the number of ordered selections of

r elements from a set with n elements) and combinations (i.e., the number of

unordered selections of r elements from a set with n elements), with and

without repetition (replacement) of elements. Note that once an element is

randomly picked with repetition, it is put back with the other elements and

there is therefore a chance that it can be picked again. However, with no

repetition (replacement), after an element is randomly picked, it is put aside

and there is therefore no chance at all that it can be picked again.

As a particular case, suppose there are 7 balls in an urn, numbered from 1 to 7

inclusive, and two balls from the urn are randomly picked, one after the other

one, i.e., n¼ 7 and r¼ 2. Determine the number of permutations and combi-

nations that two balls can be picked, with and without replacement (repetition).

4.16 This problem is widely known as Monty Hall problem. You are on a game

show and you are given the choice of three doors and you will win what is

behind your chosen door. Behind one door is a valuable prize, but behind the

Type Repetition Allowed? Formula

r-permutations No n!

n� rð Þ!
r-combinations No

n!

r! n� rð Þ!
r-permutations Yes nr

r-combinations Yes
n+ r�1ð Þ!
r! n�1ð Þ!
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other two are worthless prizes. All prizes are placed randomly behind the

doors before the show starts.

The rules of the game show are as follows: After you have chosen a door,

the door remains closed for the time being. The game show host, who

knows what is behind each door, now has to open one of the two remaining

doors, and the door he opens must have a worthless prize behind it. If both

remaining doors have worthless prizes behind them, he chooses one at

random. After the host opens a door with a worthless prize, he will ask you

to decide whether you want to stay with your first original door or to switch

to the other closed door. In order to win the valuable prize, is it better for

you to stay or to switch?

4.17 A Bayesian spam filter uses information about previously seen e-mails to

guess whether an incoming e-mail is spam (an unwanted and unsolicited

message). For a particular word or expression x, the probability that x appears

in a spam e-mail is estimated by determining the ratio of the number of

spam e-mails in which x appears to the number of spam e-mails. Also, the

probability that x appears in a non-spam e-mail is estimated by determining

the ratio of the number of non-spam e-mails in which x appears to the

number of non-spam e-mails. A spam filter sometimes fails to identify a spam

e-mail as spam, this is called a false negative, and it sometimes identifies

an e-mail that is not spam as spam, this is called a false positive. The filter

rejects an e-mail as spam if the probability of spam e-mail given it contains

the word x is greater than the threshold 0< η< 1.

As a particular case, suppose the word “account” occurs in 500 of 4000 e-mail

messages known to be spam and in 50 of 10000 e-mail messages known

not to be spam, and the probability of a spam e-mail is 0.5, if the threshold

is 0.9, will the spam filter reject such e-mails as spam?

4.18 This problem is known as false positives on diagnostic tests. Let event A be

that the tested person has the disease (Ā is its complement). Let event B

denote that the test result is positive. Suppose P(B/A), the probability of having

a positive test result given the person has the disease, P B=A
�

), the probability

of having a positive test result given the person does not have the disease,

and P(A), the probability that the tested person has the disease, are all known.

The goal is to determine the probability that a person has the disease given

that the test result is positive.

As a particular case, suppose we have P B=Að Þ¼ 0:999, P B=A
� �¼ 0:005 and

P Að Þ¼ 0:001, determine the probability that a person has the disease given

that the test result is positive.

4.19 This problem is known as how-to-make-the-best-choice. You are faced with

a choice among n candidates who present themselves for evaluation in random
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order. How do you choose among them, or in probabilistic terms, what

decision rule should you use to maximize the probability of choosing the best

candidate? Note that the basic assumptions are as follows: i) you view

candidates one at a time sequentially, and assign a score of xi to the candidate,

where i¼ 1, . . . , n, ii) no two candidates have the same score, i.e., P xi ¼ xj
� �¼ 0

for i 6¼ j, iii) you wish to select the candidate with the highest score in x1, x2, . . .,

xn, iv) it is necessary to come to a decision, whether to choose or reject each

candidate immediately after the individual evaluation has been performed,

and once made, that decision to accept or reject is final and absolute, i.e., you

cannot go back in time, v) the order of arrival of candidates is random, and

vi) if you have not made a decision by the time you view the nth candidate,

i.e., the last candidate, you must then choose that last candidate. Consult

the Internet to find the strategy as how to make the best choice.

As a particular case, suppose there are three candidates with three

different scores, what is the strategy to make the best choice?

4.20 Algorithms that make random choices at one or more steps are called

probabilistic algorithms. A particular class of probabilistic algorithms is Monte

Carlo algorithms. Monte Carlo algorithms always produce answers to decision

problems, but a small probability remains that these answers may be incorrect.

A Monte Carlo algorithm uses a sequence of tests and the probability that the

algorithm answers the decision problem correctly increases as more tests are

carried out. Suppose there are n� 0 items in a batch and the probability that

an item is defective is pwhen random testing is done. To decide all itemsare good,

n tests are required to guarantee that none of the items are defective. However,

a Monte Carlo algorithm can determine whether all items are good as long as

some probability of error is acceptable.

A Monte Carlo algorithm proceeds by successively selecting items at random

and testing them one by one, where the maximum number of items being

tested is a pre-determined k� n. When a defective item is encountered, the

algorithm stops to indicate that out of the n items in a batch, there is at least

one defective. If a tested item is good, the algorithm goes on to the next item.

If after testing k items, no defective item is found, the algorithm concludes that

all n items are good, but with a modest probability of error which is independent

of n. Assuming the events of testing different items are independent, determine

that the probability not even one item is defective after testing k items. Analyze

the impact of n, k, and p on the probability of finding not even a defective item.

As a particular case, suppose there are ten million IC chips made in a factory,

where the probability that an IC chip is in a perfect condition is 0.99. Based

on the Monte Carlo algorithm, determine the minimum number of IC chips

which need to be tested so the probability of finding not even a defective IC

chip among those tested is less than one in a million.
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4.21 Noting the mode of a random variable X is defined to be the most probable

value of X, i.e., the value x at which the pdf of X achieves its maximum,

determine the mode of a Rayleigh random variable.

4.22 Noting the median of a random variable X is defined to be the value x for

which the probability below it is the same as the probability above it, i.e.,

the value x which divides the area under the pdf into two halves, determine

the median of an exponential random variable.

4.23 Determine the variance, mean, median, and mode of a Gaussian random

variable.

4.24 Determine the mean and variance of a continuous uniform random variable.

4.25 Determine the mean and variance of a Bernoulli random variable.

4.26 Determine the mean and variance of a binomial random variable.

4.27 Determine the probability of the first error occurring at the 10,000th

transmission in a digital transmission system where the average probability

of error is one in a billion.

4.28 Suppose X is a Gaussian random variable with a mean of 4 and a variance

of 9. Using the Q-function, determine P 0< X� 9ð Þ:
4.29 Suppose the random variable X is uniformly distributed between 0 and 1

with probability 0.25, takes on the value of 1 with probability p, and is uniformly

distributed between 1 and 2 with probability 0.5. Determine p as well as the pdf

and cdf of the random variable X.

4.30 Assume 10,000 bits are independently transmitted over a channel in which

the bit error rate (probability of an erroneous bit) is 0.0001. Using the

binomial distribution, calculate the probability when the total number of

errors is less than or equal to 2.

4.31 The variance of a discrete uniform random variable Z, which takes on values in a

set of n consecutive integers, is 4. Determine the mean of this random variable.

4.32 Assuming X is a discrete random variable whose pmf is as follows:

p X¼ 0ð Þ¼ 0:2, p X¼ 1ð Þ¼ 0:3, p X¼ 2ð Þ¼ 0:4 and p X¼ 3ð Þ¼ 0:1. Determine

the mean and variance of X.

4.33 Let X be the number of dots shown on a fair six-sided die. If the random

variable Y is defined as Y ¼ X + X2, then determine the pmf of Y, and also

determine P 10< Y � 24ð Þ.
4.34 Let Y be the sum of the dots shown on a pair of fair six-sided dice.

Determine the pmf of Y and its mean. Also, determine the conditional pdf

given that 5� Y � 9 and the mean of this conditional pdf.
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4.35 The pdf of a Gaussian variable X is given by fX xð Þ¼Ke�
x�4ð Þ2
18 . Find the value

of K and determine the probability of X to be negative.

4.36 Determine the constant c if the cdf of the continuous random variable X is

as follows:

FX xð Þ¼
0,
cx2,
1,

x� 0
0< x� 1
x> 1

8<:
Determine the pdf of X, i.e., fX(x), and also P 0:1< X� 0:4ð Þ.

4.37 Consider a random variable X whose pdf is fX xð Þ¼ 2e�b xj j, where �1< x<1
and b> 0. Determine b and find P 1< X� 2ð Þ.

4.38 Prove the exponential random variable satisfies the memoryless property,

i.e., prove that P X> t + hð Þ=X> t
¼P½X> h½ 
, for h> 0.

4.39 Suppose X is a random variable whose pdf is defined as follows:

fX xð Þ¼ 2x

9

� �
u xð Þ�u x�3ð Þð Þ

where u(.) is a unit step function. Determine the conditional pdf fX x=1< X� 2ð Þ
as well as its mean.

4.40 Let X be a Gaussian random variable whose mean is m and variance is σ2.

Determine the expected value of X given that X< b, i.e., E X=X< b½ 
, where b is a
known constant.

4.41 Determine E X=X> 0:5½ 
, if the random variable X has the following pdf:

fX xð Þ¼ � xj j + 1,
0,

0< x� 1

elsewhere

(

4.42 In a binary transmission system, 0’s and 1’s are equally-likely to be

transmitted, and the symbol 0 is represented by �1 and the symbol 1 is

represented by + 1. The channel introduces additive zero-mean unit-variance

Gaussian noise. As a result, there are erroneous bits at the receiver.

Determine (i.e., write the integral expression for) the average probability of

bit error (bit error rate).

4.43 A source of noise in a communication system is modeled as a

Gaussian random variable with zero-mean unit-variance. Determine the

probability that the value of the noise exceeds 1. Given that the value of

the noise is positive, determine the probability that the value of the noise

exceeds 1.
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4.44 The input X to a communication channel takes values 1 or �1 with equal

probabilities. The output of the channel is given by Y ¼ X +N, where N is a zero-

mean, unit-variance Gaussian random variable. Determine P X¼ 1=Y > 0ð Þ.
4.45 Let X be a Gaussian random variable whose mean is zero and variance is σ2.

Determine the expected value and the variance of X given that X> 0.

4.46 A random variable has a zero-mean, unit-variance Gaussian distribution.

A constant 1 is added to this random variable. Determine the probability that

the average of two independent measurements of this composite signal is

negative.

4.47 The mean of the random variable Y is twice the mean of the random variable

X, and the standard deviation of Y is twice that of X. If Y ¼ aX + b, then

determine the values of the constants a and b.

4.48 The number of phone calls made by a cell-phone user during a day is a random

variable. The mean and the variance of this random variable are 15 and 9,

respectively. Using the Chebyshev inequality, estimate the probability that the

number of calls is more than 5 from the mean.

4.49 Suppose the pdf of the random variable X is an even function and we also

have the random variable Y ¼ X4. Are X and Y correlated? Are X and Y

statistically independent?

4.50 Let X and Y be a pair of two random variables. Show that we have

E XY½ 
ð Þ2 �E X2
	 


E Y2
	 


Note that this is known as the Cauchy-Schwarz inequality.

4.51 Assuming that X is a Gaussian random variable whose mean is 3 and variance

is 4, Y is a Gaussian random variable whose mean is �1 and variance is 2,

and X and Y are independent, determine the covariance of the two random

variables Z¼ X�Y and W ¼ 2X + 3Y .

4.52 AssumingΘ is a uniform random variable in the interval �π, π½ 
, and X¼ cosΘ,
determine the pdf of the random variable X.

4.53 Let the random variable Y be defined by Y ¼ aX + b, where X is a Gaussian

random variable whose mean is 5 and variance is 10, and a and b are both

known nonzero constants. Determine the mean and variance of Y, as well

as the probability of Y >�1.

4.54 X and Y are individually zero-mean unit-variance Gaussian random variables,

and they are also jointly Gaussian with ρ as the correlation coefficient.

Show the conditional pdf of X given Y ¼ y is Gaussian, and determine its

mean and variance.
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4.55 X and Y are two independent zero-mean unit-variance Gaussian random

variables. Determine the probability that X is positive and Y is negative,

i.e., P X> 0, Y < 0ð Þ.
4.56 The joint cdf of a pair of random variables (X, Y) is as follows:

FX,Y X, Yð Þ¼ 1�e�xð Þ 1�e�yð Þ for x� 0 and y� 0, and FX,Y X, Yð Þ¼ 0; otherwise.

Find the marginal cdf’s of X and Y, and determine P X> x, Y > yð Þ:
4.57 The joint pdf of a pair of random variables (X, Y) is as follows:

fX,Y x, yð Þ¼ 0:125 x + yð Þ, for 0< x� 2 and 0< y� 2, and fX,Y x, yð Þ¼ 0,

otherwise. Find the conditional pdf’s fY/X(y/x) and fX/Y(x/y), and determine

the conditional probability P 0< Y � 0:5=X¼ 1ð Þ.
4.58 Consider the joint pdf of a pair of random variables (X, Y) given by

fX,Y x, yð Þ¼K x + yð Þ, for 0< x� 1 and 0< y� 1, and fX,Y x, yð Þ¼ 0; otherwise.

Are X and Y statistically independent?

4.59 The joint pdf of a pair of random variables (X, Y) is given by fX,Y x, yð Þ¼ 2 for

0< y� x< 1, and fX,Y x, yð Þ¼ 0, otherwise. Find the conditional means

E Y=X¼ xð Þ and E X=Y ¼ yð Þ.
4.60 The joint pdf of a pair of random variables (X, Y) is given by fX,Y x, yð Þ¼ 1 for 0�

x� 1 and 0� y� 1, and fX,Y x, yð Þ¼ 0, otherwise. Are the random variables

X and Y statistically independent?

4.61 Let X and Y be statistically independent random variables, where their pdf’s

are as follows: fX xð Þ¼ 1 for 0< x� 1, and fX xð Þ¼ 0, otherwise, and fY yð Þ¼ e�y

for y� 0, and fY yð Þ¼ 0, otherwise. Assuming Z¼ X + Y , determine the

pdf of Z.

4.62 In a store, the purchases are independent and identically distributed

random variables with mean of $8 and standard deviation of $2. Estimate

the probability that the first 100 shoppers spend a total of $780 to $820.

4.63 Find the constant c such that the second moment of the difference of the

random variable Y and c, i.e., the mean square error E Y�cð Þ2	 

, is minimum.

4.64 Assume that we have a signal generator that can generate one of the six

possible sinusoids. The amplitude of all sinusoids is two, and the phase for all

of them is
π

4
, but the frequencies can be 10, 20, . . ., 60 kHz. We roll a fair

six-sided die, and depending on its outcome, as denoted by f, we generate

a sinusoidal signal whose frequency is 10000 times what the die shows.

Write the equation for this random process X(t).

4.65 Consider X tð Þ¼Acos 2πf0t + θð Þ, where the amplitude A and frequency f0 are

known constants, and θ denotes the random phase uniformly distributed

over the interval [0, π]. Is X(t) a wide-sense stationary random process?
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4.66 Show that the autocorrelation function RX(τ) of a wide-sense stationary

random process X(t) is an even function, i.e., RX τð Þ¼RX �τð Þ.
4.67 Show that the autocorrelation function RX(τ) of a wide-sense stationary

random process X(t) has its maximum value at τ¼ 0.

4.68 The autocorrelation function of a random signal is as follows:

RX τð Þ¼ exp �2 τj jð Þ. Determine its power spectral density.

4.69 Let X(t) be a zero-mean wide-sense stationary Gaussian random process

with the power spectral density SX fð Þ¼ 3

π2
for fj j � 500 Hz, and SX fð Þ¼ 0,

otherwise. Suppose X(t) is the input to a simple differentiator whose transfer

function is as follows: H fð Þ¼ j2πf. Determine the distribution of the output

process, its mean and variance.

4.70 Suppose the wide-sense stationary processes X(t) and Y(t) are related as

follows: Y tð Þ¼ X tð Þcos 2πfct + θð Þ�X tð Þsin 2πfct + θð Þ; where the frequency fc
is a constant and the initial phase θ, which is independent of X(t), is a

continuous uniform random variable over the interval [0, 2π]. Suppose SX(f),

the power spectral density of X(t), is band-limited to W Hz. Determine SY(f),

the power spectral density of Y(t), in terms of SX(f).

4.71 Let Y tð Þ¼ Acos 2πft + θð Þ +Asin 2πft + θð Þ, where the amplitude A and the

frequency f are both known constants and the initial phase θ is a uniform

random variable in the interval [0, 2π]. Determine the expected value and

variance of Y(t).

4.72 Suppose we have two random processes X tð Þ¼ cos t + θð Þ and Y tð Þ¼ sin t + θð Þ,
where θ is a uniform random variable over the interval [0, 2π]. Show that

RXY �τð Þ¼RYX τð Þ.
4.73 Let X(t) be a nonstationary Gaussian random process whose mean and

covariance function are as follows: mX tð Þ¼ t�8 and CX t1, t2ð Þ¼ e t1�t2j j. Find
P X 3ð Þ< 6½ 
.

4.74 Let the random process X(t) be defined by X tð Þ¼A +Bt, where A and B are

independent random variables, each uniformly distributed over the interval

�1, 1½ 
, and t is the parameter of time. Determine the mean and the

autocorrelation function of X(t).

4.75 A zero-mean white Gaussian noise with the power spectral density 1 mW/Hz

passes through an ideal LPF with bandwidth 5000 Hz. Assuming Y(t) is the

output random process, show that the random variables Y(t) and Y t + 0:001ð Þ
are statistically independent.

4.76 Assuming the input is white noise, determine the noise equivalent

bandwidth of a LPF whose transfer function is as follows: H fð Þ¼ exp � fj jð Þ.
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4.77 The autocorrelation function of awide-sense stationary process X(t) is as follows:

RX τð Þ¼ 1 + 2 sin πτð Þ
πτ

� �2
. Determine the dc power and ac power contained in X(t).

4.78 Can RX τð Þ¼ sin 2πτð Þ be the autocorrelation function of a wide-sense

stationary process X(t)?

4.79 Give an example of a wide-sense stationary random process that when its

samples are taken every 0.4 milliseconds apart, then the reconstructed signal

from the sequence of its samples equals the original continuous signal in

the mean square sense for all time, and if the samples are taken every 0.5

milliseconds apart, then the reconstructed signal from the sequence of its

samples does not equal the original continuous signal in the mean square

sense for all time.

4.80 Consider the random process X tð Þ¼ sin 2πftð Þ; where the frequency f is a

continuous uniform random variable over the frequency range (0, W). Is X(t)

a strict-sense stationary random process?

4.81 Suppose the random process X(t) is a Gaussian process, and its mean and

the covariance functions are respectively as follows: E X tð Þ½ 
 ¼ sinπt and

CX t1, t2ð Þ¼ exp � t1� t2j jð Þ. Determine the joint probability density function

at samples t1 ¼ 1 and t2 ¼ 1:5:

4.82 Suppose that a white Gaussian noise of zero-mean and power spectral

density
N0

2
is applied to an ideal LPF of bandwidth B Hz and passband

amplitude response of one. Determine the variance of the output signal

and the minimum sampling interval for which the noise samples at the

filter output are statistically independent.

4.83 Consider a pair of random processes Y(t) and Z(t) that are respectively

related to the wide-sense stationary random process X(t) as follows:

Y tð Þ¼ X tð Þcos t + θð Þ and Z tð Þ¼ X tð Þsin t + θð Þ, where the random variable θ is

uniformly distributed over the interval [0, 2π], and it is also independent of X(t).

Show that the random variables obtained by simultaneously sampling the

random processes Y(t) and Z(t) at some fixed value of time t are orthogonal

to each other.

4.84 Consider a random process X(t) consisting of a sinusoidal component

cos 2πt + θð Þ and a white noise component W(t) of zero-mean and

power spectral density of 1, as represented by X tð Þ¼ cos 2πt + θð Þ +W tð Þ,
where θ is a uniformly distributed random variable over the interval [0, 2π].

Noting that the sinusoidal and noise components are independent,

determine the autocorrelation function of the random process X(t) and

identify the values of τ for which X(t) samples are uncorrelated.
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4.85 The output of an oscillator is described by X tð Þ¼Acos 2πft�θð Þ, where
A is a constant amplitude, and the frequency f and the initial phase θ are

independent random variables. Note that θ is uniformly distributed over the

interval [0, 2π]. Find the power spectral density of the X(t) in terms of the

probability density function of the random variable f.

4.86 Consider a pair of wide-sense stationary random processes X tð ) and Y(t),

whose autocorrelation functions are Rx(τ) and Ry(τ), respectively. Show that the

cross-correlation function is bounded as follows: RXY τð Þ � 1
2

�� ��Rx 0ð Þ +Ry 0ð Þ�� ��.
4.87 Give an example of two random processes X(t) and Y(t) for which RXY t + τ, tð Þ

is a function of τ, but X(t) and Y(t) are not stationary random processes.

4.88 Find the power spectral density for which the random process Z tð Þ¼ X + Y ,

where X and Y are independent, and X and Y each is uniformly distributed

over the interval �1, 1½ 
.
4.89 A zero-mean stationary Gaussian random process X(t) has power spectral

density SX(f). Determine the probability density function of a random

variable obtained by observing the process X(t) at some time tk.

Computer Exercises

4.90 Assume X is a continuous uniform random variable in the interval �a, a½ 
.
Suppose we add n> 1 such random variables together. Compute 20,000

samples of the sum. Estimate the resulting probability density function

through a histogram. Discuss how the normalized version of the histogram can

be related to the Gaussian probability density function. Assess the impacts of a

and n on the resulting histogram.

4.91 Assume X tð Þ¼Acos 2πt + θð Þ, where θ is a uniformly distributed random

variable in the interval [0, 2π]. Generate 1000 values of θ to generate 1000

sample functions of the random process X(t). Determine both the time-

averaged and ensemble-averaged mean, variance, and autocorrelation

functions of the random process X(t).

4.92 Suppose a white noise random process X(t) with unit power spectral density

is applied to an ideal low-pass filter whose bandwidth is pWHz. Determine and

plot the autocorrelation functions of white noise and the filtered white noise,

where the inverse FFT algorithm employs 128, 256, or 512 frequency samples,

and the bandwidth of the LPF may be 1 Hz, 2 Hz, or 10 Hz. Identify the samples

which are uncorrelated.
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CHAPTER 5

Analog-to-Digital Conversion

INTRODUCTION

The focus of this chapter is on analog-to-digital conversion (ADC). We first dis-

cuss the sampling process, which transforms a continuous-time, continuous-
value signal into a discrete-time, continuous-value signal, along with its

theoretical and practical implementation aspects. We then introduce the quan-

tization process, by which a discrete-time, continuous-value signal is converted
into a discrete-time, discrete-value signal. Following the quantization process,

we describe the digital pulse modulation with a focus on the pulse-code

modulation, where discrete values are transformed into short strings of bits.
Finally, line codes, which can convert digital data to digital signals for effective

transmission, is presented. After studying this chapter and understanding all

relevant concepts and examples, students should be able to do the following:

1. Explain the need for sampling.

2. State the sampling theorem.
3. Determine the Nyquist sampling rate and sampling interval.

4. Describe the aliasing effect and the means to mitigate it.
5. Differentiate among the instantaneous, natural, and flat-top sampling

techniques.

6. Understand the upsampling and oversampling operations.
7. Apply the sampling process to bandpass signals.

8. Appreciate the role of quantization.

9. Outline the basics of uniform quantization.
10. Analyze how the uniform quantization parameters can impact the

performance.

11. Discuss the need for nonuniform quantization.
12. Assess how the widely-used nonuniform quantization techniques

operate.

13. Highlight basics of vector quantization.
14. Comprehend all elements involved in the pulse-code

modulation (PCM).
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15. Portray the differential PCM (DPCM) and adaptive DPCM.

16. Depict the delta modulation (DM) and adaptive DM.

17. Provide the reasons why line codes are used.
18. Identify the selection criteria for line codes.

19. Evaluate the power spectral density of a line code.
20. Connect the concepts of sampling, quantization, digital pulse

modulation, and line coding.

5.1 SAMPLING PROCESS

The sampling process is very widely used in digital communications and signal
processing and is the first major operation in analog-to-digital conversion.

Sampling, as an indispensable operation, provides a bridge between analog sig-

nals and their digital representations. Through sampling, a continuous-time,
continuous-value signal can be transformed into a discrete-time, continuous-

value signal, where samples are usually spaced uniformly in time.

The samples of a signal do not always uniquely determine the corresponding
continuous-time signal (i.e., different continuous-time signals can have the same

setof samples). For instance, if a sinusoidal signal is sampledat intervalsofaperiod,

then the sampled signal appears to be a constant, it is then impossible todetermine
if theoriginalcontinuous-timesignalwasaconstantorasinusoid. It is thuscritically

important to sampleacontinuous-timesignalatahighenoughrate, so thesampled

signal can uniquely define only the original continuous-time signal.

The samples do not convey anything about the behavior of the signal in

between the times it is sampled. In other words, we do not have (or do not care
to have) the values of the continuous-time signal during the time interval

between two adjacent samples, nor do we need to assume the values are zero.

However, it is required for the signal to make smooth enough transitions from
one sample to another so as to be able to completely reconstruct the original

continuous-time signal from its discrete version. Noting that the closer two

adjacent samples are, the smoother the transition is from one sample to
another, the sampling theorem gets to determine the maximum time interval

between two adjacent samples to ensure smooth enough transitions.

It is important to note that the rate at which a signal changes in the time domain

is directly related to the highest frequency that is present in the signal. It is also

obvious that a high sampling rate yields a more accurate version of the original
continuous-time signal, but on the other hand, to have a low digital transmis-

sion and processing rate, it is important to use a practical sampling rate that is as

low as possible. It is thus critical to determine the minimum sampling rate, so
the original continuous-time signal can be completely reconstructed and

uniquely recovered from its sampled version, and this is the essence of the sam-

pling theorem.
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5.1.1 Sampling Theorem

Figure 5.1 shows the ideal instantaneous sampling process. Figure 5.1a presents a
model for instantaneous sampling and signal recovery, where a sequence of

impulse functions is used to obtain the ideal samples of the signal. Consider

the real-valued, lowpass analog signal g(t) of finite energy, which is specified
for all time t, as shown in Figure 5.1b. Let g(t) be strictly band-limited to W

Hz (i.e.,G fð Þ¼ 0, for fj j>W), as shown in Figure 5.1c. Suppose g(t) is sampled

at uniform intervals Ts seconds, resulting in the ideal (instantaneously) sampled
signal gs(t), as shown in Figure 5.1d. The time interval Ts is known as the

sampling period and its reciprocal
1

Ts
¼ fs is the sampling rate. The sampling

rate of 2W samples per second is called the Nyquist rate and its reciprocal
1

2W
is the Nyquist period. The sampling theorem states that g(t) can be completely

described by and uniquely recovered from gs(t) provided that the sampling

period is less than the Nyquist period (i.e., Ts <
1

2W
seconds) or equivalently,

the sampling rate is greater than the Nyquist rate (i.e., fs > 2W Hz).

The instantaneously sampled signal gs(t) can be viewed as multiplication of g(t)

and a periodic impulse train uniformly spaced Ts seconds apart. The ideal

sampled signal gs(t) is therefore an infinite series of delta functions spaced Ts
seconds apart and weighted (scaled) by the corresponding instantaneous

values of the signal g(t), as mathematically described by:

gs tð Þ¼ g tð Þ
X1

n¼�1
δ t�nTsð Þ¼

X1
n¼�1

g nTsð Þδ t�nTsð Þ (5.1)

Since gs(t) is the product of g(t) and the periodic impulse train, the Fourier trans-

form of gs(t) is the convolution of the Fourier transforms of g(t) and the periodic

impulse train. The Fourier transform of a periodic impulse train is another peri-
odic impulse train where the periods of the two impulse trains are reciprocal to

one another and the spectrum is also scaled by its period. The Fourier transform

of the sampled signal gs(t) may be therefore expressed as follows:

Gs fð Þ¼G fð Þ � fs
X1

n¼�1
δ f �nfsð Þ

 !
(5.2)

where the symbol * denotes the convolution operation and fs represents the

scaling factor. Interchanging the order of summation and convolution and not-

ing that the convolution of the Fourier transform of a function with an impulse
function in the frequency domain results in a horizontal shift of the Fourier

transform of the function along the frequency axis to where the impulse func-

tion is located. Hence, (5.2) may be written as follows:

Gs fð Þ¼ fs
X1

n¼�1
G f �nfsð Þ (5.3)
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FIGURE 5.1 Ideal sampling process: (a) Instantaneous sampling and signal recovery, (b) analog signal in the time domain, (c) spectrum

of the band-limited analog signal, (d) sampled version of the analog signal,

(Continued)
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Ideal LPF

0

FIGURE 5.1, cont’d (e) spectrum of the sampled signal, (f) ideal interpolation, and (g) ideal lowpass filtering.
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As reflected in (5.3), Gs(f) represents a continuous spectrum that is periodic

with a period of fs, as shown in Figure 5.1e. More precisely, the process of uni-
form sampling of a signal in the time domain, even if it is not band-limited or it

is not an energy signal, results in a signal whose Fourier transform is periodic

with a period equal to the sampling rate fs.

To get the original continuous-time signal back from its ideal sampled version,

we need to be able to recover the spectrum of the original signal from the spec-
trum of the sampled signal. By taking the Fourier transform of both sides of

(5.1) and noting that the Fourier transform of the delta function δ t�nTsð Þ
is exp �j2πnfTSð Þ and g(nTs) is a mere scalar, for Ts ¼ 1

2W
, we thus have the

following relation, also known as the discrete-time Fourier transform:

Gs fð Þ¼
X1

n¼�1
g nTsð Þexp �j2πnfTsð Þ¼

X1
n¼�1

g
n

2W

� �
exp � jπnf

W

� �
(5.4)

Also, for fs ¼ 2W and �W� f �W, (5.3) can be transformed into:

G fð Þ¼ 1

2W

� �
Gs fð Þ, �W� f �W (5.5)

Equation (5.5) indicates that G(f) is identical to a scaled version of Gs(f) for the

frequency range �W, W½ �. Using (5.4) and (5.5), we can then express G(f) in
terms of the sampled values:

G fð Þ¼ 1

2W

� � X1
n¼�1

g
n

2W

� �
exp � jπnf

W

� �
, �W� f �W (5.6)

Therefore, by having the sample values g
n

2W

� �
of the signal g(t) for all time t,

the Fourier transformG(f) of the signal g(t) is uniquely determined. Since there

is a one-to-one correspondence between G(f) and g(t), g(t) is itself uniquely

determined by the sample values g
n

2W

� �
for all integers n. In short, the

sequence of samples g
n

2W

� �n o
representing the sample values contains the

necessary and sufficient information about g(t).

To construct the signal g(t) from the sequence of samples g
n

2W

� �n o
, we sub-

stitute (5.6) for G(f) in the inverse Fourier transform of G(f):

g tð Þ¼
ð1

n¼�1
G fð Þej2πftdf ¼

ðW
�W

1

2W

X1
n¼�1

g
n

2W

� �
exp � jπnf

W

� �
exp j2πftð Þdf (5.7)

After interchanging the order of summation and integration, and then evaluat-

ing the definite integral term, (5.7) is simplified to the following:
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g tð Þ¼
X1

n¼�1
g

n

2W

� � ðW
�W

1

2W
e j2πf 2Wt�n

2Wð Þð Þdf ¼
X1

n¼�1
g

n

2W

� �
sinc 2Wt�nð Þ (5.8)

Equation (5.8) provides an interpolation formula for reconstruction of the orig-

inal signal g(t) from its sample values g
n

2W

� �
, with the function sinc(2Wt – n)

playing the role of an interpolation function. This points to the fact that each sam-

ple is multiplied by the corresponding delayed version of the interpolating func-

tion and all the resulting waveforms are added up to obtain the original
continuous-time signal g(t), as shown in Figure 5.1f. Noting that the impulse

response of an ideal lowpass filter (LPF) of bandwidthW is sinc(2Wt), (5.8) then

represents the response of such a filter when the input signal consists of the

sequenceofsamples g
n

2W

� �n o
. This isamathematical confirmationthat theorig-

inal signal canbe recovered fromthe sequence of samples g
n

2W

� �n o
bypassing it

through an ideal LPF of bandwidthW, as shown in Figure 5.1g. In practice, (5.8)
cannot be implemented, since it represents a noncausal systemas g(t) depends on

the past and future values of the input and also the impact of each sample extends

over an infinite length of time as the impulse response has infinite duration.

It is important to note as long as the sampling rate is equal to the Nyquist rate,

the original signal can be recovered from the sampled version. However, this is
upon the condition that the spectrum of the original signal has no impulse

(delta) function at the highest frequency W. If it has an impulse function at

the highest frequency, then the sampling rate cannot be equal to the Nyquist
rate, as spectrum overlap will occur. We thus require the sampling rate be

greater than theNyquist rate. An example is g tð Þ¼ sin 2πWtð Þ, where its samples

are taken at t¼ k

2W
, with k being an integer. In such a case, g(t) cannot be recov-

ered from its Nyquist samples. For sinusoidal signals, the condition fs ¼ 2W is
not sufficient and the condition fs > 2W must thus be satisfied.

EXAMPLE 5.1

Supposewehaveg tð Þ¼Asinc 2Wtð Þ,whereA 6¼ 0andW 6¼ 0.Determine theconditionon thesampling

frequency fs or the sampling periodTs so that g(t) can be uniquely represented by its sampled version.

Solution
The Fourier transform of g(t) is as follows:

G fð Þ¼ A

2W

� �
u f +Wð Þ�u f�Wð Þð Þ

where u(.) is the unit step function. The highest frequency is thusW. Hence, we require that fs > 2W

or Ts <
1

2W
.
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EXAMPLE 5.2

Suppose the lowpass signal g(t) is band-limited to W (i.e., the Nyquist rate for g(t) is 2WÞ. Deter-
mine the Nyquist rate for each of the following signals derived from g(t):

(a) y tð Þ¼ d

dt
g tð Þ (i.e., y(t) is the time derivative of the signal g(t)).

(b) y tð Þ¼ g atð Þ, a 6¼ 0 (i.e., y(t) is the time-scaled version of the signal g(t)).

Solution
In this problem, we look into how some signal operations in the time domain may impact the

required sampling rate.

(a) From the Fourier transform properties, we have the Fourier transform of y(t) in terms of the

Fourier transform of g(t) as follows:

Y fð Þ¼ j2πf G fð Þ

Since G fð Þ¼ 0 for fj j>W , we also have Y fð Þ¼ 0 for fj j>W . Therefore, we can conclude that the

Nyquist rate is not changed by the process of differentiation (i.e., the Nyquist rate for y(t) is

also 2WÞ.
(b) From the Fourier transform properties, we have the Fourier transform of y(t) in terms of the

Fourier transform of g(t) as follows:

Y fð Þ¼ 1

aj jG
f

a

� �

In other words, time scaling of the signal g(t) by a factor a results in frequency scaling of the signal

G fð ) by a factor
1

a
. Consequently, the Nyquist rate for y(t) is jaj times the Nyquist rate for g(t) (i.e.,

2 aj jWÞ.

5.1.2 Undersampling and Aliasing Effect

Figure 5.2 shows the impact of sampling rate on the spectrum of the sampled

signal. Figure 5.2a shows the spectrum of an analog lowpass band-limited sig-

nal whose bandwidth isW. Figure 5.2b shows the spectrum of the sampled sig-
nal when the sampling rate is higher than the Nyquist rate 2W (i.e., fs > 2WÞ.
Since one period of Gs(f), apart from a scaling factor, is identical to G(f), such a

sampling rate can then allow the spectrum of the original analog signal to be
retrieved using a simple, realizable LPF. Undersampling occurs when a signal is

sampled too slowly. In such a case, Gs(f) consists of the frequency-shifted ver-

sions of G(f) that overlap (i.e., the higher frequencies in G(f) get reflected into
the lower frequencies inGs fð ÞÞ. As a result, one period ofGs(f) can no longer be

identical to G(f). This phenomenon of some of the higher frequencies in the

spectrum of the signal g(t) appearing as lower frequencies in the spectrum of
its sampled version is called aliasing or frequency overlapping or fold-over distor-

tion or spectral folding. Figure 5.2c shows the spectrum of the sampled signal
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when the sampling rate is lower than the Nyquist rate 2W (i.e., fs < 2WÞ. This
frequency overlapping prevents the recovery of the original signal from its sam-
pled version. Undersampling may therefore bring about significant distortion

and information is thereby lost. Tomitigate the effects of aliasing, the following

two pre-emptive measures can be taken:

0(a)

(b)

LPF

··· ···

(c)

0

Higher frequencies

Folded higher frequencies
distort lower frequencies

/2/2

FIGURE 5.2 Impacts of sampling rate on spectrum: (a) Spectrum of a band-limited signal, (b) spectrum of an oversampled version of

band-limited signal, (c) spectrum of an undersampled version of band-limited signal,

(Continued)
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(d)

0

LPF

Lost higher
frequencies

−
2 2

(e) 0 /2/2

(f) 0

(g) 0/2 /2

FIGURE 5.2, cont’d (d) spectrum of a filtered band-limited signal, (e) spectrum of a sampled version of a filtered band-limited signal,

(f) spectrum of a non-band-limited signal, and (g) spectrum of a sampled version of non-band-limited signal.
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i) Employ, prior to sampling, a LPF, known as an anti-aliasing filter.

This filter can practically attenuate (or theoretically eliminate) the

high frequency components of the signal that are not essential to the
information being conveyed by the signal. This prevents the

suppressed frequency components from corrupting the components

of frequencies below the folding frequency
fs
2
. However, an anti-aliasing

filter always introduces a small, but negligible amount
of distortion. Figure 5.2d shows the spectrum of the signal at the output

of the anti-aliasing filter and Figure 5.2e shows the spectrum of the

sampled version of the filtered signal. An anti-aliasing filter also helps to
reduce noise, as noise has a wideband spectrum and without

aliasing filter, the aliasing phenomenon itself can cause noise

components outside the desired signal band to appear in the signal band.

ii) Sample the filtered signal at a rate slightly higher than the
Nyquist rate. This has the beneficial effect of easing the design of the

reconstruction filter in the receiver used to recover the original signal. The

reconstruction filter can then have a passband up toW, as determined by
the aliasing filter in the transmitter, and a transition band from W to

fs� W. Filter complexity and cost rise with narrower transition

bandwidth, so there is a trade-off between the cost of smaller transition
bandwidth and the cost of higher sampling and transmission rate. As a

design rule, a transition bandwidth of around 20% of the signal

bandwidth is reasonable, and the sampling rate thus needs to be about
2.2 times the bandwidth (i.e., fs ffi 2:2WÞ.

The sampling theorem is based on the assumption that the continuous-time

signal is strictly band-limited. But in practice, an information-bearing signal
is time-limited, as such it is not band-limited, as shown in Figure 5.2f. Conse-

quently, regardless of how high the sampling rate is, some aliasing is always

produced by the sampling process, as shown in Figure 5.2g. However, with
an appropriate anti-aliasing filter, the distortion due to the folded lower fre-

quencies can be minimized.

EXAMPLE 5.3

Suppose the minimum sampling rate for a lowpass signal is 8 kHz, and a guard band of 2 kHz is

required. Determine the signal bandwidth.

Solution
As shown in Figure 5.2b, we have:

G¼ fs�Wð Þ�W

2275.1 Sampling Process



i.e., we have:

W ¼ fs�G

2

where fs is the minimum sampling frequency,W is the signal bandwidth, and G is the guard band.

We therefore get:

W ¼ fs�G

2
¼ 8�2

2
¼ 3kHz:

EXAMPLE 5.4

Consider the sinusoidal signals g1 tð Þ¼ cos 2πf1tð Þ and g2 tð Þ¼ cos 2πf2tð Þ, where f1 < f2. Both sig-

nals are sampled at f3, where we have 2f1 < f3 < 2f2. Determine a relationship among f1, f2, and f3,

for which the sampled versions of the two signals can be identical.

Solution – Noting the Fourier transform of a sinusoidal signal is a pair of delta functions,

Figure 5.3 shows the spectra of both sinusoidal signals and their sampled versions. Obviously,

because of 2f1 < f3 < 2f2, g1(t) is sampled higher than the Nyquist rate and g2(t) is sampled lower

than the Nyquist rate. As a result, g1(t) is being oversampled and it can be recovered back from its

sampled version and g2(t) is being undersampled and it cannot be recovered back from its sam-

pled version. To have the sampled versions of the two signals identical, the spectra of their sam-

pled versions must be identical (i.e., the locations of delta functions in G1s(f) are required to be the

same as those in G2s(f)). Wemust then have f3� f2 ¼ f1 or f3� f1 ¼ f2 ði.e., f3 ¼ f1 + f2). In other words,

if the sampling rate is equal to the sum of the frequencies of the two sinusoidal signals, then the

sampled versions of the two signals are the same.

5.1.3 Natural Sampling and Flat-Top Sampling

Although instantaneous sampling is a simple model, a more practical way of
sampling is natural sampling. In natural sampling, the continuous-time signal

g(t), whose bandwidth isW, is multiplied by a periodic pulse train, where each

pulse has width τ and amplitude
1

τ
, occurring with period Ts. This multiplica-

tion can be viewed as the opening and closing of a high-speed switch. This sam-

pling is termed natural sampling, as the top of each pulse in the sequence
retains the shape of its corresponding original segment during the pulse inter-

val. Figure 5.4 shows the natural sampling process. The Fourier transform of the

sampled signal using a natural sampling method is as follows:

Gs fð Þ¼ fs
X1

n¼�1
cnG f �nfsð Þ (5.9)

where cn ¼ sinc nτfsð Þ are the Fourier series coefficients of the periodic pulse

train. As the width of the pulse train approaches zero (i.e., τ! 0), the periodic
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FIGURE 5.3 Example 5.3: (a) Spectrum of cos(2πf1t), (b) spectrum of cos(2πf2t), (c) spectrum of the oversampled version of cos(2πf1t),

and (d) spectrum of the undersampled version of cos(2πf2t).
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FIGURE 5.4 Natural sampling process: (a) Analog signal in the time domain, (b) spectrum of the analog signal, (c) sampled version of the

analog signal, and (d) spectrum of the sampled signal.
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pulse train becomes the periodic impulse train, and (5.9) converges to (5.3).

Equation (5.9) indicates that Gs(f) consists of numerous copies of G(f),

spaced at fs, but these copies, in contrast to those in (5.3), are not uniformly
weighted (scaled), but instead are weighted by the Fourier series coefficients

of the periodic pulse train. Despite this difference, the original g(t) can be
equally well recovered using a LPF as long as the sampling rate fs is higher than

the Nyquist rate.

Flat-top sampling, also known as pulse amplitudemodulation, is themost prac-
tical sampling method, in which the sample-and-hold operation is performed

(i.e., the value of each instantaneous sample is maintained for a duration of

τ seconds), as shown in Figure 5.5a. The sampled signal using flat-top operation
is equivalent to the convolution of an instantaneously sampled signal with a

unit-amplitude rectangular pulse h(t) of width τ. The signal g(t) can be recov-

ered as long as the sampling rate fs is higher than the Nyquist rate. Figure 5.5b
shows the flat-top sampling process. The Fourier transform of the sampled

signal using sample-and-hold method is as follows:

Gs fð Þ¼ fs H fð Þ
X1

n¼�1
G f �nfsð Þ (5.10)

(a)

)

ℎ
1
0

ℎ
0

1 1

EqualizerReconstruction Filter

(b)

FIGURE 5.5 Flat-top sampling process: (a) Sampled version of the analog signal and (b) block diagram

producing the sampled version.
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whereH fð Þ¼ τ sinc f τð Þ is the Fourier transform of h(t) the unit-amplitude rect-

angular pulse of width τ. The Fourier transformH(f) thus plays the role of a LPF,

an obvious effect of the hold operation is therefore the significant attenuation
of high-frequency spectral components, which is a desired effect. As a first step

to recover the original signal g(t), the sampled signal is passed through a low-

pass reconstruction filter to attenuate the residual spectral components located
at themultiples of the sampling rate. A secondary effect of the sample-and-hold

operation is due to the nonconstant H fð Þj j ¼ τ sinc f τð Þj j over the bandwidth of

interest �1

τ
,
1

τ

� �
even when the Nyquist rate sampling is satisfied. This ampli-

tude distortion is referred to as the aperture effect and can be corrected by an

equalizer whose transfer function is
Ts

H fð Þ. For very short rectangular pulses,

the amount of equalization needed in practice is usually quite small, as the

equalizer passband response can be approximated by
Ts
τ
, for fj j �W. In fact,

with a duty cycle of
τ

Ts
� 10%, the amplitude distortion can be less than

0.5%, and thus no equalization may be necessary.

5.1.4 Upsampling and Oversampling

When a signal cannot be sampled much above the Nyquist rate, and yet more

samples are needed, a process known as upsampling or interpolation is

required. It is important to note that the resulting upsampled signal contains
the same amount of information as the original sampled version (i.e., addi-

tional samples bring no added information). The process of upsampling or

interpolation can increase the total number of samples by a factor of N, a pos-
itive integer. As shown in Figure 5.6, upsampling is accomplished by zero pad-

ding, where N�1ð Þ zeros are inserted in between any two adjacent samples of

the original sampled signal x(n) to produce y(n), then y(n) is lowpass filtered to
obtain the oversampled version z(n).

When a signal is sampled at a rate much higher than the Nyquist rate, the pro-
cess is then called oversampling. Oversampling helps avoid aliasing and reduce

noise. Oversampling is an economic solution for the task of transforming a

continuous-time signal to a discrete-time signal. The reason lies in the fact that
high-performance anti-aliasing analog filters are typically much more costly

than using digital signal processing components to perform the same task.

Rather than using a high-performance analog filter with narrow transition band
followed by sampling at the Nyquist rate, a low-performance (less-costly) analog

filter with wide transition band is employed. The signal is then oversampled at
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several times itsNyquist rate.Once sampled, the signal canbedigitally filteredand

then, through a process called decimation, the effective rate is reduced to the

Nyquist rate or slightly above it. A prime example is the use of oversampling to
produce CD-quality audio signal with 20 kHz bandwidth. Rather than

sampling an audio signal at 44.1 kHz with a transition bandwidth of 4.1

¼ 44:1�20�20ð Þ kHz thus requiring a very complex analog filter, oversampling
is employedwhere the sampler operates at 176.4 kHz (i.e., four times the original

sampler rate)witha transitionbandwidthof136.4 ¼ 176:4�20�20ð ÞkHz, thus

warranting a simple, low-cost analog filter.

5.1.5 Sampling of Bandpass Signals and Random Signals

Bandpass signals can also be represented by their sampled values. Consider a
bandpass signal whose Fourier transform occupies the frequency intervals

fc�W< fj j< fc +W, as shown in Figure 5.7a. In other words, the bandpass sig-

nal has non-negligible frequency content around fc with a bandwidth of 2W. It
can be shown that the minimum sampling rate required for such a bandpass

signal is
2 fc +Wð Þ

m
, where fc +W represents the signal’s highest frequency com-

ponent, and m is the largest integer not exceeding the ratio
fc +W

2W
. Figure 5.7b,

in which the shaded regions represent the permissible sampling rates for

a bandpass signal, indicates that regardless of passband location, theminimum

permissible sampling rate necessary for signal reconstruction always lies
between 4W and 8W. Equivalently, the minimum sampling rate is greater

than twice the signal bandwidth, but less than four times the signal bandwidth.

Insert zeros

between

any two samples

Discrete-time

low-pass filtering

(a)

(b)

FIGURE 5.6 Upsampling process: (a) Block diagram of an interpolation system and (b) an example for

N ¼ 2.
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When we have fc �W, the minimum permissible sampling rate then
approaches twice the signal bandwidth 2W. Another way of sampling a

bandpass signal of bandwidth 2W is to decompose it into two lowpass signals

(i.e., the in-phase and quadrature components), each with a bandwidth of
W. Each of these may be sampled at a minimum rate of 2W samples per

second, thus resulting in an overall minimum sampling rate of 4W samples

per second.

The following examples illustrate how the sampling rates for bandpass signals

may be selected. The minimum sampling frequency for a 2-GHz bandpass sig-

nal with a bandwidth of 20 MHz is only about 40 MHz, as opposed to twice the
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FIGURE 5.7 Sampling of bandpass signals: (a) Spectrum of bandpass signals and (b) minimum

sampling rate for bandpass signals.
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highest frequency of 4 GHz. This is a reduction of two orders of magnitude. As

another example, suppose a bandpass signal has frequency components
between 15 kHz and 25 kHz. We can therefore assume fc ¼ 20 kHz and

W¼ 5 kHz. From Figure 5.7b, we see the minimum sampling rate for the high-

est frequency of 25 ¼ 5Wð Þ kHz is 5W ¼ 25ð Þ kHz, and the allowable ranges of
sampling rate are thus 25kHz� fs � 30kHz and fs � 50 kHz. As reflected by

this example, for bandpass sampling, exceeding the minimum sampling

frequency is necessary but not sufficient, as there is generally a number of
frequency intervals where alias-free recovery is possible.

EXAMPLE 5.5

Consider the signal g tð Þ¼ 4 cos 2πf1tð Þcos 2πf2tð Þ, where f2 ¼ 2k + 1ð Þ f1 and k� 1 is a positive inte-

ger (i.e., f2 is an odd multiple of f1Þ.
(a) By treating g(t) as a lowpass signal, determine the lowest permissible sampling rate for

this signal.

(b) By treating g(t) as a bandpass signal, determine the lowest permissible sampling rate for

this signal.

Solution
Using the trigonometry identity to transform product into summation, we get:

g tð Þ¼ 2cos 2π f1 + f2ð Þtð Þ + 2cos 2π f1� f2ð Þtð Þ

By taking the Fourier transform of g(t), we get:

G fð Þ¼ δ f + f1 + f2ð Þ + δ f� f1� f2ð Þ + δ f + f1� f2ð Þ + δ f� f1 + f2ð Þ

We can therefore conclude the highest frequency component of G(f) is f2 + f1 ¼ 2 k + 1ð Þf1 and its

lowest frequency component is f2� f1 ¼ 2kf1.

(a) Assuming g(t) is a lowpass signal, the lowest permissible sampling rate is twice the

highest frequency (i.e., fs ¼ 2 f2 + f1ð Þ¼ 4 k + 1ð Þf1).
(b) Assuming g(t) is a bandpass signal, we have fc ¼ 2k + 1ð Þf1 and W ¼ f1. We thus have m¼ k

and the lowest possible permissible sampling rate is fs ¼ 4
k + 1

k

� �
f1:

For k� 1, we have 4
k + 1

k

� �
f1 � 4 k + 1ð Þf1. It is thus better to view g(t) as a bandpass signal, as the

required minimum sampling rate could then be lower.

Sampling of random signals was discussed in Chapter 4 in detail, and here we
briefly summarize it. Suppose X(t) is a wide-sense stationary random process

whose power spectral density is band-limited toW. This random signal can then

bereconstructed fromthesequenceof its samples takenataminimumrateof twice
thehighest frequencycomponent (i.e., 2WÞwhere the sampledversionof thepro-

cess equals the original in the mean-square sense for all time t.
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As a final point regarding sampling, it is important to highlight that there is a

dual to the time-domain sampling theorem discussed earlier, that is, the
frequency-domain sampling theorem. The sampling theorem in the frequency

domain states that if a continuous-time signal is strictly time limited to τ sec-
onds, then the Fourier transform of the signal can be uniquely determined from
its samples in the frequency domain provided that the sampling rate in the fre-

quency domain is no greater than
1

2τ
Hz. For instance, the Fourier transform of a

short pulse with a duration of 2 μs must be sampled at a rate no higher than

250 kHz, so the Fourier transform of the pulse can be uniquely reconstructed
from its samples in the frequency domain.

5.2 QUANTIZATION PROCESS

Through quantization, a discrete-time, continuous-value signal can be trans-

formed into a discrete-time, discrete-value signal, where the discrete amplitudes

belong to a finite set of possible values. Obviously, if this finite set is chosen
such that the spacing between two adjacent levels is sufficiently small, then

the approximated (quantized) signal (i.e., the resulting discrete-time,

discrete-value signal) can be made virtually identical to (practically indistin-
guishable from) the original discrete-time, continuous-value signal.

The reason for quantization (i.e., changing a continuous amplitude range with an

infinite number of amplitude levels to a discrete amplitude set with a finite num-
ber of amplitude levels) is twofold: i) humans, in terms of what they see and hear,

cannot always perceive much difference between these two signals, as they can

detect only finite intensity differences and that is why quantization is at the core
of compression algorithms for audio and visual signals, and ii) digital transmis-

sionof a signalwhose amplitude canhave virtually any value requires an extremely

high transmission rate. Quantization is therefore always involved in the rounding
of signal values in digital signal processing, transmission, and storage.

Quantization is a nonlinear and lossy process asmultiple input values can yield
the same output value. Unlike the sampling process, the quantization process is

an irreversible process, in that it is not possible to completely recover the orig-

inal continuous-value signal from the quantized (discrete-value) signal. The
degradation due to the quantization and other operations involved in

analog-to-digital conversion is in principle either unnoticeable and thus accept-

able, such as the quantization of speech signal in the public switched telephone
network, or noticeable but still acceptable, such as the quantization and com-

pression of speech signals in low-bandwidth systems involved in search and

rescue operations or the quantization and compression of video signals in
monitoring of remote and isolated places.
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There are two distinct quantization methods: scalar quantization, in which

samples are quantized individually (i.e., a scalar (one-dimensional) input value
is mapped into a scalar output value), and vector quantization, in which sam-

ples are quantized in blocks. Scalar quantization is a memoryless and instan-

taneous process, which means the quantization of a sample value is not
affected by past and future samples, and consists of two distinct types: uniform

quantization and nonuniform quantization.

5.2.1 Uniform Quantization

Uniform quantization is not optimum, but is commonly used in practice. This
type of quantization is basically a simple rounding process, in which each sample

value is rounded to the nearest value from a finite set of possible quantization

levels. We assume that the signal amplitude at the input of the quantizer ranges
between the maximum value V > 0 and the minimum value �V , and that the

amplitude of the unquantized signal either below �V or above V is simply

chopped off. The amplitude range �V , V½ � is a limit set by the quantizer, not
by the original signal produced by the analog source. The error introduced by

this clipping is referred to as overload distortion or clipping distortion. The ampli-

tude range �V , V½ � is divided into L quantization levels. The spacing between two
adjacent quantization levels is called the step size Δ . In a uniform quantizer, the

step size is the same between any two adjacent levels. The uniform quantizer has

the simplest structure and its target level lies in the middle of the interval. With L
as the number of the quantization levels, the step size of a uniform quantizer for

a signal with an amplitude range of 2V is thus given by

Δ ¼ 2V

L
(5.11)

Within the supported amplitude range, the spacing between the continuous-value
and the discrete-value is referred to as its granularity. The error introduced by this

spacing is referred to as quantization noise or granular distortion or rounding error.

In the context of quantization, the terms of noise and distortion are usually used
interchangeably. The quantization error is bounded in magnitude and has gener-

ally a saw-tooth shape, but overload distortion is unbounded. The quantization

noise and overload distortion are functions of the particular quantization process
and statistics of the input signal. It is important to have the proper balance

between the quantization noise and the overload distortion. For a given number

of possible output values, reducing the average quantization noise may involve
increasing the average overload distortion, and vice versa.

Each quantization level at the output of quantizer is typically mapped into a
codeword with R bits representing a quantized sample value. Using (5.11),

the number of quantization levels L is therefore as follows:

L¼ 2R ¼ 2V

Δ
(5.12)
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The step size Δ and the number of bits R depend on the dynamic range of the

signal amplitude and perceptual sensitivity. For toll-quality speech, we have
R¼ 8 bits, and for CD-quality music, R¼ 16 bits.

There are two types of uniform quantizers, and both are symmetric. Figure 5.8a
and Figure 5.8b show the input-output characteristics of mid-tread quantizer

and mid-rise quantizer, respectively.

Assuming that the input to the quantizer is zero mean and the quantizer is sym-
metric, the quantizer output and the quantization error will also have zeromean.
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FIGURE 5.8 Types of uniform quantizers: (a) mid-tread quantizer and (b) mid-rise quantizer.
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For a uniform quantizer, the quantization error e is a random variable, which is

bounded by�Δ

2
� e�Δ

2
. With sufficiently small step size, the quantization error

can be assumed to be uniformly distributed and uncorrelated with the quantizer
input. Using (5.12) and noting that the quantization error e is zero mean, its var-

iance is the same as the average power and is thus given as follows:

σ2e ¼
ðΔ
2

�Δ
2

1

Δ

� �
e2de¼ Δ2

12
¼ V2

3L2
¼ V2

3 22R
� 	 (5.13)

From (5.13), it is mathematically evident, and from the basic description of the
uniform quantization, it is intuitively obvious that as the number of quantiza-

tion levels L!1 or the step size Δ! 0 or the number of bits per quantized

sample R!1, the quantization error e! 0.

Selecting V so that it corresponds to themaximum value of the signal is not very

efficient. Instead, V is commonly selected so that the probability that a sample
exceeds V is negligible. To this effect, for a zero-mean random input signal with

the standard deviation σg, which is a measure of the spread of the signal values

about the zero mean, we define the loading (crest) factor as follows:

α¼peak value of the signal

rms value of the signal
¼ V

σg
(5.14)

Noting the signal has a zero mean, the average power of the message signal g(t)

is then defined as follows:

P¼ σ2g (5.15)

By using (5.11) to (5.15), the output signal-to-noise ratio of a uniform quantizer
is as follows:

SNRo ¼ P

σ2e
¼ 3σ2g

V2

 !
22R ¼ 3

α2

� �
22R (5.16)

Equation (5.16) indicates that the SNRo increases exponentially, as the numberof
bitsper sampleR is increased.Expressing theSNRo indBgives rise to the following:

10 log SNRo ¼ 20 log σg + 6R�20 log V + 4:77¼ 6R�20 log α + 4:77 dBð Þ (5.17)

In practice, a common choice for the loading factor is α¼ 4 (i.e., the total

amplitude range of the quantizer is 2V ¼ 8σg). Using (5.17), a practical SNRo

in uniform quantization is then as follows:

10 log SNRo ¼ 6R�7:27 dBð Þ (5.18)
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It is important to highlight that for each additional bit per level (i.e., R is

increased by one bit), an additional 6 dB improvement in the SNRo can be

obtained.

EXAMPLE 5.6

The signal g tð Þ¼ V sin 2πftð Þ is applied to a uniform quantizer. Determine the SNRo in dB in terms

of the number of bits per level. Specify the number of bits per level, the number of quantization

levels, and the step size for which the value of SNRo is about 49.8 dB.

Solution
For g tð Þ¼ V sin 2πftð Þ, we haveP¼ σ2g ¼ V2=2. The peak-to-peak value is 2V. Using (5.17), we can get

10 log SNRo ¼ 20 log V=
ffiffiffi
2

p� �
+ 6R�20 logV + 4:77¼ 1:8 + 6R dBð Þ:

We now set 1:8 + 6R equal to 49.8, and thus obtain R¼ 8 bits. By using (5.12), we then get L¼ 28 ¼
256 levels, and by using (5.11), we get Δ¼ 2V

256
¼ V

128
.

Theuniformquantizer yields thehighest (optimal)SNRoat theoutput if the signal

amplitude has a uniformdistribution in the dynamic range �V , V½ �. However, for

a source that doesnot have a uniformdistribution, the optimal quantizermaynot
be a uniform one. The optimal quantization level in each quantization region

must be chosen to be the centroid (conditional expected value) of that region.

Since the optimal quantizer requires advance knowledge of both the signal
statistics and changes in signal’s power level, they do not have many practical

applications.For someanalogsignals, suchasspeechandmusic, the loading factor

α is large, and, as reflected in (5.17), can significantly reduce the valueof SNRo. To
quantize such signals, it is advantageous to have nonuniform spacing, more

specifically, smaller spacingnearzeroand largerspacingat theextremes.Assuming

a signal with nonuniformdistribution, for a given number of quantization levels,
nonuniform quantizers can then outperform uniform quantizers.

5.2.2 Nonuniform Quantization

For a typical voice signal, smaller amplitudes, such as silent periods, low voices,

and weak talk, predominate in speech (i.e., there is a higher probability they

will occur), whereas larger amplitudes, such as screams and loud voices, are rel-
atively rare. Uniform quantization is thus wasteful for speech signals, as many

of the quantizing levels are hardly ever used. An efficient scheme for such sig-

nals is to employ a nonuniform quantizer using a variable step size, where small
step sizes are used for small amplitudes, as shown in Figure 5.9a. Figure 5.9b

shows how a sampled signal is quantized in a nonuniform fashion. With voice

dynamic range of about 40 dB (i.e., the ratio representing the peak of loud voice
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to that of weak voice is in the order of 10,000 to 1), a nonuniform quantizer

favors weak signals (by employing small step sizes) that need more protection

at the expense of the loud voices. Nonuniform quantization yields a higher
SNRo than the uniform quantizer when the signal distribution is nonuniform.

Equivalently, the signal can be nonlinearly compressed and then passed

through a uniform quantizer, as shown in Figure 5.10a. Such a nonlinear com-
pressor, as shown in Figure 5.10b, acts like a variable-gain amplifier. More spe-

cifically, it attenuates large amplitudes (i.e., has low gain) and amplifies small

amplitudes (i.e., has high gain). At the receiving end, the inverse of compression
is carried out by an expander with a characteristic complementary to that of
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FIGURE 5.9 Nonuniform quantization: (a) a nonuniform quantizer and (b) a nonuniformly quantized

signal.
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the compressor so as to restore the signal samples to their original relative levels.
The combination of the compressor and the expander is called the compander.

The following presents two compression laws that are widely used in telephone
systems:

ĝj j ¼ ln 1 + μ gj jð Þ
ln 1 + μð Þ (5.19a)

ĝj j ¼

A gj j
1 + lnA

, 0� gj j � 1

A

1 + ln A gj jð Þ
1+ lnA

,
1

A
� gj j � 1

8>>>><
>>>>:

(5.19b)

where g and ĝ are normalized input and output voltages of the nonuniform
quantizer whose peak values range in the interval �1, 1½ �, and μ and A are both

positive constants. Figure 5.11 shows both μ-law and A-law characteristics

where they are both odd functions. The μ-law in (5.19a) is neither strictly linear
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FIGURE 5.10 Nonuniform quantization: (a) equivalent operations and (b) characteristics of a

compressor.
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nor strictly logarithmic, but it is approximately linear at low input levels and

approximately logarithmic at high input levels. The A-law in (5.19b) is also
a combination of linear and logarithmic functions, depending on the input

values. Note that for μ! 0 and A! 1, the nonuniform quantizers in (5.19)

become uniform quantizers (i.e., there is no compression involved).

Both 8-bit μ-law andA-law companding quantizers canmeet the recommended

limits set by ITU-T, but those with 7-bit do not meet the specification require-

ments. The companding circuitry does not produce an exact replica of the
nonlinear compression curve, rather it provides a piecewise linear approxima-

tion to the desired curve. By using a large enough number of linear segments,

the approximation can approach the true compression very closely. The
standard values used for companding in North America and Japan are 8-bit,

15-segment, μ-law compression with μ¼ 255 and those in Europe are 8-bit,

13-segment, A-law compression with A¼ 87:6. It can be shown that the SNRo

formulas for nonuniform quantization of speech signals for μ-law and A-law,

for μ� 1 and A� 1, can be approximated respectively by:

10 log SNRo 	 6R +4:77�20 log ln 1 + μð Þð Þ dBð Þ (5.20a)

10 log SNRo 	 6R +4:77�20 log 1 + lnAð Þ dBð Þ (5.20b)

For R¼ 8 bits, and either μ¼ 256 or A¼ 87:6, we have SNRo ¼ 38 dB. This value

can give a rather constant SNRo over an input signal with a dynamic range

of about 40 dB, whereas the SNRo for a uniform quantizer decreases linearly

FIGURE 5.11 Compression laws: (a) μ-law and (b) A-law.
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as the input power level drops. As shown in (5.17) and (5.20), the SNRo always

follows the 6-dB law, that is, a change of one in the number of bits R represent-
ing a level (i.e., a change by a factor of 2 in the number of levels L) can bring

about a change as much as 6 dB to the SNRo.

EXAMPLE 5.7

Suppose a signal ranges over the interval �50, 50½ � and is applied to a quantizer employing 128

levels.

(a) Determine the required step size if a uniform quantizer is employed.

(b) Determine the smallest and the largest effective separation between levels if a nonuniform

μ-law quantizer with μ¼ 255 is employed.

Solution

(a) Using (5.11), we get Δ ¼ 50� �50ð Þ
128

¼ 0:78125.

(b) Note that with nonuniform quantization using μ-law, the minimum values for both input and

output are normalized to �1 and their maximum values to 1, thus the smallest effective

separation between levels is closest to the origin. It is also assumed that half of the levels are

used for positive amplitudes and half for negative amplitudes. Let g1 be the value of the input

corresponding to the output of 1/63, and we thus have:

1

63
¼ ln 1 + 255 g1j jð Þ

ln 1 + 255ð Þ :

This results in jg1j ¼ 0:000361. The smallest effective separation between levels is thus as follows:

Δmin ¼ 50jg1j ¼ 50 0:000361ð Þ¼ 0:01805:

Let g63 be the value of the input corresponding to the output of 62/63. We thus have:

62

63
¼ ln 1 + 255 g63j jð Þ

ln 1 + 255ð Þ :

This gives rise to jg63j ¼ 0:91541. The largest effective separation between levels is thus as follows:

Δmax ¼ 50 1�jg63jð Þ¼ 50 1�0:91541ð Þ¼ 4:243:

5.2.3 Vector Quantization

Vector quantization is a lossy compression technique used in speech and image

coding. In scalar quantization, a scalar value is selected from a finite list of pos-

sible values to represent a sample. In vector quantization, a vector is selected
from a finite list of possible vectors to represent an input vector of samples.

The key operation in a vector quantization is the quantization of a random vec-

tor by encoding it as a binary codeword. Each input vector can be viewed as a
point in an n-dimensional space. The vector quantizer is defined by a partition

of this space into a set of nonoverlapping n-dimensional regions. The vector is

encoded by comparing it with a codebook consisting of a set of stored reference
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vectors known as codevectors. The optimality criterion is that a quantization

region should consist of all vectors that are closer to its codevector than any
of the other codevectors, and the codevector should be the average of all vectors

that are in the quantization region.

Let k be the number of quantization regions in the n-dimensional space.

In other words, since every region has its own codevector, k is the number

of codevectors in the codebook, and n represents the number of samples in a
codevector. For thenumberofbitsper sampleR,we thereforehave the following:

R¼ log2k

n
(5.21)

Figure 5.12 shows an example of a vector quantization with k¼ 16 and n¼ 2

(i.e., R¼ 2 bits per sample). Assuming that the size of the codebook is suffi-

ciently large, it can be shown that the SNRo for the vector quantizer is given by:

SNRo ¼ 6R +Cn dBð Þ (5.22)

where Cn is a constant (expressed in dB) that increases with the dimension n.

Note that the SNRo once again follows the 6-dB law (i.e., it increases approx-

imately 6 dB when there is an increase of one bit in the number of bits per sam-
ple). However, the constant term Cn has a higher value than the constant used

in scalar quantization. This additional improvement is due to the fact that the

vector quantization optimally exploits the correlations among the samples in a
vector, but at the expense of increased complexity. Due to the complexity of the

codebook search, vector quantization is not quite prevalent.

FIGURE 5.12 Vector quantization: two-dimensional decision regions.
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5.3 DIGITAL PULSE MODULATION

In pulse modulation, some parameter of a periodic pulse train is varied in

accordance with the sample values of a message signal. It can be divided into
two groups: analog pulse modulation and digital pulse modulation. In analog

pulse modulation, the amplitude, duration (width) or position of pulses is var-

ied in proportion to the sample values of themessage signal, thus yielding pulse
amplitude modulation (PAM), pulse width modulation (PWM), or pulse position

modulation (PPM), as shown in Figure 5.13. In analog pulse modulation, the

information is transmitted in analog form, but at discrete times.

Digital pulse modulation allows transmission of the message signal in digital

form as a sequence of coded pulses. The process of analog-to-digital conversion

is sometimes referred to as digital pulsemodulation. At the heart of digital pulse
modulation is sampling and quantization, which were discussed in detail ear-

lier. We now discuss pulse-code modulation (PCM), differential pulse-code

FIGURE 5.13 Analog pulse modulation: (a) modulating signal, (b) pulse carrier, (c) pulse amplitude

modulation, (d) pulse width modulation, and (e) pulse position modulation.
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modulation (DPCM), and delta modulation (DM). PCM, due to its widespread

use, is usually viewed as a benchmark against which other methods of digital
pulse modulation are measured in terms of performance and complexity. It is

simple, robust, and efficient, but requires increased transmission bandwidth.

DPCM reduces the transmission bandwidth at the expense of a significant
increase in complexity, and DM is simple, but requires a significant increase

in transmission bandwidth.

5.3.1 Pulse-Code Modulation (PCM)

A pulse-code modulation (PCM) system, as shown in Figure 5.14, is a digital

transmission system that provides analog-to-digital conversion in the transmit-
ter and digital-to-analog conversion in the receiver as well as regeneration at

intermediate points along the transmission path as necessary. The basic ele-

ments of a PCM transmitter are as follows:

Analog source: Producing a continuous-time, continuous-value signal.

Filtering: Using a LPF to attenuate high-frequency components of the
original analog signal that are not essential so as to avoid aliasing effect in

the sampling process.

Sampling: Providing a discrete-time, continuous-value signal by sampling
the band-limited signal using narrow rectangular pulses at a rate at least

twice the highest frequency present in the filtered signal.

Quantization: Providing a discrete-time, discrete-value signal by rounding
the value of each sample.

Encoding: Translating each of the quantized sample values into a unique

binary number (codeword), where any mapping of codewords to levels
may be used.

Anti-aliasing
Low-pass filter EncoderQuantizer

Analog
signal

Sampler

PCM
signal

(a)

Regenerated
PCM signal

Distorted
PCM signal Regeneration

circuit
Regeneration

circuit

Regenerated
PCM signal

Distorted
PCM signal

(b)

Regeneration
circuit

Reconstruction
low-pass filter

Distorted
PCM signal

Decoder

Analog
signal

(c)

FIGURE 5.14 PCM transmission system: (a) PCM transmitter, (b) PCM transmission path, and (c) PCM

receiver.
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EXAMPLE 5.8

There are eight levels with numerical values of 3, 2, 1, 0,�1, �2,�3, and�4. As part of encoding,

provide various binary codes to establish a one-to-one correspondence between codewords and

the corresponding representation levels and numerical values.

Solution
We consider the following three binary codes as presented in the following table:

i) Expressing the ordinal number of the presentation level as a binary number (i.e., changing the

decimal system to the binary system). The lowest level is thusmapped into a sequence of all 0s

and the highest level is mapped into a sequence of all 1s.

ii) Employing two’s complement representation (i.e., the most significant bit is the sign bit).

The remaining bits are used to represent the corresponding numerical value.

iii) Applying the Gray code (i.e., there is only one bit change for each step change in the

quantized level). Single errors in the received PCM codeword can thus cause minimal errors

in the received analog level.

Regenerative repeaters are used at sufficiently close spacing along the transmis-

sion path to provide the ability to control the effects of distortion and noise. A
regenerative repeater combats the accumulation of noise and distortion by per-

forming three major functions: equalization, timing, and decision making, as

shown in Figure 5.15. The equalizer compensates for the effects of channel non-
idealities, mainly amplitude and phase distortions. From the received signal,

the timing circuitry determines instants of time where the signal-to-noise ratio

is maximum. The decision device compares the equalized pulses received at
optimum instants with a predetermined threshold. The regenerated signalmust

be exactly the same as the signal originally transmitted, but in practice, a regen-

erative repeater can occasionally introduce few erroneous bits. The basic ele-
ments of a PCM receiver are as follows:

Regeneration: Reshaping and cleaning up the received pulses one

final time.

Numerical
Values

Ordinal Number of
Representation Level

Natural
Binary Code

Two’s
Complement

Gray
Code

3
2
1
0
–1
–2
–3
–4

0
1
2
3
4
5
6
7

000
001
010
011
100
101
110
111

011
010
001
000
111
110
101
100

000
001
011
010
110
111
101
100
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Decoding: Generating pulses with amplitudes based on the look-up table
used in encoding.

Filtering: Recovering the message signal by passing the decoded output

through a lowpass reconstruction filter whose cut-off frequency is equal to
the message bandwidth.

Analog sink: Receiving and presenting the original analog signal.

Figure 5.16 presents an example of how PCM is applied to an analog signal

to produce binary digits (bits). The PCM bit rate is therefore as follows:

Equalization
Decision-making

device

Distorted
PCM signal

Timing
circuits

Regenerated
PCM signal

FIGURE 5.15 A regenerative circuit.

Quantized
value

3.5

−0.5

1.5
2.5

0.5

−3.5
−2.5

Level
number

7

3

5
6

4

2

0
1

Sampled value  − 0.2 0.1 − 1.1 0.8 0.6 − 0.8 − 0.9 − 2.2 2.6

Quantized value     − 0.5 0.5 − 1.5 0.5 0.5 − 0.5 − 0.5 − 2.5 2.5

Level number 3 4 2 4 4 3 3 1 6

Binary code 011 100 010 100 100 011 011 001 110

4

0

2
3

1

−1

−3
−2−1.5

FIGURE 5.16 A PCM example.
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r¼ fsR (5.23)

where fs is the sampling rate and R is the number of bits per quantized sam-

ple. The required channel bandwidth is directly related to the bit rate and in

turn to the number of bits per quantized sample. To this effect, based on
(5.18) and (5.23), a salient merit of PCM is that an increase in channel

bandwidth can bring about an improvement in signal-to-noise ratio expo-

nentially. Simply put, PCM allows for a trade-off between bandwidth and
power.

EXAMPLE 5.9

Discuss how PCM is done for the following cases:

(a) Digital transmission of voice signals in public-switched telephone networks.

(b) Stereo CD-quality music.

Solution

(a) A voice signal is essentially limited to a band from about 100 Hz to 3100 Hz and frequencies

outside this band do not impact voice intelligibility. In PCM, the voice signal is often lowpass

filtered at 3.1 kHz and then sampled at a rate of 8000 samples per second. This rate is higher

than the Nyquist sampling rate of 6200 samples per second, so realizable filters with

reasonable guard bands can be applied for signal reconstruction, as the transition band is

about 1:8 ¼ 8�3:1�3:1ð Þ kHz. Each sample is applied to an 8-bit (256-level) nonuniform μ-law

quantizer with μ¼ 255. The standard bit rate for digitized telephone speech signals

is therefore 64 kbps (¼ 8000 samples per second 
 8 bits per sample).

(b) The human ear is sensitive to frequencies up to around 20 kHz. Although the Nyquist

sampling rate for music should be 40,000, the actual sampling rate, after using

oversampling and then decimation, at the input of the quantizer is 44,100 samples per

second. High-quality audio requires finer granularity in quantization, and each sample is

thus applied to a 16-bit (65,536-level) quantizer. The standard bit rate for a stereo CD-quality

of audio signal is therefore 1.4 Mbps (¼ 44,100 samples per second per channel 
16 bits

per sample 
 2 channels).

EXAMPLE 5.10

Amessage signal ranges between 1 and 4 volts, and has an average power of 3W. To transmit this

signal by PCM, uniform quantization is adopted. The SNRo must be at least 45 dB, determine the

minimum number of bits per level required for this quantizer and the corresponding SNRo.

Solution
After substituting σ2g ¼ 3 and V ¼ 4�1¼ 3 into (5.16), we solve 22R ¼ 45 dB ¼ 104:5 for R. We thus

obtain R¼ 7:47 bits, however, we need to choose R¼ 8, as the number of bits representing a level

must be an integer. For R¼ 8, we get the output SNRo ¼ 10log 216
� �

¼ 48:165 dB.
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EXAMPLE 5.11

Consider the signal g tð Þ¼ Acos 2πWtð Þ, where A 6¼ 0 and W 6¼0 are the amplitude and frequency of

the sinusoidal signal, respectively. This signal is sampled at the Nyquist rate. The sampled signal is

uniformly quantized, where the number of bits per sample is R. Suppose the passband channel

bandwidth required for transmission is k times the bit rate, where we have 1� k� 2. Determine

the required channel bandwidth, and identify the trade-offs between the SNRo and the required

channel bandwidth.

Solution
The signal bandwidth isW, so the Nyquist sampling rate is 2W. The required channel bandwidth B is

then as follows: B¼ 2WkR: Since the signal is sinusoid, we have α¼ ffiffiffi
2

p
. Using (5.16), we have

SNRo ¼ 6R + 1:8, where R is the number of bits required to represent a level. By replacing

R¼B/2Wk, we have SNRo ¼ 3B=kW + 1:8, where k andW are both constants. Therefore, by increasing

the channel bandwidth B, the SNRo performance can be improved, and that is a very desirable

exchange.

EXAMPLE 5.12

A binary channel is available for PCM voice transmission, where the bit rate r is 64 kbps and the

signal bandwidth W is 3.4 kHz. Determine the required number of bits per sample R and the

resulting sampling rate fs.

Solution
We require:

fs � 2W and r� fsR

We thus have:

R� r

fs
� 64000

6800
¼ 9:4

Since R must be an integer, we select R¼ 9 and fs ¼ 64000

9
¼ 7:11 kHz.

EXAMPLE 5.13

The SNRo of a 14-bit quantizer is 28 dB, which is assumed to be insufficient. To achieve the desired

SNRo of 40 dB, the number of quantization levels is increased. Determine the fractional increase

in the transmission bandwidth required for the increase in the number of levels L, noting that the

transmission bandwidth is linearly related to the number of bits per level R.

Solution
Equations (5.17) and (5.21) indicate thatby increasingRbyonebit, SNRo is increasedby6 dB.Hence,

weneed to increase thenumberof bitsRbya factor of 2 (i.e., thenumberof levelsLbya factor of 4) to

accommodate the desired SNRo of 40 dB. Therefore, instead of 14 bits, we need 16 bits, thus an

increase of 14.3%, which in turn leads to an increase of 14.3% in the transmission bandwidth.
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5.3.2 Differential PCM (DPCM) and Adaptive DPCM (ADPCM)

PCM is a straightforward system, but it is not very efficient as it generates many
bits and thus requires so much bandwidth. In a PCM system where the analog

signal is sampled at a rate slightly higher than the Nyquist rate, the resulting

sample values exhibit a high degree of correlation between adjacent samples
(i.e., on average, the signal does not change rapidly from one sample to the

next and a sample can thus have some correlation with the next sample).

Yet, in a PCM system, every sample is quantized independently and the
past samples have no effect on the quantization of the present sample, and

thus the resulting encoded signal contains redundant information. Proper

exploitation of the redundancy in the Nyquist samples can always lead to fewer
encoded bits.

Differential PCM (DPCM) is based on the quantization of the difference
between a sample value and the prediction of that sample value using the pre-

vious sample values. Since this difference (prediction error) is much smaller

than the sample value, fewer bits are required to quantize it. This means that
DPCM can achieve performance levels at lower bit rates than PCM. In the case

of voice signals sampled at 8 kHz and for a given speech-quality, DPCM may

provide a saving of several bits per sample over PCM. Specifically, telephone
systems using DPCM can often operate at 32 or even 24 kbps, instead of

64 kbps PCM. At the receiver, we estimate the sample value using the previous

sample values and then generate the sample value by adding the received pre-
diction error and the estimate. The samples at the receiver are constructed iter-

atively. Figure 5.17 shows the DPCM transmitter and receiver. The prediction

filter, as shown in Figure 5.18, is a tapped-delay-line (transversal filter) where
the predicted value is modeled as a linear combination of past-quantized sam-

ples. In the design of the prediction filter, the minimum mean-squared error

criterion for best prediction is employed, where the prediction coefficients
(tap gains) are determined from the statistical correlation among various

samples.

Adaptive DPCM (ADPCM) can improve the efficiency of DPCM by incorporat-

ing an adaptive quantizer at the encoder. In that, the step size is small or large

depending on whether the prediction error for quantizing is small or large (i.e.,
the step size is varied automatically so as to match the average power of the

input signal). Moreover, the prediction filter is adaptive to accommodate the

changing level and spectrum of the input speech signal. The ITU-T standard
G.726 specifies an ADPCM speech coder and decoder (codec) for speech signal

sampled at 8 kHz. For different quality levels, G.726 specifies four different

ADPCM rates at 16, 24, 32, and 40 kbps, which correspond to 2, 3, 4, and 5
bits per sample, respectively.
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5.3.3 Delta Modulation (DM) and Adaptive DM (ADM)

In delta modulation (DM), the analog signal is oversampled (i.e., at a rate
much higher than the Nyquist rate)—typically four times the Nyquist rate—

to significantly increase the correlation between adjacent samples of the

signal, while employing a simple quantizing strategy. Figure 5.19 shows a delta
modulation system. DM can be viewed as a 1-bit DPCM that is a DPCM that

uses only two levels for quantization of the prediction error. Figure 5.20 shows

how DM works. The difference between the input and the approximation is
quantized into only two levels, namely Δ and �Δ, corresponding to positive
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FIGURE 5.19 DM system: (a) Transmitter and (b) receiver.
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FIGURE 5.20 Signal and bit generation in delta modulation.
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and negative differences, respectively. Thus, if the approximation falls below
the signal level, it is increased by Δ, and if the approximation lies above the sig-

nal, it is diminished by Δ. Obviously, in DM the rate of information transmis-

sion is simply equal to the sampling rate.

As shown in Figure 5.21, there are two types of quantization error in DM, slope-

overload distortion and granular noise. Slope-overload distortion occurs when

the step size is too small for the staircase approximation to follow a steep seg-
ment of the analog signal, with the result that the quantized signal falls behind

the original signal. In order to avoid it, we shouldmeet the following condition:

Δ

Ts
� max

dg tð Þ
dt

����
���� (5.24)

Equation (5.24) indicates that the maximum slope of the original signal g(t)

should be smaller than
Δ

Ts
. In order to keep up with rapid changes in the analog

signal, the bit rate
1

Ts
and/or the step sizeΔ should be increased. In contrast, gran-

ular noise occurs when the step size is too large, relative to the small slowly-

changing slope of the original signal, thereby causing the staircase approximation

togoupanddownfor a relatively flat segmentof the input analog signal.Granular
noise is analogous to the quantization noise in a PCM system.

Delta modulation is essentially based on encoding and transmitting the deriv-
ative of the analog signal. A drawback of DM is that channel noise can be accu-

mulated to introduce errors in the demodulated signal. To circumvent this

problem, an integration operation on the message signal is performed prior
to delta modulation. This technique is known as delta-sigma modulation.

Adaptive DM (ADM), also known as continuous variable slope DM (CVSDM)

with a performance superior to that of DM, allows the step size to vary in accor-
dancewith the input signal.Withadaptive step size, the step size is increased tomit-

igate the slope-overload distortion, and is decreased to reduce the granular noise.

Granular noise

Slope-overload
distortion

Staircase
approximation

FIGURE 5.21 Types of quantization errors in delta modulation.
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EXAMPLE 5.14

Consider the signal g tð Þ¼ Acos 2πWtð Þ, where A 6¼ 0 and W6¼0 are the amplitude and frequency of

the sinusoidal signal, respectively. Determine the condition under which the slope-overload dis-

tortion can be avoided.

Solution
In order to avoid slope-overload distortion, we first need to find the slope of the signal, which is as

follows:

dg tð Þ
dt

����
����¼ 2πAW sin 2πWtð Þ

The maximum slope of
dg tð Þ
dt

����
���� is then 2AπW. Using (5.24), we should have:

Δ

Ts
� 2πAW

or equivalently:

Δ > 2πATsW

5.4 LINE CODES

The output of a quantizer is not in the form best suited for transmission. An

encoding process is thus required, through which each of the discrete sequence
of sample values is translated into a distinct binary code. Line codes, also known

as baseband signaling or baseband modulation, are then used to convert binary

digital data to digital signals for effective transmission or storage. Line coding is
a common feature to all types of digital pulse modulation.

5.4.1 Line Coding Schemes and Selection Criteria

There are numerous line codes for an array of applications. However,

Figure 5.22 shows few select line codes in the time domain. In the line codes
under consideration here, we assume 1s and 0s are equally likely and statisti-

cally independent, the bit duration is Tb seconds long, and there may be a max-

imum of three possible signal values of A, 0, and –A to represent 0s and 1s,
according to the line-code format. In a binary code only two of these three

values are used, and in a ternary code all three are used. A binary code can with-

stand a relatively high level of noise and is easy to regenerate, but that is not the
case for a ternary code. If a long sequences of A or 0 or –A can be allowed (i.e.,

there may be no transition of signal value for a long time), timing recovery can

become a major problem. If a line code requires a transition in the middle of
a bit interval or at the beginning of a bit interval, then that can provide good

synchronization capabilities. The line codes with narrow pulses of half-bit

duration (half-width pulses), as opposed to the line codes with pulses of
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bit-long duration (full-width pulses), require twice the bandwidth. Also, a line

code is immune to polarity reversals, if the data are encoded by the presence or

absence of a transition rather than the presence or absence of a pulse.

In the selection of a line code for a particular application, some criteria, such as

transparency and unique decodability, are considered as essential require-
ments, and most are regarded as desirable features, since they can bring about

significant benefits. The selection criteria are briefly as follows:

Transparency: Not imposing any restrictions on the content of the

transmitted bit sequence. In other words, any pattern of bits can be encoded

into a line code.

Unique decodability: Unambiguously decoding to retrieve the original

sequence of inputs, there must thus be a one-to-one mapping between a
pattern of bits and a signal representing it.

Noise immunity: Exhibiting superior bit error rate performance in the
presence of noise, by having a significant noise margin between levels.

FIGURE 5.22 Various line codes.
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Bandwidth compression: Increasing the efficiency of bandwidth

utilization by using multi-level codes, at the expense of a decrease in noise

margin or equivalently in bit error rate.

Error detection capability: Introducing constraints on allowable
transitions among the signal levels and exploiting these constraints to

detect errors and in turn enhance performance.

DC component: Eliminating the DC energy from the signal’s power

spectrum, thus enabling the system to be AC coupled, as transformers

sometimes may be used in the transmission channel.

Spectral shaping: Matching the transmitted signal to the special

characteristics of the transmission channel, thus reducing possible
distortion and interference levels.

Preventing baseline wandering: Avoiding long strings of 1s and 0s so there
is no drift in the baseline (a running average of the received signal power).

Self-synchronization: Having inherent synchronizing features through
adequate transitions in the transmitted signal so as to alert the beginning

and end of pulses.

Differential encoding: Allowing the polarity of differentially encoded

waveforms to be inverted without affecting the data detection, as signals in

communication systems experience inversion.

Low complexity: Avoiding complex and thus costly transmitter and receiver

implementations.

5.4.2 Power Spectral Density of Line Codes

In order to arrive at physically realizable transmit and receive filters, the spec-

trum of a line code should be carefully shaped to match the channel character-

istics. The ensemble members of a stationary random process, such as a line
code, are not energy signals, but have finite average power. Therefore, the

straightforward approach of taking the Fourier transform of each time function

of the ensemble runs into mathematical difficulties. The approach taken to
obtain a frequency-domain characterization of the process is to determine

how the average power of the process is distributed in frequency. The power

spectral density of the transmitted signal may depend on the signaling pulse
and on the statistical properties of sequences of transmitted pulses. Assuming

the information bits 1 and 0 are equally likely and they are also statistically

independent, the power spectral density (PSD) of a line code is then given by:
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S fð Þ¼ jP fð Þj2
Tb

R 0ð Þ+ 2
X1
k¼1

R kð Þ cos 2πkfTbð Þ
( )

¼ jP fð Þj2
Tb

C fð Þ (5.25)

where P(f) is the Fourier transform of the pulse, R kð Þ¼ E aj + k aj
� 

represents the

discrete autocorrelation of the symbol sequence {ak}, and C(f) thus represents
the statistical properties of the transmitted sequence of symbols. The power

spectral density for each of the following line codes is given in Figure 5.23.

Non-return-to-zero level (NRZ-L) code: Bit 1 is represented by one voltage

level (A) and bit 0 is represented by the opposite voltage level �Að Þ (i.e., the
value of the signal level determines the value of the bit). NRZ-L code is widely

used in digital logic circuits. Thewidth of the rectangular pulse used inNRZ-L

code is assumed to be the same as the bit duration Tb, we therefore have
P fð Þ¼ATbsinc(fTb). For the NRZ-L code, there is no correlation between the

transmitted symbols, we thus have C fð Þ¼ 1, and its PSD is as follows:

SNRZ�L fð Þ¼ A2Tb
� 	

sinc2 fTbð Þ (5.26)

Manchester (Bipolar) code: Bit 1 is represented by a transition from a high

level (A) to a low level (–A) occurring in the middle of the bit interval and
bit 0 is represented by a transition from a low level (–A) to a high level (A)

occurring in the middle of the bit interval (i.e., always two successive half-

width
Tb
2

� �
pulses with opposite polarities are representing a bit).

Therefore, two half-width pulses representing a bit introduce a significant
level of correlation. Manchester code is commonly used in the local area

FIGURE 5.23 Power spectral densities of various line codes.
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network Ethernet. Due to transition in the middle of every bit, this code is

thus known as a self-synchronizing code. This code has no DC component,

but requires larger bandwidth, mainly due to shorter rectangular pulses.

We therefore have P fð Þ¼ ATb
2

� �
sinc

fTb
2

� �
. There may be correlation

between two adjacent pulses, and it can be shown that in (5.25),

C fð Þ¼ 2 sin2 πf Tb
2

� �
, and the PSD of the Manchester code is thus as follows:

Sbi�phase fð Þ¼ A2Tb
� 	

sinc2
fTb
2

� �
sin2 πfTb

2

� �
(5.27)

Bipolar (Alternate Mark Inversion) code: Bit 0 is represented by no pulse

and bit 1 is represented by alternating positive (A) and negative �Að Þ half-
width pulses. Bipolar code is widely used in T1 carrier systems. A major
benefit of AMI is that it has no DC component. It has a limited error

detection capability that allows online performance monitoring at a

repeater or a receiver. Bipolar code has a synchronization problem when a
long sequence of 0s is present in the data. For a half-width pulse, we have

P fð Þ¼ A2Tb
4

� �
sinc2 fTb

2

� �
and using (5.25), we have C fð Þ¼ sin2 πfTbð Þ. The

power spectral density of the bipolar code is thus as follows:

SAMI fð Þ¼ A2Tb
4

� �
sinc2

fTb
2

� �
sin2 πfTbð Þ (5.28)

Miller code (Delay modulation): Bit 1 is encoded by a transition in the

middle of the bit interval, and depending on the previous bit, the transition

may be either upward or downward. Bit 0 is encoded by a transition at the
beginning of the bit interval if the previous bit is 0; if the previous bit is 1,

then there is no transition. It is attractive for magnetic recording and PSK

signaling. Miller code provides good synchronization capabilities and is
immune to a polarity reversal. The majority of the signaling energy lies at

frequencies less than one half the bit rate, and the spectrum is minimal in

the vicinity of f ¼ 0. For the Miller code, the power spectral density is much
more complex, assuming θ¼ πfTb; its power spectral density is follows:

SMiller fð Þ¼ A2Tb

2θ2 17 +8 cos 8θð Þð Þ 23�2 cos θð Þ�22 cos 2θð Þ�12 cos 3θð Þð
+5 cos 4θð Þ+ 12 cos 5θð Þ +2 cos 6θð Þ�8 cos 7θð Þ+ 2 cos 8θð ÞÞ (5.29)

Summary and Sources

In this chapter, we focused on how analog signals can be transformed into bits.

As the first salient step in the analog-to-digital conversion, we introduced the
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sampling process by which a continuous-time signal can be converted into

a discrete-time signal. The sampling theorem, as advanced independently by
several people, is generally known as the Nyquist-Shannon theorem [1–3].

We then discussed how samples can be quantized in various ways, and zeroed

in on multiple digital pulse modulation techniques to produce transmission
bits. A detailed treatment of various quantization methods, pulse-code modu-

lation and its variant may be found in [4]. There are also many excellent

textbooks that cover major aspects of analog-to-digital conversion [5–12].
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Problems
5.1 Determine the Nyquist rate for each of the following signals:

(a) g tð Þ¼ 5cos 1000πtð Þcos 4000πtð Þ
(b) g tð Þ¼ sin 200πtð Þ= πtð Þ
(c) g tð Þ¼ � tj j + 1ð Þ u t + 1ð Þ�u t�1ð Þð Þcos 2πtð Þ

5.2 Consider the signal g tð Þ¼ 2cos 20πtð Þ that is sampled at 30 times per second and

then filtered by an ideal LPF whose bandwidth is 30 Hz. Determine the LPF

output. Determine the LPF output if the sampling rate is 15 times per second.
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5.3 Suppose we have g tð Þ¼A sinc2 2Wtð Þ, where A 6¼ 0 and W 6¼ 0. Determine the

condition on the sampling rate fs or the sampling period Tso so that g(t) can be

uniquely represented by its sampled version.

5.4 Determine the minimum sampling frequency for each of the following

bandpass signals:

G fð Þ 6¼ 0 for 9 kHz < fj j< 12 kHz.

G fð Þ 6¼ 0 for 18 kHz < fj j< 22 kHz.

5.5 The signal g tð Þ¼ cos 60πtð Þcos2 160πtð Þ is sampled at the rate of 400 times

per second. Determine the range of permissible cut-off frequencies for the

ideal reconstruction filter that may be used to recover g(t) from its sampled

version.

5.6 In the context of sampling, address the following two questions:

(a) Is it possible that two different real lowpass deterministic signals are

ideally sampled in the time domain at two different rates and the Fourier

transforms of these two sampled signals turn out to be identical? If so,

explain and give an example, if not, why not?

(b) Is it possible that two identical real lowpass deterministic signals are

ideally sampled in the time domain both at the same rate and these two

sampled signals in the time domain turn out to be different? If so, explain

and give an example, if not, why not?

5.7 The signal g tð Þ¼ 4δ tð Þ + 2cos 2πtð Þ is to be uniformly sampled for digital

transmission. Discuss the maximum allowable time interval between sample

values that will ensure perfect reconstruction of the signal.

5.8 A seismic signal g tð Þ¼ 10cos 1000πtð Þ + 20cos 2000πtð Þ is to be uniformly

sampled for digital transmission. Determine the maximum allowable time

interval between two adjacent sample values that will ensure perfect signal

reproduction.

5.9 Consider a signal g tð Þ¼ 2cos 200πtð Þ + 2cos 320πtð Þ is ideally sampled at

a rate of 300 Hz. The sampled signal is passed through an ideal lowpass filter

(LPF) with a cut-off frequency of 250 Hz. Determine the signal at the output

of the LPF, in both time and frequency domains.

5.10 Assuming the signal x tð Þ¼ cos 200πtð Þ 1 + cos 200πtð Þð Þ is lowpass filtered,

where the cut-off frequency of the LPF is 125 Hz. The output of the LPF is

sampled 150 times per second. Then, the output of the sampler is lowpass

filtered. The cut-off frequency of this second LPF is 75 Hz. Determine the

output of this second LPF in the time domain.

5.11 Design a system, consisting of a sampler and a filter, in such a way

that if the input is as follows: x tð Þ¼ cos 200πtð Þ, the output is then as

follows: y tð Þ¼ cos 150πtð Þ. In other words, determine the sampling rate

as well as the type and the bandwidth of the filter, which follows the

sampler.
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5.12 Determine the Fourier transform of the sampled signal using natural

sampling method, i.e., verify (5.9).

5.13 Determine the Fourier transform of the sampled signal using flat-top

sampling method, i.e., verify (5.10).

5.14 A binary channel with the bit rate of 36 kbps is available for PCM voice

transmission. Find an appropriate value of the sampling rate fs that yields

no aliasing, and determine the number of quantization levels L assuming the

bandwidth of the voice signal is 3.2 kHz.

5.15 A TV signal with a bandwidth of 4.2 MHz is digitally transmitted. Assuming

the Nyquist sampling rate and noting 9 bits represent each sample, determine

the bit rate required to transmit this TV signal.

5.16 A TV signal with a bandwidth of 6 MHz is transmitted using PCM. The

number of levels in the quantizer is 4096. Assume the sampling rate is 20%

more than the Nyquist rate. Determine the bit rate (i.e., the number of bits

per second) required to transmit the binary PCM information.

5.17 Assume the signal g(t) has a Gaussian shape with a standard deviation σg,

and that the range of the uniform quantizer extends from �3σg to 3σg.

Determine the number of bits that are needed if the SNRomust be at least 90 dB.

5.18 If the signal g tð Þ¼ 10cos 2000πt +
π

3

� �
+ 20cos 400πt +

π

4

� �
is uniformly

sampled at the Nyquist rate and subsequently quantized using a 64-level

quantizer, determine then the number of bytes required for perfect

reproduction of one hour of the signal.

5.19 Consider a voice signal whose bandwidth is 3.4 kHz and its maximum value

is 8 volts. To transmit this signal, a delta modulation system is used in

which the sampling rate is 64 kHz.

(a) Determine the minimum permissible value of the step size to avoid

slope-overload distortion.

(b) Determine the average power of granular noise and the requiredminimum

channel bandwidth.

5.20 The signal g tð Þ¼ cos 100πtð Þ + cos 200πtð Þ is sampled at four times the Nyquist

rate and then passed through a delta modulation system. Determine the bit

rate at its output.

5.21 A sinusoidal signal with amplitude 6.5 volts is applied to a uniform quantizer.

Sketch the quantized waveform for one complete cycle of the input, if

(a) The quantizer is a mid-tread type whose output takes on the values

0, �1, �2, �3, �4, �5, �6 volts.

(b) The quantizer is a mid-rise type whose output takes on the values

�0:5, �1:5, �2:5, �3:5, �4:5, �5:5 volts.

5.22 Consider the signal g tð Þ¼ e�2tcos 2000πtð Þu tð Þ. Determine the minimum step

size to avoid slope overload.
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5.23 The signal g(t) has a bandwidth of 20 kHz, and its amplitude at any time is a

random variable whose probability density function is as follows:

fX xð Þ¼ � tj j + 1ð Þ u x + 1ð Þ�u x�1ð Þð Þ

where u(.) is the step function.

(a) Determine SNRo, if a uniform quantizer with 256 levels is employed.

(b) Determine the transmission bandwidth increase, if SNRo must be

increased by 30 dB.

5.24 The stationary random signal g(t) has a maximum value of 2, and its

autocorrelation function is as follows:

RX xð Þ¼ 2e� τj jcos 2πτð Þ

Determine the number of bits required to guarantee an SNRo of at least

100 dB.

5.25 Suppose a signal that ranges over the interval �20, 20½ � is applied to a

quantizer employing 256 levels.

Determine the required step size if a uniform quantizer is employed.

Determine the smallest and the largest effective separation between levels if a

nonuniform μ-law quantizer with μ¼ 255 is employed.

5.26 Determine the mean-square quantization error in delta modulation.

5.27 Show step by step how the power spectral density of Manchester code, as

expressed in (5.27), can be obtained.

5.28 Show step by step how the power spectral density of AMI code, as expressed in

(5.28), can be obtained.

Computer Exercises

5.29 Generate the signal g tð Þ¼ sinc2 1000tð Þ. Using instantaneous sampling,

sample it once at 1500 samples per second, once at 2000 samples per second,

and once at 2500 samples per second. Using DFT, plot the spectra of all three

sampled signals.

5.30 Generate the signal g tð Þ¼ sin 2πtð Þ. Using a uniform quantizer, quantize it

once to 16 levels and once to 32 levels. Plot the original signal and the

quantized signals for a period of 2 seconds. Determine the resulting SNRo

for both cases.

5.31 Generate a sequence consisting of 1000 random variables with zero-mean,

unit-variance Gaussian distribution. Assuming a μ -law compression with

μ¼ 255, plot the input-output relation for the quantizer, the error, and the

SNRo, where the number of bits per sample is 5, 6, 7, and 8.
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CHAPTER 6

Baseband Digital Transmission

INTRODUCTION

In this chapter, we first present the basic elements of a baseband binary trans-

mission system with the intention of introducing the two major channel deg-
radations of intersymbol interference and noise. Detailed discussions on how

to eliminate intersymbol interference and minimize the effect of noise are then

provided. Next, the transmission of bits using M-ary signaling is introduced,
and major trade-offs are identified and assessed. We derive the minimum

bit error rate, and the impact of system parameters, such as power and trans-

mission rate, are discussed. Finally, equalizers, which can combat the intersym-
bol interference due to unknown channel characteristics and imperfect

filtering, are presented. After studying this chapter and understanding all rele-

vant concepts and examples, students should be able to do the following:

1. Understand the elements of a baseband pulse amplitude modulation

transmission system.
2. Describe intersymbol interference and its root cause.

3. State the Nyquist criterion in both time- and frequency-domain
representations.

4. Comprehend the importance of pulse-shaping.

5. Identify the minimum bandwidth requirement.
6. Appreciate the role of the roll-off factor and excess bandwidth.

7. Characterize the raised-cosine pulse spectrum.

8. Examine eye patterns to qualitatively assess digital transmission
performance.

9. Construct optimum transmitting and receiving filters to minimize the

effect of noise.
10. Derive the expression for the minimum bit error rate.

11. Design baseband transmission systems to meet system requirements.

12. Outline M-ary signaling and why it is used.
13. Highlight the trade-offs in M-ary signaling.

14. Portray the need for equalization.
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15. Grasp the basic operation of Viterbi equalizers.

16. Determine the taps for zero-forcing linear equalizers.

17. Find the taps for minimum mean-square-error equalizers.
18. Explain how decision-feedback equalizers work.

19. Analyze how an adaptive equalizer using the least-mean-square
algorithm operates.

20. Connect the concepts of bandwidth, bit rate, bit error rate, power,

and complexity.

6.1 BASEBAND BINARY PAM TRANSMISSION
SYSTEM MODEL

For the baseband digital transmission, pulse amplitude modulation (PAM) is

the most efficient in terms of power and bandwidth utilization. Figure 6.1
shows the basic components of a baseband binary PAM transmission system.

The input sequence {bk} consists of binary digits (bits) 1 and 0 with a bit dura-

tion of Tb and a bit rate of rb ¼ 1=Tb. The input bits applied to a pulse generator
produce the following signal:

x tð Þ¼
X1
k¼�1

ak g t�kTbð Þ (6.1)

where g(t) is the basic shaping pulse with g 0ð Þ¼ 1, and the pulse amplitude ak
depends on the input bit bk such that

Channel

Additive white
Gaussian noise

(AWGN)

(b)

Binary
data

source

Pulse
generator

Transmitting
filter

(a)

Synchronizer
and

sampler

Memoryless
decision
device

Binary
data
sink

Receiving
filter

(c)

FIGURE 6.1 Baseband binary PAM transmission system: (a) transmitter, (b) channel, and (c) receiver.

266 CHAPTER 6: Baseband Digital Transmission



ak ¼
a, bk ¼ 1

�a, bk ¼ 0

8<
: (6.2)

where a> 0. The PAM signal x(t) is passed through the transmitting filter HT(f)

to form the transmitted signal. The transmitted signal is affected by the band-

limited channel whose transfer function is HC(f). The channel also adds noise
to the signal at the receiver input. Without loss of generality and for conve-

nience, we assume there is no time delay in the system. The noisy signal is then

filtered by the receiving filter HR(f) whose output is as follows:

r tð Þ¼
X1
k¼�1

Ak h t�kTbð Þ+ n tð Þ (6.3)

where n(t) is the filtered noise, Ak ¼Cak, Ch(t) is the system response when the

input is g(t), and C> 0 is a normalizing constant yielding h 0ð Þ¼ 1. With h(t) as
the inverse Fourier transform of the pulse-shaping filter H(f), we thus have:

akG fð ÞHT fð ÞHC fð ÞHR fð Þ¼AkH fð Þ (6.4)

where G(f) is the Fourier transform of the pulse g(t). The received signal r(t) in
(6.3) is sampled synchronously at tm ¼mTb, where m takes on integer values.

The timing signal is usually extracted from the received signal. We thus obtain:

r tmð Þ¼
X1
k¼�1

Ak h mTb�kTbð Þ+ n tmð Þ¼Am +
X1

k¼�1
k 6¼m

Ak h m�kð ÞTbð Þ + n tmð Þ (6.5)

The first term of the right-hand side of (6.5) represents the desired mth trans-
mitted bit, and the second term represents the residual effect of all other trans-

mitted bits on the mth bit. This residual effect is called intersymbol interference

(ISI). ISI results when received pulses are smeared into adjacent time intervals.
The last term represents the noise sample. In the absence of noise and ISI, the

mth bit is correctly decoded into am, and in turn, into bm.

EXAMPLE 6.1

Suppose in a baseband binary PAMsystem the received pulse h(t) atmultiples of the bit duration Tb
is defined as follows:

h kTbð Þ¼

0, k��3
0:1, k¼�2
�0:2, k¼�1
1, k¼ 0
�0:3, k¼ 1
0:2, k¼ 2
0, k� 3

8>>>>>>>><
>>>>>>>>:

Determine the maximum amount of ISI, and identify a sequence for which this maximum

can occur.
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Solution
The maximum amount of ISI, also known as the peak distortion, is the result of the worst-case

transmitted sequence. The maximum value occurs when each term in the summation represent-

ing the ISI term in (6.5) is maximum, i.e., when we have

ISImax ¼
X1

k¼�1
k 6¼m

jh m�kð ÞTbð Þj

The peak distortion is then 0:1j j + �0:2j j + �0:3j j + 0:2j j ¼ 0:8. Thismaximum is obtained when each

transmitted bit has the same algebraic sign as the corresponding ISI term. The binary sequence

+ 1, �1, �1, �1, + 1f g can thus give rise to the peak distortion.

Since both ISI and noise can introduce errors, the major objective is to choose

transmitting and receiving filters to ideally eliminate (or practically minimize)
ISI and to minimize the effect of noise, thereby delivering the lowest possible

bit error rate. In some communication systems, such as the plain old telephone

system (POTS), ISI is more dominant than noise, whereas in some other sys-
tems, such as a TV broadcast satellite system, noise is more prevalent than ISI.

6.2 INTERSYMBOL INTERFERENCE

ISI is a dominant degradation usually caused by nonideal band-limited chan-

nels. As reflected in (6.5), ISI is caused by the nonideal time response of the

system h(t) spilling over from one bit into another. A bit is represented by a
pulse sent during its interval, and spreading of a pulse beyond its allotted time

interval can cause it to interfere with neighboring pulses. ISI, as a manifestation

of channel distortion and imperfect filtering, can cause a significant number of
errors if it is large enough. In digital transmission, it is thus a primary objective

to design pulses to eliminate ISI.

6.2.1 Nyquist Criterion for Distortionless (Zero-ISI)
Transmission

The condition for the removal of ISI is known as the Nyquist criterion. A nec-
essary and sufficient condition for the overall received pulse h(t) to satisfy

h mTbð Þ¼
1, m¼ 0

0, m 6¼ 0

8<
: (6.6a)

is that its Fourier transform H(f) must satisfy

X1
k¼�1

H f +
k

Tb

� �
¼ Tb, fj j< 1

2Tb
(6.6b)
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EXAMPLE 6.2

Prove the Nyquist criterion, i.e., if we have (6.6b), we then have (6.6a).

Solution
Since h(t) and H(f) form a Fourier transform pair, we have:

h tð Þ¼
ð1
�1

H fð Þexp j2πftð Þdf

By dividing the range of the above integration into frequency segments of length
1

Tb
, the received

pulse h(t) at sampling instants t¼mTb is then as follows:

h mTbð Þ¼
X1
k¼�1

ð2k + 1
2Tb

2k�1
2Tb

H fð Þexp j2πfmTbð Þdf

Making a change of variable, s¼ f� k

Tb
and thus ds¼ df, we can rewrite h(mTb) as follows:

h mTbð Þ¼
X1
k¼�1

ð1=2Tb
�1=2Tb

H s +
k

Tb

� �
exp j2πsmTb + j2π

k

Tb

� �
mTb

� �
ds

¼
X1
k¼�1

ð1=2Tb
�1=2Tb

H s +
k

Tb

�
exp j2πsmTbð Þds

�

By replacing the variable s by the familiar variable f and also interchanging the order of integration

and summation, h(mTb) can be rewritten as follows:

h mTbð Þ¼
ð1=2Tb
�1=2Tb

X1
k¼�1

H f +
k

Tb

� � !
exp j2πfmTbð Þdf

By using (6.6b), h(mTb) then becomes as follows:

h mTbð Þ¼
ð1=2Tb
�1=2Tb

Tbexp j2πfmTbð Þdf¼ sinc mð Þ:

Since we have

sinc mð Þ¼
1, m¼ 0

0, m 6¼ 0

8<
:

h(t), whose Fourier transform H(f) satisfies (6.6b), produces zero ISI and thus satisfies (6.6a).

The Nyquist criterion in the time domain, as reflected in (6.6a), indicates that

the overall received pulse must be zero at all multiples of the bit duration Tb,
except at t¼ 0, which has the value of 1. The Nyquist criterion does not

uniquely specify h(t) for all values of t. The Nyquist criterion in the frequency

domain, as highlighted in (6.6b), states that the Fourier transform of the pulse

must have odd symmetry with respect to the frequency f ¼ 1

2Tb
, but the Nyquist

criterion does not uniquely specifyH(f) for all values of f. This vestigial symme-

try implies that the spectrum of the ISI-free pulse is such that if replicated in the

frequency domain with spacing of
1

Tb
, the sum of all replicas is the constant Tb. It

is of high importance to highlight that although the Nyquist criterion puts a very
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stringent requirement on the pulse, there are infinitely many pulses that can meet

the Nyquist criterion so as to provide a zero-ISI (ISI-free) condition.

EXAMPLE 6.3

Suppose the Fourier transform of a pulse is as follows:

H fð Þ¼

Tb, fj j � 1�αð Þ
2Tb

Tb
α

� �
�Tb fj j + 1 + α

2

� �
,

1�αð Þ
2Tb

< fj j � 1 + αð Þ
2Tb

0,
1 + αð Þ
2Tb

< fj j

8>>>>>><
>>>>>>:

where 0� α� 1. Show that this pulse in both time and frequency domains satisfies the Nyquist

criterion.

Solution
As shown in Figure 6.2a, H(f) satisfies the Nyquist criterion, as there is odd symmetry with respect

to the frequency f¼ 1=2Tb. In other words, we have:

H
1

2Tb
+ x

� �
+H

1

2Tb
� x

� �
¼ Tb

where 0� x� 1

2Tb
. Using the inverse Fourier transform, the pulse in the time domain is then as

follows:

h tð Þ¼ sinc
t

Tb

� �
sinc

αt

Tb

� �

As shown in Figure 6.2b, h(t) regardless of the value α satisfies the Nyquist criterion, as we have

h 0ð Þ¼ 1 and h tð Þ¼ 0 at all nonzero multiples of Tb.

Depending on the channel bandwidth W and the Nyquist bandwidth
1

2Tb
, also

known as the minimum bandwidth, there can be three distinct cases in a binary

transmission system:

1) W <
1

2Tb
: The periodic function of (6.6b), whose period is

1

Tb
, cannot

become a constant for all frequencies, since there can be no overlapping

replicas ofH(f). This clearly points to the fact that we cannot design a digital
transmission system with no ISI. In other words, if the bit rate is greater than

twice the channel bandwidth i:e:;2W<
1

Tb

� �
, the channel-induced ISI is

unavoidable.

2)W ¼ 1

2Tb
: Theperiodic functionof(6.6b)canbecomeaconstant,only ifH(f)

is an ideal LPF whose bandwidth is
1

2Tb
. Although the ideal lowpass filter with

the minimum possible bandwidthW¼ 1

2Tb
can theoretically eliminate the
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problem of ISI, there are two difficulties in the systemdesign: i) an ideal LPF is
physicallyunrealizablebecauseof theabrupt transitionsat thebandedges�W,

and ii) the rateof convergenceof the impulse responseh tð Þ¼ sinc
t

Tb

� �
toward

zero is quite slow, in that the tails and precursors of h(t) decay as
1

tj j, and as a

result, a small timing error in sampling can result in an infinite series of ISI

components whose sum does not converge.

3) W >
1

2Tb
: The periodic function of (6.6b) can consist of overlapping

replicas of H(f) separated by
1

Tb
. This obviously leads to an infinite number

FIGURE 6.2 Pulse in Example 6.3: (a) Fourier transform and (b) impulse response.
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of choices forH(f). In practical systems, the bit rate
1

Tb
is chosen such that the

available bandwidth W is between
1

2Tb
and

1

Tb
. In other words, we have

W¼ 1 + α

2Tb
, where 0� α� 1 is known as the roll-off factor and

α

2Tb
is the excess

bandwidth usually expressed as a percentage of theminimum bandwidth
1

2Tb
.

Note that if H(f) is defined over the excess bandwidth, then H(f) has been

uniquely defined for all frequencies. In general, larger values of α can

provide faster rates of decay of h(t) with smaller values near nonzero
multiples of bit duration. In addition, larger values of α can lead to filters

that are easier to realize, as they can have smoother transition bands.

However, these benefits are all at the expense of a larger excess bandwidth, as
bandwidth is always at a premium.

Figure 6.3 highlights the relationship between the channel bandwidth W, the

bit rate
1

Tb
, and the roll-off factor α.

EXAMPLE 6.4

Suppose the roll-off factor is 25% and the bandwidth of a baseband transmission system satisfying

the Nyquist criterion is 30 kHz. Determine the bit rate.

Solution
We have W ¼ 1 + α

2Tb
¼ 30,000 Hz, where α¼ 25%. We thus obtain the bit rate rb ¼ 1

Tb
¼ 48 kbps.

1
(bps)

0

Region I:   Insufficient bandwidth      Unavoidable ISI

Region II:  Practical bandwidth      Zero ISI

Region III: Wasted bandwidth      Zero ISI

FIGURE 6.3 Relationships among the required bandwidth, allowable bit rate, and potential intersymbol

interference.
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6.2.2 Raised-Cosine Pulse Spectrum

In the selection of aNyquist pulse, it is important to consider a pulse that has a fast
rate of decay in the time domain and its sample values at nonzero multiples of

Tb are small. It is also desirable for the pulse to have a spectrum that can be closely

approximated and easily realized. The most commonly used pulse has the raised-
cosine spectrum,which consists of a flat amplitudeportionup to 1�αð Þ=2Tb anda
cosine roll-offportionbetween 1�αð Þ=2Tb and 1+ αð Þ=2Tb. TheFourier transform
of a raised-cosine pulse is defined as follows:

H fð Þ¼

Tb, fj j � 1�αð Þ
2Tb

Tb sin
πTb
2α

fj j�1 +α

2Tb

� �� �� �2

,
1�αð Þ
2Tb

< fj j � 1 +αð Þ
2Tb

0,
1 + αð Þ
2Tb

< fj j

8>>>>>><
>>>>>>:

(6.7a)

where 0� α� 1. Note thatH(f) is real and nonnegative (i.e., its phase spectrum

is zero for all frequencies), and the area under this pulse is also unity. The
raised-cosine pulse in the time domain is thus as follows:

h tð Þ¼ sinc
t

Tb

� � cos
παt

Tb

� �

1�4α2t2

Tb
2

0
BB@

1
CCA (6.7b)

Note that h(t) consists of the product of two terms. The first one is a sinc func-

tion through which zero crossings at all nonzeromultiples of Tb are guaranteed,

and the second one, which is a function of the roll-off factor α, significantly
reduces the tails and the predecessors of the pulse.

Figure 6.4 shows (6.7a) and (6.7b). Larger values of α imply that more band-

width is required for a given bit rate
1

Tb
; however, they can lead to faster decaying

pulses. In general, the tails of a raised-cosine pulse h(t) decay as
1

t3
for α> 0. This

in turn means that synchronization will be less critical and modest timing

errors will not cause large amounts of ISI. Strictly speaking, raised-cosine pulses
are noncausal and physically unrealizable; however, a delayed version of these

pulses (i.e., h t� τð Þ) can be generated by causal filters, if the delay τ is long

enough to have h t� τð Þffi 0 for t< τ.

6.2.3 Eye Diagrams

Eye-pattern generation is straightforward and can provide a great deal of infor-

mation. The eye diagram or pattern is an effective tool to provide a visual exam-

ination of the severity of the ISI, sensitivity to timing errors, and the noisemargin.
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The eye pattern is obtained by displaying the received signal on an oscilloscope.
The time base of the scope is triggered at a fraction of the bit rate, and it thus

yields a sweep, lasting several bit intervals. The oscilloscope then shows the
superposition of many traces of bit intervals from the received signal. The oscil-

loscope pattern is simply the input signal cut up every couple of bit intervals and

then superimposed on top of one another. Figure 6.5 shows various received sig-
nals and their corresponding eye patterns. As shown in Figure 6.6, monitoring of

an eye pattern can provide a qualitative measure of performance regarding the

signal quality, including the following important observations:

FIGURE 6.4 Raised cosine pulse: (a) pulse in frequency domain and (b) pulse in time domain.
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n The width of the eye opening represents the time interval during which
the received signal can be sampled without error from ISI.

n The best time to sample the received signal is when the eye is open the

widest. When there is no ISI, we have an eye opening of unity, and
when there is a significant amount of ISI, we have an eye opening of zero

FIGURE 6.5 Various received signals and corresponding eye patterns: (a) ideal signal and (b) distorted signal.
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(i.e., the eye is completely closed). With an eye opening of 50% or

better (i.e., with a signal-to-noise ratio of 6 dB or more), reliable data
transmission can be achieved.

n The maximum distortion is indicated by the height of the eye opening at

sampling time and it is twice the peak distortion.
n The noise margin or immunity to noise is defined by the height of the

eye opening at the sampling time.
n The sensitivity to timing errors is detected by the rate of closure of the eye

as sampling time is varied.

n Zero (level) crossings can provide clock information, and the
amount of distortion of zero crossings indicates the amount of jitter.

The variation of level crossing can be seen from the width of the eye

corners.
n In a linear system with truly random data, all the eye openings would be

identical.

n Asymmetries in the eye opening generally indicate nonlinearities in
the transmission channel.

n When the effect of ISI is quite severe, traces from the upper portion of

the eye pattern cross traces from the lower portion, resulting in the eye
being completely closed.

n In an M-ary system (as discussed later), the eye pattern contains (M –1)

eye openings stacked up vertically one on the other.

a: Time interval for sampling
b: Distortion of zero crossings

a

c

b

d

Best sampling time

Slope: sensitivity
to timing error

c: Noise margin at best sampling time
d: Distortion at sampling instant   

FIGURE 6.6 Interpretation of eye pattern.
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EXAMPLE 6.5

Suppose we have a raised-cosine pulse with 100% roll-off factor. Discuss the properties of this

pulse, and sketch its eye pattern.

Solution
A raised-cosine pulse with α¼ 100%, known as the full-cosine roll-off pulse, has a bandwidth of

1

Tb
. Using (6.7b), the pulse h(t) is then defined as follows:

h tð Þ¼ sinc
t

Tb

� � cos
πt

Tb

� �

1� 4t2

Tb
2

0
BBB@

1
CCCA¼

sin
πt

Tb

� �
πt

Tb

0
BB@

1
CCA

cos
πt

Tb

� �

1� 4t2

Tb
2

0
BBB@

1
CCCA¼

sin
2πt

Tb

� �
2πt

Tb
1� 4t2

Tb
2

� �¼
sinc

2t

Tb

� �

1� 4t2

Tb
2

At t¼�Tb
2
, we have h tð Þ¼ 0:5. This in turn means that the pulse width, measured at half ampli-

tude, is exactly equal to the bit duration Tb. Moreover, at other oddmultiples of�Tb
2
, there are also

zero crossings. These two properties can significantly simplify the extraction of a timing signal

from the received signal, a major requirement for most digital transmission systems. However,

these benefits are at the expense of requiring a bandwidth as much as
1

Tb
, which is double

the minimum bandwidth
1

2Tb
. Figure 6.7 shows the eye pattern for this pulse.

6.3 OPTIMUM SYSTEM DESIGN FOR NOISE IMMUNITY

The major system design objectives are to choose the transmitting filter HT(f)
and receiving filterHR(f) for the nonideal band-limited channelHC(f), transmit

pulse G(f), and received pulseH(f), in such a way that ISI is eliminated and the

FIGURE 6.7 Eye pattern for 100% raised-cosine pulse.

2776.3 Optimum System Design for Noise Immunity



effect of noise is minimized, thereby delivering the smallest possible bit error

rate. The elimination of ISI can be achieved if the received pulse satisfies the
Nyquist criterion, and the maximization of noise immunity can be accom-

plished by maximizing the signal-to-noise ratio (SNR) at the receiver output.

As a matter of practical significance, we make the following assumptions:

i) The input bits, applied to a pulse generator to produce the input

signal x(t), are statistically independent and equi-probable. The power
spectral density of the input signal x(t) is thus as follows:

SX fð Þ¼ a2jG fð Þj2
Tb

(6.8)

where G(f) is the Fourier transform of the pulse g(t), a narrow rectangular

pulse of unit amplitude.
ii) The transmit pulse g(t) is so narrow that its Fourier transform G(f) remains

virtuallyunchangedover thebandwidthof interest.Using(6.4),wethushave:

CH fð Þ¼G fð ÞHT fð ÞHC fð ÞHR fð ÞffiHT fð ÞHC fð ÞHR fð Þ (6.9)

iii) The noise at the input of the receiving filter is an additive white Gaussian

noise (AWGN), with zero mean and power spectral density of N0/2. The

noise at the output of the receiving filter is also zero-mean Gaussian, and
has the following variance:

σ2N ¼N0

2

ð1
�1

jHR fð Þj2df (6.10)

6.3.1 Bit Error Rate Derivation

With the received pulse satisfying the Nyquist criterion (i.e., when there is no
ISI), at the mth sampling instant tm ¼mTb, the output at the receiving filter,

according to (6.5), is as follows: r tmð Þ¼Am + n tmð Þ.
The output of the decision device for themth bit is 1 or 0 depending on whether

r tmð Þ> 0 or r tmð Þ< 0, respectively. The expression for the average bit error rate

at the receiver is given by:

PBER eð Þ¼ P r tmð Þ> 0=bm ¼ 0ð ÞP bm ¼ 0ð Þ+ r tmð Þ< 0=bm ¼ 1ð ÞP bm ¼ 1ð Þ (6.11a)

We have r tmð Þ¼�A + n tmð Þ when bm ¼ 0 and r tmð Þ¼A + n tmð Þ when bm ¼ 1,
where A¼Ca. Noting that the noise sample n(tm) is zero-mean Gaussian

and the input bits are equally likely, we thus get:

PBER eð Þ¼ 1

2
P n tmð Þ<�Að Þ+ 1

2
P n tmð Þ>Að Þ¼ P n tmð Þ>Að Þ (6.11b)

Noting that the noise variance is σN
2 and using theQ-function, the bit error prob-

ability is then as follows:

PBER eð Þ¼Q
A

σN

� �
(6.11c)
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6.3.2 Optimum Transmitting and Receiving Filters

Since theQ-function is a decreasing function, PBER(e) in (6.11c) decreases as
A

σN
increases or equivalently as

A2

σ2N
increases. In order to minimize PBER(e), we thus

have to maximize
A2

σ2N
, which in turn means we need to design the optimum

transmitting and receiving filters. Using (6.8), the power spectral density of

the transmitted signal is given by:

ST fð Þ¼ a2jG fð Þj2
Tb

jHT fð Þj2

Noting we have A¼Ca, then by using (6.9), we have the average transmitted

power as follows:

PT ¼
ð1
�1

ST fð Þdf ¼
ð1
�1

a2jG fð Þj2
Tb

jHT fð Þj2df ¼A2

Tb

ð1
�1

jH fð Þj2
jHC fð ÞHR fð Þj2 df

Solving for A2, we get:

A2 ¼ PTTb

ð1
�1

jH fð Þj2
jHC fð ÞHR fð Þj2 df

� ��1

(6.12a)

Using (6.10) and (6.12a), A2

σ2
N

can then be expressed as follows:

A2

σ2N
¼ PTTb
N0=2

ð1
�1

HR fð Þj j2df
ð1
�1

H fð Þj j2
HC fð ÞHR fð Þj j2 df

" #�1

(6.12b)

In order to minimize the bit error probability in (6.11c), we thus need to min-

imize the following:

γ2 ¼
ð1
�1

jHR fð Þj2df
ð1
�1

jH fð Þj2
jHC fð ÞHR fð Þj2 df

We now use Schwartz’s inequality, which is stated as follows: if U(f) and W(f)
are complex functions of f, we have:

ð1
�1

jU fð Þj2df
ð1
�1

jW� fð Þj2df �
ð1
�1

jU fð ÞW� fð Þj2df

The minimum value of the left-hand side of the above relation is obtained
when U fð Þ¼K1W fð Þ, where K1 is a positive constant. In our case, we have:

U fð Þ ¼j jHR fð Þj j

and

W fð Þj j ¼ H fð Þj j
HC fð Þj j HR fð Þj j
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γ2 is thus minimized when the optimum receiving filter is as follows:

jHR fð Þj2 ¼K1 H fð Þj j
HC fð Þj j (6.13a)

Using the above result and (6.9), we have the optimum transmitting filter as
follows:

jHT fð Þj2 ¼K2 H fð Þj j
HC fð Þj j (6.13b)

where K2 ¼C2=K1. These filters must have either linear phase responses or arbi-
trary phase responses as long as they compensate one another. From (6.13a)

and (6.13b), we can have the following interesting result:

HR fð Þj j ¼K3 HT fð Þj j (6.14)

where K3 ¼ K1

C . It is important to note that with the exception of a gain differ-
ence, the transmitting and receiving filters have the same frequency character-

istics. This simply means that one design can therefore characterize both

filters. Using (6.12b), (6.13a), and (6.13b), the maximum value of A2

σ2
N
is then

as follows:

A2

σ2N

� �
max

¼ PTTb
N0=2

ð1
�1

H fð Þj j
HC fð Þj jdf

� ��2

(6.15a)

which in turn gives rise to the following minimum bit error probability:

PBER eð Þmin ¼Q
A

σN

� �
max

(6.15b)

6.3.3 Design Procedure and Example

The bit error rate under the ideal circumstance of an AWGN channel and zero-
ISI system represents the best that can be achieved. AssumingHC fð Þ¼ 1 and the

Fourier transform of the received pulseH(f) satisfies

ð1
�1

H fð Þj jdf ¼ 1, the max-

imum value of the SNR in (6.15a) can be further simplified, and the corre-
sponding minimum bit error probability, as reflected in (6.15b), thus
becomes as follows:

PBER eð Þmin ¼Q

ffiffiffiffiffiffiffiffiffiffiffi
PTTb
N0=2

s !
¼Q

ffiffiffiffiffiffiffiffiffiffiffi
Eb

N0=2

s !
¼Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PT

RbN0=2

s !
(6.16)

where Eb ¼ PTTb ¼ PT
Rb
is the average energy per bit. As highlighted in (6.16), there

are threemajor parameters that can impact theminimum bit error rate. Since the

Q-function is a decreasing function, an increase in the average transmit power PT
or a reduction in the noise power N0/2 or a decrease in the bit rate Rb or a com-

bination of these three changes can reduce the minimum bit error rate.
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In the analysis of digital data transmission systems, we cannot assume the

bandwidth is unconstrained and unlimited. We cannot thus employ a rectan-
gular pulse at the transmitter to represent a bit, where each pulse has infinite

bandwidth, and expect the received pulse to also be a rectangular pulse. We

therefore need to design the pulse shapes g(t) and h(t), in addition to the filters
HT(f) andHR(f), so the smallest possible bit error rate, defined as P bk 6¼ b̂kð Þ, can
be delivered, while minimizing the system bandwidth for a given bit rate.

In general, there are various inter-related parameters that can impact the system

design and the error-rate performance, such as the transmit pulse g(t), received

pulse h(t), channel noise power N0/2, channel bandwidth W, average transmit
power PT, bit rate Rb, and of course, system complexity. The design process there-

fore involves trade-offs among them so as tomeet the specified requirements and

constraints. In general, we assume the bit rate and the bit error rate are specified,
and the channel characteristics, including distortion and noise, are known. More

specifically, we assume the channel introduces linear distortion and AWGN. In

addition, we also assume the input bit stream is ergodic and bits are independent
and equally likely. Since it is a synchronous transmission, a clock signal must be

recovered at the receiving end to set the correct sampling rate and sampling times.

Synchronization always adds to the system complexity.

EXAMPLE 6.6

Consider a baseband binary PAM system that transmits at 9.6 kbps with a bit error rate less than

10�6. With the bandwidth of 6.4 kHz, the channel response is as follows:HC fð Þ¼ 10�2. The channel

noise is AWGN with a power spectral density of 10�13 watts per Hertz (W/Hz). Design the optimum

transmitting and receiving filters and determine the required transmit power.

Solution

We have
1

Tb
¼ 9,600 bps and

1 + α

2Tb
¼ 6,400 Hz. We can thus assume that the received pulse H(f) is a

raised-cosine pulse with the roll-off factor α¼ 1

3
, as it can satisfy the channel bandwidth con-

straint. We also assume that the transmit pulse g(t) is a narrow rectangular pulse whose width

is much smaller than the bit duration, say 10�5 seconds, which is less than 10% of
1

9600
seconds.

We therefore have:

G fð Þj j ¼ τ sinc fτð Þ

where τ¼ 10�5. jG(f)j is thus virtually constant over the entire bandwidth of interest. Using (6.13a),

(6.13b), and (6.14), we choose to have:

jHR fð Þ ¼j jH fð Þj1=2

and consequently, we have:

HT fð Þj j ¼K2jH fð Þj1=2

where K2 ¼ 1

10�5�10�2
¼ 107 compensates for the scaling factor of τ¼ 10�5 and the channel

attenuation of 10�2 so as to ensure H(f) is produced. Based on (6.15b) and the inverse Q-function,
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to maintain PBER eð Þ< 10�6; we must then have
A

σN
> 4:75. Using (6.15a), we thus get the required

transmit power as follows:

PT ¼ 1

Tb

� �
A2

σ2N

 !
N0

2

� � ð1
�1

H fð Þj j
HC fð Þj jdf

� �2

¼

9600ð Þ 4:75ð Þ2 10�13
� � 1

10�4

� �
¼�36:65dB¼�6:65dBm

6.4 BASEBAND M-ARY SIGNALING SCHEMES

With binary signaling, each symbol ak represents one single bit that is transmit-

ted every Tb seconds. For binary transmission, the symbol rate is equivalent to

the bit rate
1

Tb
, and according to the Nyquist criterion, theminimumbandwidth

requirement is then
1

2Tb
.

WithM-ary signaling, instead of transmitting a pulse for each bit, the stream of

incoming bits is partitioned intom-bit groups, and the output of the pulse gen-

erator takes on one of M¼ 2m possible amplitude levels, where m represents a
positive integer. Since M is a power of 2, the number of bits transmitted per

symbol can be expressed as m¼ log2M. In an M-ary transmission system, for

every m bits produced by the source, a symbol, whose duration is Ts seconds
long, is transmitted. The symbol duration ism times longer than the bit duration

(i.e., Ts ¼mTb) or equivalently the symbol rate is m times smaller than the bit

rate i:e:;
1

Ts
¼ 1

mTb

� �
. WithM-ary signaling, according to the Nyquist criterion,

the minimum bandwidth requirement is then
1

2Ts
¼ 1

2mTb
� 1

2Tb
.

6.4.1 Bandwidth and Bit Rate

Spectral efficiency η, measured in bits per second per Hertz (bps/Hz), is defined

as the bit transmission rate per unit of occupied bandwidth. For M-ary signal-

ing, a symbol represents m bits, with the symbol transmission rate
1

Ts
, and the

bit transmission rate is thus
m

Ts
. For the occupied bandwidth W¼ 1+ αð Þ

2Ts
, the

spectral efficiency η is then as follows:

m� η¼
m

Ts
1+ α

2Ts

¼ 2m

1 + αð Þ� 2m (6.17)

Note that the lower bound is attained when the excess bandwidth is maximum

(α¼ 1Þ and the upper bound is reached when the bandwidth is minimum
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(α¼ 0Þ. For binary signaling, we have 1� η� 2, asm¼ 1. We can thus conclude

that in M-ary signaling, the spectral efficiency is enhanced by the factor
m¼ log2M. For a given channel bandwidth, the M-ary signaling brings about

a bit transmission rate that is faster than the binary signaling and/or for a given

bit transmission rate, theM-ary signaling requires a bandwidth that is less than
what the binary signaling requires.

EXAMPLE 6.7

Consider an M-ary system with the number of symbols M¼ 16, and the roll-off factor α¼ 1

3
.

Discuss this M-ary system, vis-à-vis the corresponding binary system, for various scenarios.

Solution
WithM¼ 16, we havem¼ log2M¼ 4 (i.e., a pulse represents 4 bits, as a pulse can have one of the

16 different levels). Using (6.17) and noting α + 1¼ 4

3
, we then have η¼ 1:5 bps/Hz for the binary

system and η¼ 6 bps/Hz for the M-ary system. Using (6.17), the discussion for three different

M-ary scenarios with η¼ 6 bps/Hz may be summarized as follows:

(a) To achieve η¼ 6, we can increase the bit rate by a factor of 4, as the M-ary pulse represents

4 bits. The bandwidth of the M-ary system then remains the same as that of the binary

system, as their pulse durations remain the same.

(b) To achieve η¼ 6, we can reduce the bandwidth by a factor of 4, as theM-ary pulse duration is four

times longer than the binary pulse duration. The bit rates in both systems remain the same, as

the pulse rate in theM-ary system is four times slower, but a pulse represents four bits.

(c) To achieve η¼ 6, we can increase the bit rate by a factor of 2 and reduce the bandwidth by

a factor of 2, as the M-ary pulse duration is twice as long as the binary pulse duration, and

the pulse rate is twice as slower, but a pulse represents 4 bits.

6.4.2 Power and Bit Error Rate

Use of M-ary signaling can obviously bring about conservation in transmission

bandwidth and/or enhancement in bit transmission rate. However, there is a sig-

nificant price for such valuable gains. An M-ary system, along with a modest
increase incomplexity, requiresadditionalpowerand/ordeliversan increase inbit

error rate. More specifically, for the same amount of transmission power in both

binary and M-ary systems, the interval between two adjacent levels in an M-ary

Binary Scenario a Scenario b Scenario c

Pulse rate x x x/4 x/2

No. of bits per pulse 1 4 4 4

Bit rate x 4x x 2x

Pulse duration 1/x 1/x 4/x 2/x

Pulse bandwidth 2x/3 2x/3 x/6 x/3

Spectral efficiency 1.5 6 6 6
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system is less than that in a binary system. In other words, the noisemargin in an

M-ary system is less than that in a binary system, which in turn results in a higher
than average bit error rate. Equivalently, for the same bit error rate in binary

and M-ary systems, we thus require the interval between two adjacent levels

in an M-ary system to be the same as that in a binary system, that is, we need
to increase the average transmit power in anM-ary system, as we haveM> 2.

InM-ary signaling, a symbol takes on one of theM levels. We assume the sym-
bols can take positive and negative values, theM levels are centered at zero, and

the spacing of amplitude levels is uniform. In the binary signaling, we transmit

two equally-likely symbols, consisting of �A. But in theM-ary signaling, theM
equally-likely symbols are transmitted by �A �3A, . . .,� M�1ð ÞA. The average
symbol energy Es is thus as follows:

Es ¼ 2

M
A2 + 9A2 + 25A2 + . . . + M�1ð Þ2A2
	 
¼ M2�1

3

� �
A2 (6.18a)

Also, as a single symbol carries log2M bits, its average bit energy Eb is then as

follows:

Eb ¼ Es
log2M

¼ M2�1

3 log2M

� �
A2 (6.18b)

In the derivation of the symbol error probability, it is important to note that the

two symbols at the edges may be erroneously detected by only one neighboring
symbol, whereas the other M�2ð Þ can have a higher error probability as they

may be erroneously detected by either of the two neighboring symbols. Using

(6.18b), and along with the same set of assumptions and line of derivations
discussed for the binary system, it can be shown that with optimum filtering,

the symbol error probability is as follows:

PSER eð Þmin ¼
2 M�1ð Þ

M
Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6 log2Mð Þ
M2�1ð Þ

Eb
N0

� �s !
(6.19)

If Gray code is used, two adjacent symbols (amplitude levels) differ in only a

single bit. With the high SNR, the most probable errors due to noise result

in the erroneous selection of an amplitude level adjacent to the true amplitude
level, most symbol errors contain only a single error. Therefore, the bit error rate

can be well approximated as follows:

PBER eð Þmin 	
2 M�1ð Þ
M log2M

Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6 log2Mð Þ
M2�1ð Þ

Eb
N0

� �s !
(6.20)
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6.4.3 Binary vs. M-ary Signaling Schemes

Note that withM¼ 2, both (6.19) and (6.20) turn into (6.16). Figure 6.8 shows
(6.20) for various values of M. Assuming both binary and M-ary signaling are

delivering the same bit error rate, we can draw the following conclusions:

i) As reflected in (6.20), the transmit power for theM-ary systemmust

be increased by a factor of
3 log2M

M2�1
.

ii) As highlighted in (6.17), the bandwidth requirement for theM-ary

system can be reduced by a factor of
1

m
¼ 1

log2M
.

iii) The complexity associated with the receiver for the M-ary system is

higher than that for the binary system, as it requires M�2ð Þ
additional comparators.

1.0E-8
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1.0E-6

1.0E-5
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1.0E-3

1.0E-2

1.0E-1
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(dB)

FIGURE 6.8 Bit error rate performance for M-ary signaling.
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In practice, if the bit rate must be higher than twice the available bandwidth, we

then have no choice but to employ M-ary signaling.

6.5 EQUALIZATION

Even with optimum pulses, in practical systems, some amount of residual ISI

inevitably occurs. The ISI in almost all real transmission systems is mainly

due to imperfect filter design in the transmitter and receiver, incomplete
knowledge of channel characteristics, time-varying channel characteristics,

and timing errors. Due to the lack of knowledge about the channel-

frequency characteristics, we cannot therefore design the optimum transmit-
ting and receiving filters. The resulting ISI may impose a limit on the attain-

able rate of data transmission that is far below the physical capability of the

channel. Hence, corrective measures must be taken to minimize the amount
of ISI. Equalization is an effective technique to combat ISI. In practical

systems, the ISI typically affects a finite number of symbols, and equalizers

are generally inserted in the receiver, between the receiving filter and the
decision device.

Except for extremely distorted channels, a properly-designed equalizer can
almost completely mitigate the impact of an unknown, severely-dispersive

channel. There are two distinct approaches to equalization. One approach

includes optimum nonlinear equalizers that employ the maximum-likelihood
sequence estimation using the Viterbi algorithm, also known as the Viterbi

equalizer. Viterbi equalizers, which are generally computationally demanding,

are widely used in time-varying mobile systems, where the ISI length L typically
ranges between 4 and 6 and the number of symbols M is small. With a Viterbi

equalizer, the distorted samples are not reshaped or directly compensated in

any way; instead, the mitigating technique is for the receiver to adjust itself
in such a way that it can better deal with the distorted samples. The other

approach includes sub-optimum equalizers that employ linear transversal

(tapped-delay line) filters and are widely used in high-speed dial-up voice-band
data modems. A transversal-filter-based equalizer compensates for the non-

ideal channel impulse response by modifying the distorted pulse shape. The

channel during a dial-up connection over the PSTN is unknown and different
on each call, but remains time-invariant during a call. In such a channel, an

equalizer with a modest degree of complexity can overcome the effects of

ISI. The tapped-delay line equalizers are divided into two categories: linear
equalizers and decision-feedback equalizers.

6.5.1 Viterbi Equalizers

The maximum likelihood sequence estimation (MLSE) provides the entire trans-

mitted symbol sequence at the receiver output that is most likely to have been
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transmitted, on the basis of observing the entire received signal at the receiver

input. The crux of MLSE is nonlinear processing, which is most efficiently real-
ized through application of a dynamic programming procedure known as the

Viterbi algorithm. The performance criterion is the maximization of the prob-

ability that the sequence of decisions is correct.

A brute-force approach to MLSE reflects the fact that there are a total ofN trans-

mitted symbols in the sequence, where symbols are independent and each can
take one of equally-likely M possible values. There are thus MN possible trans-

mitted sequences that are all equally likely. The computational complexity is

absolutely enormous, as it grows exponentially with N. The salient feature of
the Viterbi algorithm is that the ISI length of L allows the application of the

recursive principle to reduce the complexity to the order of ML operations

per symbol, for a total of NML + 1 operations, which grows linearly as N
increases.

We now consider the digital transmission of binary input (i.e.,M¼ 2) through
a nonideal band-limited channel with AWGN, where the channel introduces

causal ISI of length L (i.e., the ISI affects the past L bits). The MLSE criterion

maximizes the a posteriori probability of a particular transmitted bit sequence
{a1, a2, . . ., aN}, given observation of the received sample sequence {r1, r2, . . .,

rN}. It can be shown that this maximization becomes equivalent to the mini-

mum distance decision rule based on the following measure:

XN
k¼1

r kTbð Þ�
XL
i¼0

h iTbð Þ ak�i

 !2

(6.21)

where h(t) is the nonideal channel response with causal ISI of length L that the

equalizer sees, and it is either known in advance or can be measured at the

receiver. The computational complexity of MLSE is massive and includes calcu-
lations of 2N metrics. The Viterbi algorithm can be used to significantly reduce

the computational burden by eliminating sequences as a new bit is received.

The Viterbi algorithm is a computationally efficient algorithm, as it is based
on a sequential trellis search algorithm. Minimizing the above measure is

equivalent to maximizing the following measure, which can be recursively

calculated:

Jk ¼ Jk�1 + 2 r kTbð Þð Þ
XL
i¼0

h iTbð Þak�i

 !
�

XL
i¼0

h iTbð Þak�i

 !2

(6.22)

At each node of the trellis, the Viterbi algorithm computes two metrics corre-

sponding to each of the 2L incoming signal paths. At each stage of the trellis

search, there are 2L surviving sequences with 2L corresponding Euclidian dis-
tance path metrics. The surviving path at each node is then extended to two

new paths, which includes one path for each of the two possible input bits,
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and the search process continues. The Viterbi equalizer can then reduce the

computational complexity of the MLSE equalizer to N2L + 1 metrics; this level
of complexity is rather modest even for very large N.

6.5.2 Linear Equalizers

In selection of the parameters of equalizers employing transversal filters, the

most meaningful performance measure is the minimization of the average

bit error rate. However, the average bit error rate is a highly nonlinear,
computationally complex function of the equalizer parameters. Instead, two

other criteria have found widespread use in optimizing the parameters associ-

ated with transversal-filter-based equalizers: the minimization of the peak dis-
tortion and the minimization of the mean-square error.

Because of its versatility and simplicity, the transversal linear equalizer is a com-
mon choice for many applications. The linear equalizer consists of a delay line

tapped at Tb second intervals, where each tap is connected through a variable

gain device (tap weight coefficient) to a summing device. It is assumed that the
linear equalizer has 2N +1ð Þ taps. As shown in Figure 6.9, the past, present, and

future values of the received samples are linearly weighted with equalizer coef-

ficients. With an infinite number of taps, it is possible to choose the tap values
to eliminate the ISI. However, with the realistic case of having finite number of

taps, there is always some residual ISI even when the optimum coefficients are

used. There are two methods to optimize the taps: minimization of the peak
distortion and minimization of mean-square error.

+ + + +

Input samples

Output
value

Decision
value

−

+

Error signal 

FIGURE 6.9 A linear equalizer.
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The zero-forcing equalizer minimizes the peak distortion if the eye is initially

open. In zero-forcing (ZF) equalization, the goal is to design a linear equalizer
whose frequency response is the inverse of channel frequency response. The ZF

equalizer can force the ISI to be zero at the sampling instants. However, the

finite impulse response ZF equalizer does not completely eliminate ISI because
it has a finite length, it can just minimize it. In ZF equalization, the tap coeffi-

cients of the ZF equalizer can be determined by solving the following system of

linear equations for the 2N + 1ð Þ taps of the ZF equalizer:

XN
n¼�N

cnh mTb�nTbð Þ¼ 1, m¼ 0
0, m¼�1,�2, 
 
 
, �N

�
(6.23)

where h(t) is the nonideal channel response with causal ISI of length L, {cn} rep-
resent the 2N +1ð Þ equalizer coefficients, and N is generally chosen sufficiently

large so that the equalizer spans the length of the ISI. Under this condition, bit-

by-bit detection is considered as optimal, provided that the channel noise is zero.
Although the ZF equalizer is relatively easy to design, it is not widely used, since it

can lead to overall performance degradation due to noise enhancement. The sig-

nificant noise enhancement is due to the fact when the channel response is small,
the channel equalizer compensates by placing a large gain in that frequency

range, thus enhancing noise in that frequency range.

EXAMPLE 6.8

Suppose the samples of the nonideal received pulse are as follows:

h mTbð Þ¼

0, m<�1
0:2, m¼�1
1, m¼ 0
�0:2, m¼ 1
0, m> 1

8>>>><
>>>>:

Design a three-tap ZF equalizer.

Solution
Using (6.23), we obtain the following system of linear equations:

c�1 + 0:2 c0 ¼ 0
�0:2 c�1 + c0 + 0:2 c1 ¼ 1
�0:2 c0 + c1 ¼ 0

8<
:
The tap gains are then as follows: c�1 ¼�0:185, c0 ¼ 0:926; andc1 ¼ 0:185.

Theminimummean square error (MMSE) equalizer selects the channel equalizer

taps such that the combined power in the residual ISI and the additive noise at

the output of the equalizer are minimized. In the presence of large ISI and
noise, an MMSE equalizer is more robust than a ZF equalizer. In fact, for a pre-

scribed computational complexity, anMMSE equalizer performs as well as, and
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often better than, a ZF equalizer. An MMSE equalizer minimizes the mean-

square error of all the ISI terms plus noise; namely, it minimizes the expected
value of the squared difference between the desired data symbol and the esti-

mated data symbol. In MMSE equalization for a channel with the causal ISI of

length L, the tap coefficients of the equalizer can be determined by solving the
following set of linear equations for the 2N +1ð Þ taps of the MMSE equalizer:

XN
n¼�N

cn
XL
k¼0

h kTbð Þh kTb +mTb�nTbð Þ+ σ2δn�m

 !
¼ h �mTbð Þ, m¼�N, . . . , N (6.24)

where δn�m is the Kronecker delta and σ2 is the noise variance. It is important to
note that the conditions for the optimum tap gains for MMSE equalizers are sim-

ilar to those for ZF equalizers, except the autocorrelation function samples are

used instead of the samples of the received pulse.

EXAMPLE 6.9

Suppose the samples of the nonideal received pulse are as follows:

h mTbð Þ¼
0, m< 0
0:7, m¼ 0
0:7, m¼ 1
0, m> 1

8>><
>>:

and the noise variance is 0.07. Design a three-tap MMSE equalizer.

Solution
Using (6.24), we obtain the following system of linear equations:

1:05c�1 + 0:49 c0 ¼ 0:7
0:49 c�1 + 1:05c0 + 0:49 c1 ¼ 0:7
0:49 c0 + 1:05c1 ¼ 0

8<
:
The tap gains are then as follows: c�1 ¼ 0:3727, c0 ¼ 0:6299; and c1 ¼�0:2939:

6.5.3 Decision-Feedback Equalizers

Linear equalizers are effective on channels, such as wired-line telephone channels,
when the ISI is not severe. However, when the ISI is severe, for instance, when the

channel frequency response has nulls, linear equalizers performpoorly. The sever-

ityof ISI isnotnecessarily related to the lengthof the ISI,but it is rather a functionof
how significant the contributing ISI components are. In channels with spectral

nulls, a linear equalizer will introduce a rather large gain in its frequency

response to compensate for the channel null, thus enhancing noise significantly.
A decision-feedback equalizer (DFE) is more effective than a linear equalizer. A

DFE is a nonlinear equalizer that uses past symbol decisions to eliminate the ISI

caused by previously detected symbols on the current symbol being detected. In
effect, the distortion caused by previous pulses on the current pulse is subtracted.

Figure 6.10 shows the decision-feedback part of the DFE.
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A DFE, as shown in Figure 6.11, has two filters. The first filter is called a feed-
forward filter similar to a linear equalizer, and it is generally a fractionally-spaced

FIR filterwith adjustable tap coefficients, as it is alsoknownas fractionally-spaced

equalizer (FSE). Its input consists of the samples of the received signal. The sam-

pling rate at the input of the FSE, which is a multiple of the bit rate
1

Tb
, can help

avoid aliasing, as it is above theNyquist sampling rate. An FSE, as opposed to an
equalizerwhose input sampling rate is identical to the bit rate, has the advantage

of suppressing timephase sensitivity, while not amplifying the channel noise. In

practice, the sampling rate at the input of the FSE is often twice the bit rate.

The second filter is called a feedback filter, and it is a symbol-spaced FIR filter

with adjustable coefficients. The nonlinearity of the DFE stems from the

nonlinear characteristic of the detector that provides an input to the feedback
filter. The erroneous decisions fed to the feedback filter generally result in a

modest performance loss of 1 to 2 dB. An important advantage of a DFE is

the feedback filter, which is additionally working to remove ISI, operates on
noiseless quantized levels, and thus its output is free of channel noise. The

MMSE criterion is usually applied to select the taps.

6.5.4 Adaptive Equalization

In order to determine the optimum tap values of the ZF andMMSE linear equal-

izers, a system of 2N + 1ð Þ linear equations must be solved. In the presence of

×××

Decision value

Output
value

Decision
value

−

+

Error signal

FIGURE 6.10 A decision-feedback part of DFE.
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noise and large ISI, MMSE equalizers aremore robust; the focus in this section is

thus onMMSE equalizers. The inversion of a 2N + 1ð Þ� 2N + 1ð Þmatrix is com-
putationally intensive, particularly whenN is large. For an MMSE equalizer, an

iterative solution for the tap values is possible because the mean-square error is

a quadratic function of the tap values.

Since the channel characteristics are always unknown and often time-varying,

equalizers in almost all digital transmission systems are designed to be adap-
tive, as they can be much more effective, versatile, and cheaper than fixed

(pre-set) equalizers. In practical implementations of equalizers, the optimum

tap values are thus obtained by an iterative procedure. Adaptive equalization
also plays a critical role, as it can track modest variations in the time-varying

channels and continuously adjusts its tap values to reduce the ISI.

The least mean square (LMS) algorithm is widely used in many adaptive equal-
izers that are used in high-speed voice-band data modems. The LMS algorithm

exhibits robust performance in the presence of implementation imperfections
and simplifications or even some limited system failures. The updating process

of the LMS algorithm is as follows:

i) Set all tap values equal to zero.

ii) Compute the output of the equalizer r(kTb).

iii) Compute the error signal e kTbð Þ¼ r kTbð Þ�d kTbð Þ, the difference
signal between the equalizer output r(kTb) and the ideal (or

estimated) output d(kTb).

iv) Compute the updated values of the taps, for a prescribed step
size Δ> 0 in accordance with the following relation:

cn kTb +Tbð Þ¼ cn kTbð Þ�2Δe kTbð Þr kTbð Þ (6.25)

v) Increment the time index k by one, go back to step ii) and repeat the

procedure until steady-state conditions are reached.

As shown in Figure 6.11, an adaptive equalizermay have twomodes of operation:

training (automatic) mode and decision-directed (adaptive) mode. During the

training period, a known sequence, such as the pseudo-noise (PN) sequence, is
transmitted and a synchronized version of the same sequence is generated in

the receiver. The training period of an adaptive equalizer must have a length at

least as long as the length of the equalizer. The error signal is the difference
between the received samples and the ideal samples. When the training mode

is completed the decision-directed mode begins, during which the error signal

is the difference between the received samples and the (not necessarily correct)
estimates of the transmitted informationbits, as carriedoutby thedecisiondevice.

An adaptive linear equalizer employing the LMS algorithm is a feedback system.
It can therefore become unstable, as the LMS algorithm can exhibit divergence.

The convergence properties of the LMS algorithm are governed by the step
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size parameter Δ. If in the adaptive decision-feedback equalizer shown in

Figure 6.11, there is no feedback part, then an adaptive linear equalizer results.

In an adaptive linear equalizer using LMS algorithm, convergence is guaranteed
if the step size parameter Δ is less than the inverse of the largest eigenvalue of

the 2N + 1ð Þ� 2N +1ð Þ channel autocorrelation matrix. In fact, the ratio of the

largest eigenvalue to the smallest eigenvalue ultimately determines the conver-
gence rate. If the ratio is small, the step size can be selected to achieve rapid

convergence. However, if the ratio is large, as it may be the case when the chan-

nel frequency response has deep spectral nulls, the convergence rate will be
slow. The LMS algorithm gives rise to a steady-state MSE that is more than

the minimum MSE (the value that can be achieved when the tap values are

at their optimum settings). The larger the step size is, the faster the convergence
rate is and the higher the steady-state MSE is. An adjustable step size is attractive

where first a rather large step size is selected to have a rapid convergence and

then a rather small step size is selected to have a small steady-state MSE.

Summary and Sources

In this chapter, the focus was on the analysis and design of baseband digital
transmission systems. A major objective was to discuss intersymbol interfer-

ence and the criterion by which it can be eliminated. Another objective was

to show how the effect of noise can beminimized by designing optimum filters.
We also identified the design trade-offs between binary and M-ary signaling

schemes, in terms of bandwidth, bit transmission rate, bit error rate, transmit

Adaptive
feedforward filter

Training
sequence
generator

Decision device

+

Adaptive
feedback filter

− +

−

FIGURE 6.11 An adaptive equalizer.
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power, and complexity. Finally, the focus turned toward diverse equalization

structures and techniques to minimize ISI.

Detailed treatment of baseband system analysis and design can be found in the

classic book by Lucky, Salz, andWeldon [1]. There are other well-known books,
such as those by Shanmugam [2] and Haykin [3], which provide detailed

descriptions and examples to highlight various aspects of baseband systems.

The topic of equalization is dealt with by advanced graduate books, such as
those by Proakis and Salehi [4] and by Gitlin, Hayes, and Weinstein [5]. In

addition, [6] presents an interesting tutorial paper on equalization and detailed

treatments of equalization using MLSE are given in [7,8].
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Problems
6.1 Suppose the three pulses g(t), k(t), and f(t) all satisfy the Nyquist criterion,

and alsom, n, and p are all positive integers. Determine a relationship among

A, B, and C that can make the pulse v tð Þ¼Agm tð Þ +Bkn tð Þ +Cfp tð Þ satisfy the
Nyquist criterion.

6.2 Assuming h tð Þ¼ sin
2πt

Tb

� �
is the overall impulse response of a system and

1

Tb
is the bit rate, does this system satisfy the Nyquist criterion?

6.3 What is the bandwidth requirement in Hz for baseband binary transmission

at 64 kbps, if the roll-off factor is 0.25?

6.4 Assuming 1/Tb is the bit rate, determine if each one of the following four binary

PAM systems can satisfy the Nyquist criterion, where the spectra of the

received pulses are real and even:

(a) H fð Þ¼ Tb u fð Þ�u f� 1
4Tb

� �� �
+ 2Tb�4Tb

2f
� �

u f� 1
4Tb

� �
�u f� 1

2Tb

� �� �
.
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(b) H fð Þ¼ Tb u fð Þ�u f� 1
4Tb

� �� �
+ 3

2Tb�2Tb
2f

� �
u f� 1

4Tb

� �
�u f� 3

4Tb

� �� �
.

(c) H fð Þ¼ Tb u fð Þ�u f� 1
4Tb

� �� �
+ 4

3Tb� 4
3Tb

2f
� �

u f� 1
4Tb

� �
�u f� 1

Tb

� �� �
.

(d) H fð Þ¼ �Tb
2f + Tb

� �
u fð Þ�u f� 1

Tb

� �� �
.

6.5 Determine the magnitude of the optimum transmitting and receiving filter

characteristics for a baseband binary system that transmits at a rate of

2400 bps over a channel with the following frequency response:

HC fð Þj j ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + f

W

� 2q , fj j �W

where W ¼ 3600 Hz and the channel noise is assumed to be AWGN.

6.6 In an M-ary PAM system with M¼ 4, determine the required transmit power,

if the symbol rate is 5000 symbols per second, the symbol error rate is less than

10�4, and the channel AWGN has a power spectral density of 10�12 W/Hz.

6.7 Consider a baseband binary PAM system that transmits at 3600 bps with a bit

errorrate less than10�4.Thechannel introducesnodistortion,butattenuates the

signal by20 dBandhasabandwidth of 2.4 kHz. Thechannel noise isAWGNwitha

power spectral density of 10�14 watts per Hertz (W/Hz). Design the optimum

transmitting and receiving filters, and determine the required transmit power.

6.8 Design a baseband binary PAM system that can transmit at a rate of 9.6 kbps

with a bit error rate less than 10�5. The channel available is an ideal low-pass

channel with a bandwidth of 9.6 kHz and an AWGN power spectral density

of 10�13 W/Hz. Find the transmit power requirement.

6.9 The sampled values of the received signal in a binary PAM system suffer

from ISI such that

r tmð Þ¼
A + I + n tmð Þ, bk ¼ 1

�A� I + n tmð Þ, bk ¼ 0

8<
:

where I represents the ISI term, and has one of the five values with the

following probabilities:

P Qð Þ¼

0:1, I¼ 2q
0:2, I¼ q
0:4, I¼ 0
0:2, I¼�q
0:1, I¼�2q
0, elsewhere

8>>>>>><
>>>>>>:

Assuming n(tm) is AWGN with a variance σ2, derive an expression for the

average bit error rate in terms of σ, q,and A.
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6.10 In a baseband digital transmission, the bandwidth is 4 kHz, and the bit rate

must be at least 38.4 kbps. Assuming M-ary signaling, determine the range

of acceptable values of M, and the resulting bit error rate.

6.11 In a baseband three-level binary transmission system, in the absence of noise,

there are three values 1, 0, and �1, with probabilities 1/4, 1/2, and 1/4,

respectively. Assuming AWGN, determine the optimum threshold settings and

the minimum error rate.

6.12 In a baseband digital transmission, the input sequence consists of four

equally-likely symbols A, B, C and D. Assuming the channel bandwidth is

4,000 Hz, the noise power spectral density is 10�14 W/Hz, the symbol rate is

5000 symbols per second, the symbol error rate is less than 0.0001, and the

nonideal channel has the following frequency characteristics:

Hc fð Þ¼ 5000

5000 + jf

Design the optimum filters and determine the transmit pulse.

6.13 Consider the duobinary baseband PAM system that utilizes controlled

amounts of ISI for transmitting data at a rate twice the minimum bandwidth.

A duobinary system is easier than the ideal rectangular filter to accomplish

the data transmission at the maximum rate with zero ISI. The duobinary

pulse has the following frequency response and impulse response:

H fð Þ¼
2Tbcos πfTbð Þ, fj j � 1=2Tb

0, fj j � 1=2Tb

8<
:

and

h tð Þ¼
4cos

πt

Tb

� �

π 1�4t2

T2
b

 !

where Tb is the bit duration. Sketch the duobinary pulse in both the time

domain and the frequency domain. Determine the probability of bit error for a

duobinary system and compare it with that of an ideal binary PAM system.

6.14 Design a three-tap ZF equalizer to reduce the ISI, where the samples of the

nonideal received pulse are as follows:

r mTbð Þ¼

0, m<�1
0:1, m¼�1
1:0, m¼ 0
�0:2, m¼ 1
0, m> 1

8>>>><
>>>>:
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6.15 Plot the received signal r(t) and determine its values at all integers:

r tð Þ¼ x t + 9ð Þ + x t + 8ð Þ� x t + 7ð Þ� x t + 6ð Þ� x t + 5ð Þ + x t + 4ð Þ + x t + 3ð Þ
�x t + 2ð Þ� x t + 1ð Þ + x tð Þ + x t�1ð Þ + x t�2ð Þ + x t�3ð Þ� x t�4ð Þ� x t�5ð Þ
�x t�6ð Þ� x t�7ð Þ� x t�8ð Þ� x t�9ð Þ

,

for the following two cases:

(a) x tð Þ¼ sin πtð Þcos πt=2ð Þ=πt 1� t2
� 

.

(b) x tð Þ¼ sin πt=2ð Þcos πt=2ð Þ=πt 1� t2
� 

.

6.16 Plot the following class of pulses in both the frequency domain and the time

domain for various values of the roll-off α, where 0� α� 1. Note that the

Fourier transform of the pulse is real and nonnegative, and has odd symmetry

around the frequency 1/2Tb. The Fourier transform of the pulse is defined

as follows:

H fð Þ¼
Tb, fj j � 1�αð Þ=2Tb

Tb sin
πTb
2α

fj j�1 + α

2Tb

� �� �� �2P

,
1�αð Þ
2Tb

< fj j � 1

2Tb

8><
>:

where P is a parameter which has a finite value (i.e., �1<P<1Þ: Note
that when P¼ 1, this pulse becomes the well-known raised cosine pulse

spectrum.
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CHAPTER 7

Passband Digital Transmission

INTRODUCTION

As the performancemeasure in a digital transmission system is the bit error rate,

first the optimum receiver, which is capable of delivering the lowest possible bit
error rate, is discussed. In a unified context, the implementation of the opti-

mum receiver and the calculation of the minimum bit error rate in an additive

white Gaussian noise channel are presented. The focus then turns towards
binary modulation schemes, mainly binary amplitude-shift keying (BASK),

binary frequency-shift keying (BFSK), and binary phase-shift keying (BPSK),

and a comparison of them, in terms of bit error rate, bandwidth, power, and
complexity, is provided. After discussing quaternary signaling schemes, namely

quadrature phase-shift keying (QPSK), offset quadrature phase-shift keying

(OQPSK), andminimum-shift keying (MSK),major types ofM-arymodulation
techniques, primarily M-ary amplitude-shift keying (MASK),M-ary phase-shift

keying (MPSK), quadrature amplitude modulation (QAM), and M-ary

frequency-shift keying (MFSK) are provided. After studying this chapter and
understanding all relevant concepts and examples, students should be able

to achieve the following learning objectives:

1. Define the system model under which the optimum receiver principles

are derived.
2. Outline the definition and importance of orthonormal functions.

3. Learn how the Gram-Schmidt orthogonalization procedure works.

4. Provide the geometric representation of signals.
5. Detail the implementations of optimum receivers.

6. Calculate the minimum probability of error.

7. Gain insight into bit error rate, vis-à-vis symbol error rate.
8. Understand the impact of nonwhite noise, vis-à-vis white noise.

9. Differentiate between coherent and noncoherent detection schemes.

10. Describe BASK, BFSK, and BPSK signaling schemes.
11. Identify the trade-offs among binary modulation techniques.

12. Appreciate the need for quaternary signaling schemes.
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13. Comprehend the distinct features of QPSK, OQPSK, and MSK.

14. Grasp the need for M-ary modulation techniques.

15. Perform a comparative analysis of M-ary and binary signaling
schemes.

16. Analyze how MASK, QAM, MPSK, and MFSK signaling schemes work.
17. Evaluate the probability of error for various QAM modulation

schemes.

18. State why MPSK and QAM are widely-used modulation schemes.
19. Explain the basic principles of OFDM operation.

20. Connect various modulation schemes to the Shannon’s channel

capacity theorem.

7.1 OPTIMUM RECEIVER PRINCIPLES

Modulation is a process without which digital data cannot be transmitted in

bandpass communication systems, as modulation allows modification of the
message signal to a form suited to the characteristics of the transmission chan-

nel. The majority of practical channels have bandpass characteristics and CW

modulation translates the frequency components of the lowpassmessage signal
to the passband range, so the spectrum of the transmitted signal can match the

characteristics of the channel.

Before embarking on a discussion on an array of digital modulation
schemes and their performances in terms of their error rates, bandwidth

and power requirements, and implementation complexities, we need to

focus on the optimum receiver principles. Although the study of optimum
receivers in digital communications is considered an advanced area, we

make an effort in this chapter to highlight the basic principles of the opti-

mum receiver for passband digital transmission systems at a modest level
and in a limited scope. This is achieved mostly by avoiding the mathemat-

ical derivations as much as possible, and instead focusing on the results and

what they mean, which in turn is a reflection of the tone echoed throughout
the book.

7.1.1 System Model

Figure 7.1 shows a model of passband digital transmission system. The input to

the system is a bit sequence {bi} with a bit duration of Tb seconds and thus a bit

rate of rb ¼ 1

Tb
bits per second (bps). The input bits are statistically independent,

and bits 1 and 0 are equally-likely. A symbol, belonging to an alphabet ofM¼ 2k

symbols, where k is a positive integer, is transmitted over a finite time interval
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Ts ¼ kTb ¼ Tb log2M. The symbol duration Ts is thus log2M times longer than the
bit duration Tb, as a symbol conveys k bits. The symbols, which are statistically

independent and also equally-likely, are transmitted at the rate of rs ¼ 1

Ts
¼ 1

kTb
¼

rb
k
¼ rb

log2M
symbols per second (sps). The symbol rate rs is thus log2M times

slower than the bit rate rb.

The modulator every Ts seconds maps one of the M symbols into a real-

valued continuous signal si(t) of duration Ts seconds, where 1� i�M. It is
assumed that all signals in the signal set {si(t)}, i¼ 1, 2, . . . , M, are

equally-likely and the energy of each signal, measured in joules (J), is finite,

i.e., we have:

Ei ¼
ðTS
0

s2i tð Þ dt<1, i¼ 1,2, . . . ,M (7.1a)

WithM equally-likely symbols, the average energy per symbol is thus as follows:

ES ¼ 1

M

� �XM
i¼1

Ei (7.1b)

Noting a symbol represents log2M bits, the average energy per bit is then as

follows:

Eb ¼ ES
log2M

(7.1c)

The channel is assumed to be ideally of infinite bandwidth, and practically
it has a wide-enough bandwidth to accommodate the transmission with

no distortion. This essentially means there is no intersymbol interference

(ISI). This in a way means our focus is on one-shot transmission, that is,
only one single signal representing a single symbol is transmitted. We also

assume the channel is an additive white Gaussian noise (AWGN) with a

power spectral density ofN0/2 watts per Hertz (W/Hz). Moreover, we assume

AWGN

Vector
transmitter

Modulator
Demodulator

(detector)
Vector
receiver

Transmitter Channel

+

Receiver

Symbol
source

FIGURE 7.1 A model of passband digital communication system.
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the receiver is time synchronized, that is, the receiver always knows perfectly

the instants of time that the modulation changes state. The objective
in designing an optimum receiver is to process the received signal so as to

minimize the probability of symbol error. To do so, instead of observing

time-varying signals, we observe a set of real numbers that are random
variables.

7.1.2 Gram-Schmidt Orthogonalization Procedure

The Gram-Schmidt orthogonalization procedure is a straightforward way by

which an appropriate set of orthonormal functions can be obtained from

any given signal set. Any set of M finite-energy signals {si(t)},
where i¼ 1, 2, . . . ,M, can be represented by linear combinations of N real-

valued orthonormal basis functions {φj(t)}, where j¼ 1, . . . , N, and N�M,

by which we have:ðTS
0

φi tð Þφk tð Þ dt¼
1, i¼ k

0, i 6¼ k

(
(7.2a)

Equation (7.2a) highlights that each orthonormal basis function has a unit energy,

and is orthogonal with respect to any other one over the interval [0, Ts], hence

the term orthonormal. It is important to note thatN, known as the dimension of
the signal space, can directly impact the complexity of both modulator and

demodulator. If the signals are linearly independent (i.e., if and only if no

one signal can be expressed as a linear combination of the others), then
N¼M, and if they are not linearly independent, then N<M. We can thus have

the following representation:

si tð Þ¼
XN
k¼1

sikφk tð Þ, 0� t� Ts, i¼ 1,2, . . . ,M (7.2b)

where the coefficients of the orthonormal basis functions for the transmitted sig-

nal si(t) are defined as follows:

sik ¼
ðTS
0

si tð Þφk tð Þ dt, i¼ 1,2, . . . ,M, k¼ 1,2, . . . ,N (7.2c)

By using (7.2b) and (7.2c), the energy of the signal si(t), i.e., Ei, is then equal to

the squared length of the signal vector si ¼ si1, . . . , siNð Þ, that is, we have:

Ei ¼
ðTS
0

s2i tð Þ dt¼
XN
k¼1

s2ik, i ¼ 1,2, . . . ,M (7.2d)
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This is a useful relationship between the energy content of a signal and its rep-

resentation as a vector. Figure 7.2a shows the generation of the signal according

to (7.2b), and Figure 7.2b shows the evaluation of the corresponding coeffi-
cients according to (7.2c).

It is important to note that for a given set of signals, there are many choices for
orthonormal basis functions, but they all yield the same error rate performance.

The Gram-Schmidt orthogonalization procedure provides an exact representa-

tion (i.e., not an approximation) of each of the M finite-energy signal in terms
of N orthonormal basis functions. The procedure is as follows:

i) Set the first orthonormal function as follows:

φ1 tð Þ¼ s1 tð Þffiffiffiffiffi
E1

p ¼ s1 tð ÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðTS
0

s21 tð Þdt
s

(7.3a)

ii) Construct the subsequent orthonormal functions through the

following steps that respectively project, find residual, normalize, and

add basis:

sik ¼
ðTS
0

si tð Þφk tð Þdt, i¼ 2, . . . ,M, k ¼ 1,2, . . . , i�1 (7.3b)

×

×

×

(b)

×

×

×

+

(a)

FIGURE 7.2 The Gram-Schmidt orthogonalization procedure: (a) generation of signal from coefficients

and (b) extraction of coefficients from signal.
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ri tð Þ¼ si tð Þ�
Xi�1

k¼1

sikφk tð Þ (7.3c)

Vi ¼
ðTS
0

r2i tð Þ dt (7.3d)

φi tð Þ¼
ri tð Þffiffiffiffiffi
Vi

p , i ¼ 2, . . . ,N (7.3e)

iii) Go to step ii) until all M signals have been examined and N�M

orthogonal basis functions have been constructed, and stop the
process, if at any step ri tð Þ¼ 0, as it means there is no new dimension.

EXAMPLE 7.1

Consider the signals s1(t), s2(t), s3(t), and s4(t) shown in Figure 7.3. Using the Gram-Schmidt

orthogonalization procedure, determine a set of orthonormal basis functions.

Solution
Since we haveM¼ 4, we have N� 4. Using (7.3a), we get the first orthonormal function as follows:

φ1 tð Þ¼ s1 tð ÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðTs
0
s21 tð Þdt

s ¼ s1 tð Þffiffiffiffiffi
Es

p

Using (7.3b), we get:

s21 ¼
ðTs
0
s2 tð Þφ1 tð Þdt¼

ðTs
0
s2 tð Þs1 tð Þffiffiffiffiffi

Es

p dt¼ 0

Using (7.3c), we then have:

r2 tð Þ¼ s2 tð Þ�s21φ1 tð Þ¼ s2 tð Þ

Using (7.3d), we get:

V2 ¼
ðTs
0
r22 tð Þdt¼

ðTs
0
s22 tð Þdt¼Es

Using (7.3e), we can then get the second orthonormal function:

φ2 tð Þ¼ r2 tð Þffiffiffiffiffi
V2

p ¼ s2 tð Þffiffiffiffiffi
Es

p

Figure 7.3 also shows the two orthonormal functions φ1(t) and φ2(t). We can therefore express all

four signals, as M¼ 4, in terms of only two orthonormal functions, as N¼ 2:

s1 tð Þ¼
ffiffiffiffiffi
Es

p
φ1 tð Þ

s2 tð Þ¼
ffiffiffiffiffi
Es

p
φ2 tð Þ
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s3 tð Þ¼�
ffiffiffiffiffi
Es

p
φ1 tð Þ

s4 tð Þ¼�
ffiffiffiffiffi
Es

p
φ2 tð Þ

7.1.3 Geometric Representation and Interpretation
of Signals

As reflected in Figure 7.1, both the transmitter and receiver consist of two parts.

The vector transmitter accepts the symbolmi and correspondingly generates the
vector si, the modulator then forms si(t) from si using the orthonormal basis

functions. At the receiver, the detector operates on the received signal r(t) to

produce the relevant received vector r, and finally the vector receiver, based
on the knowledge of r and {si}, determines which message symbol is the most

likely one transmitted.

0

0

1

0

− −

0

2−

2

0

0

2

1

−1

FIGURE 7.3 Set of signals and orthonormal functions for Example 7.1.
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The key approach to optimum receiver design and performance is thus

to replace all signals by N-dimensional vectors. The performance of the
optimum receiver does not depend on the specific shapes of the N ortho-

normal basis functions {φj(t)}, j¼ 1, . . . , N. For each signal in the set

{si(t)}, i¼ 1, 2, . . . , M, only the signal vector si ¼ si1, . . . , siNð Þ is important.
The set of M signal vectors, which corresponds to the set of M signals

{si(t)}, can represent the set of M points in an N-dimensional

Euclidean space.

The received signal r(t), which is the sum of the transmitted signal si(t) and the

channel noise n(t), can be decomposed into N components, as follows:

r tð Þ¼ si tð Þ+ n tð Þ¼ r1φ1 tð Þ+ r2φ2 tð Þ+ � � � + rNφN tð Þ (7.4a)

where n(t) represents the random noise in the interval that si(t) is being trans-
mitted and the coefficients of the orthonormal basis functions for the received

signal are defined as follows:

rk ¼
ðTS
0

r tð Þφk tð Þdt, k ¼ 1,2, . . . ,N (7.4b)

The received vector is then defined as follows:

r¼ r1, r2, . . . , rNð Þ¼ si1 +n1, si2 + n2, . . . ,siN +nNð Þ¼ si + n (7.4c)

where the noise vector n¼ n1, . . . , nNð Þ, which is statistically independent

of the signal vector si ¼ si1, . . . , siNð Þ, is the projection of the noise process

onto the orthonormal basis functions φj tð Þ
n o

, j¼ 1, . . . , N. The compo-
nents of the noise process that do not project into signal space are irrele-

vant. Figure 7.4 shows the relationship among the noise vector, the

signal vector and the received vector for N¼ 2. Since n(t) is a zero-mean
white Gaussian noise, the noise vector (n1, . . ., nN) consists of zero-mean,

statistically independent Gaussian random variables, and this property is

independent of how the orthonormal basis functions {φj(t)},
j¼ 1, . . . , N, are chosen.

7.1.4 Receiver Implementation

The optimum receiver selects the criterion tominimize the average probability of

symbol error P bm 6¼mið Þ, where mi is the transmitted symbol and bm is the esti-

mate produced by the optimum receiver, based on the observation vector
r¼ r1, . . . , rNð Þ. The optimum receiver, also known as a maximum a posteriori

probability (MAP) receiver, thus determines which one of the possible symbols

{mi} has maximum a posteriori probability. More precisely, the MAP receiver
follows the following decision rule:
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Set bm¼mkwhenever P mi=rð Þ, i¼ 1,2, . . . ,M, ismaximumfor i¼ k (7.5a)

By using the mixed form of Bayes rule, noting all symbols are equally likely and

the events represented by mi and si are the same, and highlighting that the nat-
ural logarithm of a function is an increasing function, we can simplify (7.5a) to

obtain the following decision rule:

Set bm¼mkwhenever ln fr=si r=sið Þ� �
, i¼ 1, 2, . . . , M, ismaximumfor i¼ k (7.5b)

The receiver that follows (7.5b) is referred to as the maximum-likelihood (ML)

receiver. It is important to highlight that when all symbols are equally likely,
both MAP and ML receivers are the same and thus yielding the minimum

symbol error rate. Under an AWGN channel with power spectral density

N0/2, the likelihood functions are defined as follows:

f r=si r=sið Þ¼ πN0ð Þ�N=2exp � 1

N0

XN
j¼1

rj� sij
� �2 !

, i¼ 1,2, . . . ,M (7.5c)

After substituting (7.5c) into (7.5b) and simplifying the result, the decision rule

becomes as follows:

Set bm¼mkwhenever
XN
j¼1

rj� sij
� �2

, i¼ 1, 2, . . . , M, isminimumfor i¼ k (7.5d)

(7.5d) shows that the maximum likelihood decision rule is simply to choose

the message point in an N-dimensional signal space that is closest to the

Signal vector Noise vector 

Received vector 

Received
signal point

Message
point

0

FIGURE 7.4 A geometric representation of transmitted vector, noise vector, and received vector.
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received signal point, as the summation term calculates the distance between

the received signal point r and the message point si. This receiver is also known

as the minimum-distance receiver. As the squaring operation is not desirable in
practice, (7.5d) is expanded and simplified to the following:

Set bm¼mkwhenever
XN
j¼1

rjsij�Ei
2

 !
, i¼ 1, 2, . . . , M, ismaximumfor i¼ k (7.5e)

where Ei is the energy of the transmitted signal si(t). Figure 7.5a, known as

optimum correlation receiver, shows the implementation of (7.5e). Moreover,

+

+

+

Weighting
matrix

Select
largest

)

×

×

×

)

)

(a)

+

+

+

Weighting
matrix

Select
largest

Sampled at (b)

…

FIGURE 7.5 Optimum receivers: (a) correlation receiver and (b) matched-filter receiver.
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the decision rule highlighted in (7.5e) indicates a partitioning of an

N-dimensional received signal space into M disjoint N-dimensional decision

regions.

It is important to note that regardless of how the optimum receiver is imple-

mented, the bias term Ei in (7.5e), as a prior data, is available to the receiver,
since it is independent of the received signal. If all signals have the same energy,

then (7.5e) can simply become as follows:

Set bm¼mkwhenever
XN
j¼1

rjsij

 !
, i¼ 1, 2, . . . , M, ismaximumfor i¼ k (7.5f)

If the orthonormal basis functions are time-limited causal signals (i.e., they

are zero outside the interval 0� t� TsÞ, analog multipliers and integrators

in a correlation receiver can be replaced by linear time-invariant filters, as
multipliers are rather difficult to realize physically. The output of a filter

whose impulse response is a Ts-delayed, time-reversed version of an orthonor-

mal signal φj(t) is called matched to φj(t) and the optimum realization is
known as a matched-filter receiver. The impulse response of a matched-filter

is thus as follows:

hk tð Þ¼φk TS� tð Þ, k¼ 1,2, . . . ,N (7.6a)

The output of a matched filter is then as follows:

rk tð Þ¼
ð1
�1

r sð Þhk t� sð Þds¼
ð1
�1

r sð Þφk Ts� t + sð Þds, k¼ 1,2, . . . , N (7.6b)

The output of this matched filter sampled at t¼ Ts is the same as the output of a

correlator, as reflected below:

rk ¼ rk Tsð Þ¼
ð1
�1

r sð Þφk Ts�Ts + sð Þds¼
ðTs
0

r tð Þφk tð Þdt, k¼ 1,2, . . . , N (7.6c)

The right-hand side of (7.6c) is the same as the output produced in a correlation

receiver, as reflected in (7.4b). The requirement that the orthonormal signal

vanishes for t> Ts is necessary in order that thematched filter may be physically
realizable, that is the impulse response of the filter is zero for t< 0. The output

signal-to-noise ratio of a matched filter depends only on the ratio of the signal

energy to the power spectral density of the white noise at the filter input. The
optimum receiver that employs matched filters is referred to as the matched-

filter receiver. Figure 7.5b shows the implementation of (7.6c), known as

optimum matched-filter receiver.
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7.1.5 Probability of Error

It is important to note that the symbol error rate due to a signal set is completely
independent of the shapes of the chosen orthonormal basis functions, as only

the signal coefficients and the noise power spectral density can impact the min-

imum attainable symbol error rate. Also, the probability of symbol error is not
affected by the signal space translation, for the signal and noise are independent,

nor is it impacted by the signal space rotation, as noise is spherically symmetric.

The N-dimensional space is partitioned into M disjoint regions I1, . . ., IM, and

an error occurs whenever the received signal point does not fall in the region Ik
associated with the message point mk. The average probability of symbol error,
also known as the average symbol error rate (SER), when symbols are

equally-likely, is as follows:

PSER ¼
XM
i¼1

P mið ÞP e=mið Þ¼
XM
i¼1

P mið ÞP r 62 Ii=mið Þ¼ 1�
XM
i¼1

P mið ÞP r 2 Ii=mið Þ

¼ 1� 1

M

XM
i¼1

P r 2 Ii=mið Þ¼ 1� 1

M

XM
i¼1

ð
Ii

f r=si r=sið Þdr
(7.7a)

where the integral is N-dimensional, and in general, the N-dimensional
integration cannot be analytically done, and instead it should be numerically

calculated. In calculating the average symbol error rate with no closed form

formula, numerical computation of the integral may be very difficult. To cir-
cumvent this problem, we resort to bounds, which can provide good approx-

imations, and for low error probabilities, tight upper bounds can be developed.

The union bound can provide an approximation to the average probability of

symbol error for a set of M equally-likely symbols in an AWGN channel. The

union bound is based on the fact that the probability of a finite union of events
is bounded by the sum of the probabilities of the constituent events. It can be

shown that the average probability of symbol error is upper bounded as follows:

PSER �
XM
k¼ 1
k 6¼ i

Q
dikffiffiffiffiffiffiffiffiffi
2N0

p
� �

(7.7b)

where theQ-function represents the pairwise error probability when in a system

there is only a pair of equally-likely vector signals si and sk, and dik represents the
Euclidean distance between si and sk, and is defined as:

d2ik ¼
XN
j¼1

sij� skj
� �2 ¼ ð1

�1
si tð Þ� sk tð Þð Þ2dt (7.7c)
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EXAMPLE 7.2

Consider the two equally-likely signals s1(t) and s2(t) that are transmitted, over an AWGN channel

with the noise power spectral density of N0/2, to represent bits 1 and 0, where we have:

s1 tð Þ¼�s2 tð Þ¼
ffiffiffi
2

p
exp �2tð Þu tð Þ

The receivermakes its decision solely based on observation of the received signal over a restricted

interval of interest. Determine the average bit error rate in terms of Q-function, assuming the

interval is [0, 3]. Contrast numerically with the performance of an optimum receiver that observes

all the received signal, i.e., the interval of interest is �1, 1ð Þ.
Solution
Using (7.7c), we determine the Euclidean distance d between s1(t) and s2(t), first when the obser-

vation interval is unlimited:

d2 ¼
ð1
�1

s1 tð Þ�s2 tð Þð Þ2dt¼
ð1
0

2
ffiffiffi
2

p
exp �2tð Þ

� �2
dt¼ 2

and then for the restricted interval [0, 3]:

d2 ¼
ð3
0
s1 tð Þ�s2 tð Þð Þ2dt¼

ð3
0

2
ffiffiffi
2

p
exp �2tð Þ

� �2
dt¼ 2�2e�12

When s2 is transmitted, an error occurs if and only if the AWGNnoise component n2, which is zero-

mean Gaussian with variance N0/2, exceeds d/2, i.e., we have:

P e=m2ð Þ¼
ð1
d=2

1ffiffiffiffiffiffiffiffi
πN0

p exp � α2

N0

� �
dα¼Q

dffiffiffiffiffiffiffiffi
2N0

p
� �

Since, by symmetry, the conditional probability of error is the same for either signal, using (7.7a),

we get the following:

PSER ¼ 1�1

2
�2 1�Q

dffiffiffiffiffiffiffiffi
2N0

p
� �� �

¼Q
dffiffiffiffiffiffiffiffi
2N0

p
� �

The bit error rate is the same as the symbol error rate for binary transmission (i.e., we have

PSER ¼PBERÞ. We see that different observation intervals, i.e., different values of d, bring about dif-

ferent values of bit error rates. However, the Euclidean distances in these two cases are extremely

close to one another, as such, the loss in performance due to restricted observation interval is

absolutely negligible, especially when N0 is large.

Suppose there are M equally-likely, equal-energy signals and all symbol errors

are equally-likely, that is, each signal vector is equidistant from all others. The
bit error rate PBER and the symbol error rate PSER for such a case (e.g., MFSK

signaling scheme as described later) is related as follows:

1

2
� PBER
PSER

¼ 2k�1

2k�1
¼ M

2 M�1ð Þ� 1

where k represents the number of bits per symbol. Note that the lower bound is
approached when k!1 and the upper bound is attained when k¼ 1 (i.e.,

M¼ 2).
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Suppose there are M equally-likely, equal-energy signals and all symbol errors

are not equally-likely. Moreover, we assume the probability of taking one sym-
bol insteadof adjacent symbols in the signal space ismuchgreater thananyother

kind of symbol error, that is, each signal vector is not equidistant fromall others.

We further assume Gray code is employed. The Gray code provides a binary to
M-ary mapping in which the binary sequences corresponding to adjacent

symbols in the signal space differ in only one bit position and the Gray code

brings this benefitwithout incurring any additional circuitry and cost. Therefore,
whenanM-ary symbolerroroccurs, it ismore likely thatonlyoneof the kbitswill

be in error. The bit error rate PBER and the symbol error rate PSER for such a case

(e.g., MPSK signaling scheme, as described later) is related as follows:

1

log2M
� PBER
PSER

� 1 (7.8b)

Note that the lower bound is approached when the symbol error probability is

low and the upper bound is attained when k¼ 1 (i.e., M¼ 2).

EXAMPLE 7.3

Consider the equally-likely signals s1(t), s2(t), s3(t), and s4(t), as shown in Figure 7.6a. Determine

the orthonormal functions and the impulse responses of the matched-filter receivers. Assuming

the signals are transmitted over an AWGN channel with the noise power spectral density of N0/2,

determine the average bit error rate PBER.

Solution
By inspection, we can easily find the orthonormal functions φ1(t) and φ2(t), as shown in Figure 7.6b.

By using (7.6a), we can get the corresponding impulse responses of the matched filters, as shown

in Figure 7.6c. Figure 7.6d shows the optimum decision region is rectangular, and it is symmet-

rical with respect to both axes, i.e., we have the following identical probability of correct decisions

for all four signals:

P r 2 I1=m1ð Þ¼P r 2 I2=m2ð Þ¼P r 2 I3=m3ð Þ¼P r 2 I4=m4ð Þ

Using (7.7a) for M¼ 4 and noting all four integrands and integration limits are identical as shown

in Figure 7.6d, we then have the following:

PSER ¼ 1�1

4

X4
i¼1

ð
Ii

fr=si
r=sið Þdr¼ 1�1

4
�4�

ðd=2
�1

fn αð Þdα

0B@
1CA

2

¼ 1� 1�Q
dffiffiffiffiffiffiffiffi
2N0

p
� �� �2

¼ 2Q
dffiffiffiffiffiffiffiffi
2N0

p
� �

�Q2 dffiffiffiffiffiffiffiffi
2N0

p
� �

where fn(α) is the probability density function of a zero-mean Gaussian random variable with

variance N0/2. Using (7.7c), we get d¼ ffiffiffiffiffiffiffiffi
2Es

p
, and thus have:

PSER ¼ 2Q

ffiffiffiffiffiffi
Es

N0

s !
�Q2

ffiffiffiffiffiffi
Es

N0

s !
� 2Q

ffiffiffiffiffiffi
Es

N0

s !

With
Es

N0
� 1, the quadratic term is negligible and we thus have the following approximation:

PSER � 2Q

ffiffiffiffiffiffi
Es

N0

s !
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Noting that there are two bits per symbol, the average transmitted signal energy per symbol is

twice the average signal energy per bit (i.e., Es ¼ 2EbÞ and also assuming the Gray code is

employed, i.e., only one bit in a symbol representing two bits is in error, the above symbol error

rate then gives rise to the following bit error rate:

PBER ¼Q

ffiffiffiffiffiffiffiffi
2Eb

N0

s !
:

As discussed later, this result is identical to the bit error rate for the widely-used QPSK

modulation scheme.
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FIGURE 7.6 Example 7.3: (a) signal set, (b) orthonormal functions, (c) matched filters, and

(Continued)

3137.1 Optimum Receiver Principles



7.1.6 Nonwhite Noise and Noncoherent Detection

It is important to briefly highlight two cases that fall outside the realm of what

have been considered so far. They include when the additive Gaussian noise is

not white, thus warranting whitening filter, and when a phase reference signal
cannot be available at the receiver, thus requiring noncoherent detection.

Optimal receivers for white noise are no longer optimum for nonwhite noise.

As Gram-Schmidt orthogonalization procedure can determine the basis func-
tions for deterministic signals, a procedure called Karhunen–Loève expansion

can determine the basis functions for random signals with known autocorrela-

tion functions. But applying this procedure to nonwhite noise is complex and
beyond the scope of this book.

There is, however, another option when we have an additive colored Gaussian
noise whose power spectral density Sn(f) is nonzero (i.e., 1/Sn(f) is finite)

within themessage signal bandwidth. As shown in Figure 7.7, a noise-whitening

filter, whose transfer function is H fð Þ¼ S
�1

2
n fð Þexp �j2πftdð Þ, can be placed at

the input of the receiver, where the delay td ensures that the whitening filter is
causal (i.e., realizable). The whitening filter makes the noise white, and alters
the received signal. At the input of the optimum filter, we thus have white noise
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Shaded area: quadrants 2, 3, 4: region of erroneous decisions given message 1 was transmitted
Unshaded area: quadrant 1: region of correct decisions given message 1 was transmitted

FIGURE 7.6, cont’d (d) optimum decision regions.
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and a filtered-version of the received signal, for which the bit error rate can be
determined. However, it is important to note that the whitening filter can
spread the received signals beyond the symbol duration. This results in two
types of degradation; one is that the signal energy spread beyond the interval
under consideration is not used by the matched filter, and the other is that sig-
nals can spread out and introduce intersymbol interference.

The development of the optimum receiver principles, discussed earlier, is under

the assumption that the carrier is known at the receiver. However, the phase of a

digitally-modulated transmitted signal is not exactly known at the receiver. The
phase typically is not only unknown, but may also change over time. One rea-

son of this phase uncertainty is the slow drift in the receiver’s local oscillator,

and another is possible changes in the propagation time between the transmit-
ter and receiver. Optimum receivers using coherent detection schemes require a

reference signal at the receiver that is matched in phase to the transmitted sig-
nal, i.e., the receiver’s local oscillator has the same phase as the transmitter’s

local oscillator. The carrier recovery will be discussed in the next chapter. How-

ever, when a phase reference cannot be maintained or phase control is uneco-
nomical, we can no longer use coherent detection methods. Noncoherent

receivers do not require knowledge of the carrier phase, but do require knowl-

edge of bit-timing information.

Noncoherent detection is based on the presence or absence of the signal envelope.

It can be shown that when the unknown phase is uniformly distributed over the

interval [0, 2π], the optimum detector employing a noncoherent detection
scheme is then a filter matched to the received signal followed by an envelope

detector, a symbol-rate sampler, and a comparator to make the decision, as

shown in Figure 7.8. The simplest form of envelope detection is a rectifier in
series with a lowpass filter. The mathematical analysis of noise for

noncoherent detection is more complicated than that in coherent detection.

The advantage of noncoherent over coherent systems is reduced complexity,
and the price paid is a deterioration of error rate at the receiver and/or an increase

in transmit power.

Noise-whitening
filter 

Optimum
receiver+

FIGURE 7.7 Optimum receiver for nonwhite noise.
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FIGURE 7.8 Noncoherent detection.
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7.2 BINARY DIGITAL MODULATION SCHEMES

Although binary digital modulation techniques are no longer widely used, it is

imperative to discuss them as they can provide valuable insight into the struc-
tures and performances of advanced modulation techniques as a whole, and

help pave the way to understand today’s widely-employed M-ary digital mod-

ulation techniques. In binarymodulation, we haveM¼ 2, the symbol error rate
is thus the same as the bit error rate.

In a binary digital modulation technique, during every single bit interval, a

sinusoidal signal is transmitted. The amplitude, frequency, or phase of the sinu-
soidal carrier is modified according to the input bits to produce the modulated

signal. There are therefore three types of binary digital modulation techniques:

binary amplitude-shift keying (BASK), binary frequency-shift keying (BFSK),
and binary phase-shift keying (BPSK). Assuming the average energy per bit is

the same for these modulation schemes, the bit error rates are determined.

Figure 7.9 shows the sinusoidal carrier and the modulated BASK, BFSK, and
BPSK signals for a bit stream.

1 1 100 0

0(b)

(f)

(e)

(d)

(c)

(a)

FIGURE 7.9 Binary digital modulation schemes: (a) binary data, (b) modulating signal, (c) carrier wave,

(d) BASK signal, (e) BFSK signal, and (f) BPSK signal.
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7.2.1 Binary Amplitude-Shift Keying

The binary amplitude-shift keying (BASK) is a very simple modulation tech-
nique. It was used in wireless (radio) telegraphy about a century ago, but it

is now used in fiber optic communications, where the light source is turned

on when the bit is a 1 and turned off when the bit is a 0. The carrier wave is
turned on and off every Tb seconds to represent a 1 or a 0, respectively, it is thus

also known as on-off keying (OOK). The BASK signal set can be analytically

described as:

sBASK tð Þ¼
s1 tð Þ¼ 0 cos 2πfctð Þ¼ 0, bit¼ 0

s2 tð Þ¼ 2

ffiffiffiffiffi
Eb
Tb

r
cos 2πfctð Þ, bit¼ 1

8<: (7.9a)

where the carrier frequency and phase are both remain unchanged and only the

amplitude varies. Figure 7.9d shows a transmitted BASK signal for a stream of
bits. Using (7.1a), the BASK signal energy is then as follows:

EBASK ¼
E1 ¼

ðTb
0

s21 tð Þ dt¼ 0, bit¼ 0

E2 ¼
ðTb
0

s22 tð Þ dt¼ 2Eb, bit¼ 1

8>><>>: (7.9b)

Since bits 1 and 0 are equally-likely, according to (7.1b), the average energy per
bit is Eb. We need a set of only one orthonormal basis function to represent the

BASK signal set, as given by:

φ1 tð Þ¼ s2 tð Þffiffiffiffiffiffiffiffi
2Eb

p ¼
ffiffiffiffiffi
2

Tb

r
cos 2πfctð Þ (7.9c)

A coherent BASK can thus be characterized by a one-dimensional signal space

and two message points. Figure 7.10a shows a BASK transmitter, Figure 7.10b
shows the signal space and optimum decision regions, and Figure 7.10c shows

the optimum receiver using coherent detection. Using (7.7a), the average bit

error rate is then as follows:

PBER�BASK coherentð Þ ¼Q

ffiffiffiffiffiffi
Eb
N0

r� �
(7.9d)

For noncoherent detection of BASK signals, as shown in Figure 7.10d, the

received signal is passed through a filter matched to the BASK signal s2(t).

The envelope will be close to maximum at the sampling instant. The filtered
signal is thus passed through an envelope detector consisting of a rectifier fol-

lowed by a lowpass filter. The resulting output is then sampled at integer

multiples of the bit rate, and sent to a decision device. It can be shown that
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when we have
Eb
N0

� 1, the average bit error rate for noncoherent BASK can be

closely approximated as follows:

PBER�BASK noncoherentð Þ � 0:5e
� Eb

2N0 (7.9e)

In order to maintain optimum performance, the threshold value at the receiver

should be adjusted as the signal level changes. Assuming a rectangular pulse is
used, the power spectral density of the BASK signal is as follows:

SBASK fð Þ¼ Eb
4Tb

� �
δ f + fcð Þ+ δ f � fcð Þð Þ+ Tb sinc2 Tb f + fcð Þð Þ+ sinc2 Tb f � fcð Þð Þ� �� �

(7.9f)
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FIGURE 7.10 BASK modulation: (a) transmitter, (b) signal space and optimum decision regions,

(c) coherent detection, and (d) noncoherent detection.
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As shown in Figure 7.11, the power spectral density function is not

band-limited, and falls off as the inverse square power of frequency, also the

null-to-null bandwidth is
2

Tb
. The discrete frequency components can help

synchronizing the receiver with the transmitter.

7.2.2 Binary Frequency-Shift Keying

The binary frequency-shift keying (BFSK) is a simple nonlinear modulation tech-

nique. Itwasused,mainlydue tohardwareadvantages, in low-speeddatamodems
overwired telephone lines decades ago, but it is nowused in caller ID and remote

sensing applications. The BFSK signal set can be analytically described as:

sBFSK tð Þ¼
s1 tð Þ¼

ffiffiffiffiffiffiffiffi
2Eb
Tb

r
cos 2πf1t + θ1ð Þ, bit¼ 0

s2 tð Þ¼
ffiffiffiffiffiffiffiffi
2Eb
Tb

r
cos 2πf2t + θ2ð Þ, bit¼ 1

8>><>>: (7.10a)
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where f1 and f2 are the frequencies. Each of these two frequencies f1 and f2 is

assumed to be an integer multiple of
1

Tb
, though in practice that may not be

possible due to the impact of oscillator frequency offset and the Doppler effect.

These frequencies are selected to ensure s1(t) and s2(t) are orthogonal over the

interval [0, Tb]. This orthogonality requirement means that for θ1 ¼ θ2, we

require f1� f2 ¼ m

2Tb
, and for θ1 6¼ θ2, we require f1� f2 ¼ m

Tb
, where m is a pos-

itive integer. This points to the fact that easing phase synchronization of the
two carriers to have arbitrary phases warrants doubling the minimum spacing.

Note that when m¼ 1, the minimum frequency separation is then equal to

either the half of the bit rate (for θ1 ¼ θ2) or the bit rate (for θ1 6¼ θ2Þ. When
the difference between f1 and f2 is equal to the bit rate and their arithmeticmean

equals the nominal carrier frequency fc, the BFSK is known as Sunde’ FSK, in

which phase continuity is maintained at all times. Figure 7.9e shows a transmit-
ted BFSK signal for a stream of bits. Using (7.1a), the BFSK signal energy is then

as follows:

EBFSK ¼
E1 ¼

ðTb
0

s21 tð Þ dt¼ Eb, bit¼ 0

E2 ¼
ðTb
0

s22 tð Þ dt¼ Eb, bit¼ 1

8>><>>: (7.10b)

Since bits 1 and 0 are equally-likely, according to (7.1b), the average energy per

bit is Eb. We need a set of two orthonormal basis functions to represent the BFSK

signal set, as given by:

φ1 tð Þ¼ s1 tð Þffiffiffiffiffi
Eb

p ¼
ffiffiffiffiffi
2

Tb

r
cos 2πf1t + θ1ð Þ (7.10c)

φ2 tð Þ¼ s2 tð Þffiffiffiffiffi
Eb

p ¼
ffiffiffiffiffi
2

Tb

r
cos 2πf2t + θ2ð Þ

A coherent BFSK can thus be characterized by a two-dimensional signal space

and two message points. Figure 7.12a shows a BFSK transmitter, Figure 7.12b

shows the signal space and optimum decision regions, and Figure 7.12c shows
the optimum receiver using coherent detection. In BFSK, where the transmitted

bit is represented by one of the two possible signals, it is always possible by a

proper choice of the orthonormal basis to reduce the two correlators or
matched filters to only one correlator or matched filter, as only the difference

between the two signals is important in making the optimum decision at the

receiver. Using (7.7a), the average bit error rate is then as follows:

PBER�BFSK coherentð Þ ¼Q

ffiffiffiffiffiffi
Eb
N0

r� �
(7.10d)
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FIGURE 7.12 BFSK modulation: (a) transmitter, (b) signal space and optimum decision regions, (c) coherent detection, and (d)

noncoherent detection.

3217.2 Binary Digital Modulation Schemes



For noncoherent detection of BFSK signals, as shown in Figure 7.12d, the

received signal is passed through a pair of parallel matched filters to the BFSK
signals, and each filtered signal is passed through an envelope detector. The

outputs of the envelope detectors are then sampled at integer multiples of

the bit rate, and their differences are sent to a decision device. It can be shown
that the average bit error rate for noncoherent BFSK is as follows:

PBER�BFSK noncoherentð Þ ¼ 0:5e
� Eb

2N0 (7.10e)

Assuming a rectangular pulse is used and the difference between the frequencies

f1 and f2 equals the bit rate
1

Tb
and their arithmetic mean equals the nominal

carrier frequency fc, known as Sunde’s FSK, the power spectral density of the

BFSK signal is as follows:

SBFSK fð Þ¼ Eb
2Tb

� �
δ f � fc� 1

2Tb

� �
+ δ f � fc +

1

2Tb

� �
+ δ f + fc� 1

2Tb

� ��
+ δ f + fc +

1

2Tb

�� �
+
8Eb
π2

cos2 πTb f � fcð Þð Þ
4T2

b f � fcð Þ2�1
� �2 + cos2 πTb f + fcð Þð Þ

4T2
b f + fcð Þ2�1

� �2
 ! (7.10f)

The power spectral density function is not band-limited, and falls off as the
inverse fourth power of frequency. As shown in Figure 7.11, the null-to-null

bandwidth is
3

Tb
. The discrete frequency components can help synchronizing

the receiver with the transmitter. Moreover, if f1 and f2 are selected independent

of each other and thus phase discontinuity is allowed, then the power spectral

density falls off as the inverse of frequency.

7.2.3 Binary Phase-Shift Keying

The binary phase-shift keying (BPSK), also known as antipodal signaling, is the

most widely-used binary modulation technique. BPSK is used in GPS. It is also

used in wireless communications, such as WLANs/Wi-Fi, WiMAX, and RFID
standards. The BPSK signal set can be analytically described as:

sBPSK tð Þ¼

ffiffiffiffiffiffiffiffi
2Eb
Tb

r
cos 2πfct +0ð Þ¼

ffiffiffiffiffiffiffiffi
2Eb
Tb

r
cos 2πfctð Þ, bit¼ 0ffiffiffiffiffiffiffiffi

2Eb
Tb

r
cos 2πfct + πð Þ¼�

ffiffiffiffiffiffiffiffi
2Eb
Tb

r
cos 2πfctð Þ, bit¼ 1

8>>><>>>: (7.11a)
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Figure 7.9f shows a transmitted BPSK waveform for a stream of bits. Using

(7.1a), the BPSK signal energy is then as follows:

EBPSK ¼
E1 ¼

ðTb
0

s21 tð Þ dt¼ Eb, bit¼ 0

E2 ¼
ðTb
0

s22 tð Þ dt¼ Eb, bit¼ 1

8>><>>: (7.11b)

Since bits 1 and 0 are equally-likely, according to (7.1b), the average energy per

bit is Eb. We need only one orthonormal basis function to represent the BPSK

signal set, as given by:

φ1 tð Þ¼ s1 tð Þffiffiffiffiffi
Eb

p ¼�s2 tð Þffiffiffiffiffi
Eb

p ¼
ffiffiffiffiffi
2

Tb

r
cos 2πfctð Þ (7.11c)

A coherent BPSK can thus be characterized by a one-dimensional signal space

and two message points. Figure 7.13a shows a BPSK transmitter, Figure 7.13b

shows the signal space and optimum decision regions, and Figure 7.13c shows
the optimum receiver using coherent detection. Using (7.7a), the average bit

error rate is then as follows:

PBER�BPSK coherentð Þ ¼Q

ffiffiffiffiffiffiffiffi
2Eb
N0

r� �
(7.11d)

The noncoherent detection using envelope detection cannot be effective for

BPSK, for unlike BASK, it has a constant envelope, and unlike BFSK, it has only

one carrier frequency. To circumvent this, an interesting approach, known as
differential encoding, can be employed, which is primarily based on the pre-

mises that phase uncertainty remains almost unchanged over time or changes

very slowly with time. In other words, the phase reference is derived from the
phase of the carrier during the preceding bit interval, and the receiver decodes

the received information based on the differential phase.

In differential encoding, the bits are encoded in terms of signal transition. For

instance, bit 0 may represent a transition (i.e., a phase change) and bit 1 may

represent no transition (i.e., no phase change). A signaling technique that com-
bines differential encoding and BPSK is known as differential BPSK (DBPSK).

The differentially encoded sequence thus needs to have an extra initial bit to

provide a reference in the receiver.

The differential encoding operation by the modulator at the transmitter gener-

ates the encoded bit dk using the following logical equation:

dk ¼ dk�1bk�dk�1bk (7.11e)

where bk is the input bit, bk is the logical inversion of the input bit, dk�1 is the
previous encoded bit, dk�1 is the logical inversion of the previous encoded bit,
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and � denotes modulo-two addition. Although phase reference in DBPSK is
corrupted by noise, the error propagation is not catastrophic, and thus the deg-

radation in performance is not significant. Figure 7.13d shows DBPSK demod-

ulator. It can be shown that the average bit error rate for DBPSK is as follows:

PBER�BPSK noncoherentð Þ ¼ 0:5e
� Eb

N0 (7.11f)

The average bit error rate for DBPSK receiver is higher than that for coherent

one. DBPSK receiver may require about 1 dB more power than the coherent
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FIGURE 7.13 BPSK modulation: (a) transmitter, (b) signal space and optimum decision regions,

(c) coherent detection, and (d) differential detection.
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one to deliver the same average bit error rate. However, DBPSK detection is

much simpler than the coherent one.

EXAMPLE 7.4

An input bit sequence consisting of 100111000 is applied to a DBPSK system. Determine the cor-

responding transmitted bits, and show how the phase comparison can be used to determine the

output sequence.

Solution
A 1 as an arbitrary reference bit is assumed for the initial bit of the encoded sequence. For each bit

of the encoded sequence, the present bit is used as a reference for the following bit in the

sequence. Using (7.11e), a 0 in the input sequence is encoded as a transition from the state of

the reference bit to the opposite state in the encoded sequence, and a 1 is encoded as no change

of state. Since the first bit in the input sequence is a 1, no change in state is made in the encoded

sequence, and a 1 appears as the next bit. This serves as the reference for the next bit to be

encoded. Since the second bit appearing in the input sequence is a 0, the next encoded bit is a

0, as it reflects a transition from the past encoded bit, which was a 1. Since the third bit appearing

in the input sequence is a 0, the next encoded bit is a 1, as it reflects no transition from the past

encoded bit, which was a 0. Since the fourth bit appearing in the input sequence is a 1, the next

encoded bit is a 1, as it reflects no transition from the past encoded bit, which was a 1. This process

continues until all input bits are differentially encoded one by one. The encoded sequence then

phase-shift keys a carrier with the phases 0 and π as shown below:

The phase comparison, which provides information about the phase change, gives rise to the

output sequence.

Assuming a rectangular pulse is used, the power spectral density of the BPSK

signal is as follows:

SBPSK fð Þ¼ Eb
2

� �
sinc2 Tb f � fcð Þð Þ + sinc2 Tb f + fcð Þð Þ� �

(7.11g)

As shown in Figure 7.11, the shapes of the PSD of the BPSK and BASK signals

are similar, and the only distinction is that BPSK spectrum does not have an
impulse at the carrier frequency. Note that the power spectral density of BPSK

falls off as the inverse second power of frequency.

Bit number k 1 2 3 4 5 6 7 8 9

Input sequence bk 1 0 0 1 1 1 0 0 0

Encoded sequence dk 1 1 0 1 1 1 1 0 1 0

Transmitted phase 0 0 π 0 0 0 0 π 0 π

Phase comparison output + + – – + + + – – –

Output sequence b̂k 1 0 0 1 1 1 0 0 0
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7.2.4 Comparison of Binary Digital Modulation Schemes

In order to make a fair comparison of binary digital modulation schemes in
terms of their error rate performances, we assume they all have the same average

energy per bit Eb, bit rate 1/Tb, and noise environment (i.e., AWGN with the

same noise power spectral density N0/2). The bit error rate performance of
binary digital modulation schemes for both the coherent and noncoherent

detection methods are shown in Figure 7.14. The following general observa-

tions about binary digital modulation schemes can be made:

n The performance curves, which show the average bit error rate PBER
expressed as a nonlinear function of the average bit energy to noise power
Eb
N0

, are all monotonically decreasing and have water-fall like shapes when

both axes are in the logarithmic scale.
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n For a modulation scheme, coherent detection outperforms noncoherent

detection. In other words, for a given
Eb
N0

, the resulting PBER for coherent

detection is lower than that for noncoherent detection, and for a fixed PBER,

the required
Eb
N0

for coherent detection is less than that for noncoherent

detection.As
Eb
N0

increases (i.e.,PBERdecreases), theasymptoticperformances

of coherent detection and noncoherent detection are equivalent.

n BASK and BFSK have the same performance, and BPSK has a 3-dB power

advantage over both BASK and BFSK for both coherent and noncoherent
detection schemes.

n For a very low PBER, the best scheme (coherent BPSK) requires an average

power that is about 4 dB less than what is required for the poorest scheme
(noncoherent BFSK or BASK).

n There is little difference in the complexity of the transmit equipment for

all schemes. Receiver design simplification due to noncoherent detection
is at the expense of performance degradation. Among the noncoherent

schemes, DBPSK and noncoherent BFSK are more complex than
noncoherent BASK.

n Since the cost of transmitting and receiving equipment is generally a

function of the peak power requirement rather than the average power
requirement, BASK falls short. The power margin over noncoherent BFSK

at low bit error rates is inconsequential. Because of the comparable

performance and the added simplicity of noncoherent BFSK, it is almost
exclusively employed instead of coherent FSK.

n BASK is more sensitive to variations in received signal level due to

variations in channel characteristics, such as amplitude nonlinearities
and fading, as BFSK and BPSK are both constant amplitude signals.

n Assuming a rectangular pulse, the power spectral density for each of these

schemes decays as
1

f 2
for frequencies away from the carrier frequency.

Except the discrete components, BASK and BPSK have the same

power spectral density, and thus the same bandwidth requirements.

BFSK has lower side-lobes than BPSK and BASK. In general, the
bandwidth of BFSK signal is greater than the bandwidth of the BASK

and BPSK signals.

n With a smoother pulse than the rectangular pulse, the power spectral
density for a modulation scheme can become more compact. This

valuable reduction in bandwidth is of course at the expense of a modest

increase in complexity of the pulse shaping.
n Overall, BPSK scheme, in terms of both power and bandwidth utilization,

is more efficient than BASK and BFSK schemes.
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7.3 COHERENT QUATERNARY SIGNALING SCHEMES

Binary digitalmodulation techniques are quite simple, but they are not spectrally

efficient. To increase the spectral efficiency (i.e., to increase the transmission bit
rate without increasing the bandwidth requirement or to reduce the bandwidth

requirement while not reducing the transmission bit rate), quaternary signaling

schemes, whichmay include quadrature phase-shift keying (QPSK), offset QPSK
(OQPSK), and minimum-shift keying (MSK), are attractive choices. Quaternary

signaling schemes are all examples of quadrature-carrier multiplexing system, as

they combine two independent signals to occupy the same transmission band-
width, and yet it allows for the separation of the two signals at the receiver. In

quaternary signaling schemes, the information is embedded in the carrier phase,

while the carrier amplitude and frequency remain unchanged. They all encode
two bits into one symbol (i.e.,M¼ 4), and have a bit error rate performance that

is the same as that of the BPSK scheme.

In addition to the spectral efficiency requirement, it is desirable for a digital
modulation scheme to have constant envelope. Constant envelope can prevent

amplitude fluctuations when the signal passes first through a bandpass filter to

reduce its side-lobes to conform to the required out-of-band emission, and
when it goes through a highly nonlinear amplifier in the transmitter. The enve-

lope of the QPSK signal is ideally constant. However, a QPSK signal may have

occasional 	180 degrees phase shifts at multiples of symbol duration, which
can cause the envelope to go to zero at instants of time. The nonlinear ampli-

fication of a filtered QPSK signal can bring back the unwanted side-lobes. This

in turn requires linear amplifiers that usually have low efficiency.

The OQPSK scheme, on the other hand, allows staggered in-phase and quad-

rature components which do not change states simultaneously, and the phase
changes are thus limited to only 0 and 	90 degrees at multiples of a bit dura-

tion. In order to eliminate instantaneous phase changes (i.e., rapid jumps at the

transitions), MSK is an attractive modulation scheme, as it can provide contin-
uous phase at all times. The MSK does not produce as much interference

outside the signal band of interest as the QPSK and OQPSK schemes. Band-

limiting the MSK signal to meet the out-of-band power requirements does
not make the envelope to pass through zero, for there are no discontinuities

at the bit transitions in the MSK signal.

7.3.1 Quadrature Phase-Shift Keying

The QPSK scheme is the most-widely used digital modulation technique, as it is

used in wireless communications, such as WLANs/Wi-Fi and WiMAX standards,
as well asmany digital cellularmobile systems and TV broadcast satellite systems.

In the quadrature phase-shift keying (QPSK) scheme, two bits are grouped at a
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time, and mapped into one of the four possible signals. As with BPSK (M¼ 2Þ,
the information inQPSK (M¼ 4) is contained in the carrier phase (i.e., the phase
of the carrier takes on one of four equally-spaced values). TheQPSK signal set can

thus be analytically described as:

si tð Þ¼
ffiffiffiffiffiffiffi
2Es
Ts

r
cos 2πfct +

π 2i�1ð Þ
4

� �
, 0� t� Ts, i¼ 1, 2, 3, 4 (7.12a)

where the carrier frequency fc is an integer multiple of the symbol rate 1/Ts.

Using (7.1a), the following shows that the energy of each signal is the same
as the average energy per symbol Es:

Ei ¼
ðTb
0

s2i tð Þ dt¼ Es, i¼ 1, 2, 3, 4 (7.12b)

After using a well-known trigonometric identity to expand si(t) in (7.12a), it is

easy to see that the following two orthonormal basis functions can represent
the QPSK signal set:

φ1 tð Þ¼
ffiffiffiffiffi
2

Ts

r
cos 2πfctð Þ, 0� t� Ts

φ2 tð Þ¼
ffiffiffiffiffi
2

Ts

r
sin 2πfctð Þ, 0� t� Ts

(7.12c)

Using (7.12c), the QPSK signal set in (7.12a) can thus be characterized as
follows:

si tð Þ¼
ffiffiffiffiffi
Es

p
cos

π 2i�1ð Þ
4

� �
φ1 tð Þ�

ffiffiffiffiffi
Es

p
sin

π 2i�1ð Þ
4

� �
φ2 tð Þ, 0� t� Ts, i¼ 1, 2, 3, 4

(7.12d)

Figure 7.15a shows the input binary signal m(t) in polar form for a stream of
bits. Figure 7.15b shows the decomposition of m(t) into two independent

signals mI(t) and mQ(t), consisting of the odd-numbered and even-

numbered input bits, respectively, and Figure 7.15c shows the corresponding
transmitted QPSK signal. Figure 7.15d and Figure 7.15e show the QPSK

transmitter and receiver, respectively. The QPSK signal space is thus two-

dimensional, and represents four signal points. Figure 7.15f shows the signal
space and the corresponding optimum (minimum-distance) decision

regions. The signal points lie on a circle of radius
ffiffiffiffiffi
Es

p
, and are spaced every

π/2 radians.

Assuming
Es
N0

is so high that only the two nearest message points can be

potential candidates for error, employing the Gray code, and using (7.7a), the
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average symbol error probability, similar to Example 7.3, is then tightly approxi-
mated as follows:

PSER�QPSK � 2Q

ffiffiffiffiffiffi
Es
N0

r� �
(7.12e)

Noting that there are four equally-likely, equal-energy signals in QPSK, we can

use (7.1c) and (7.8b) to determine the average bit error rate, as reflected below:

PBER�QPSK ¼Q

ffiffiffiffiffiffiffiffi
2Eb
N0

r� �
(7.12f)

Assuming a rectangular pulse is used, the power spectral density of the QPSK

signal, as shown in Figure 7.16, is as follows:

SQPSK fð Þ¼ Eb sinc2 2Tb f � fcð Þð Þ+ sinc2 2Tb f + fcð Þð Þ� �
(7.12g)
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A comparison of (7.11g) and (7.12g) reveals that the power spectral density of

theQPSK signal is thus twice the power spectral density of the BPSK signal, with
2Tb substituted for Tb. In other words, QPSK, vis-à-vis BPSK, halves the band-

width required for given bit rate.

7.3.2 Offset Quadrature Phase-Shift Keying

There is a variation of QPSK, known as offset QPSK (OQPSK), in which the in-

phase and quadrature components are offset by one bit interval Tb. Figure 7.17a

shows the input binary signal m(t) in polar form for a stream of bits.
Figure 7.17b shows the decomposition of m(t) into two independent signals

mI(t) and mQ(t), consisting of the odd-numbered and even-numbered input

bits, respectively. In OQPSK, also known as staggered QPSK (SQPSK), the
timing of the signals mI(t) and mQ(t) is shifted such that the alignment of

the two signals is offset by Tb. Figure 7.17c shows the corresponding transmit-

ted OQPSK signal. The resulting modulated signal cannot thus have a phase
change of 180.

The optimum receiver for OQPSK is almost identical to that of QPSK, the
only difference is that the time shift of Tb must be taken into account by

the correlator and sampler. The symbol error rate and the corresponding

bit error rate for OQPSK are thus the same as those for QPSK. Both QPSK
and OQPSK signals in the time domain can have discontinuities, for QPSK

at multiples of symbol duration and for OQPSK at multiples of bit duration.

The power spectral densities of OQPSK and QPSK are identical, as the power
spectral density of signal does not depend on the phase. To eliminate these

possible discontinuities (rapid transitions), thus reducing the large band-

width associated with their power spectral density, MSK is an attractive
modulation scheme.

7.3.3 Minimum-Shift Keying

The minimum-shift keying (MSK) scheme is used in GSM, a pioneer and a
widely-used digital cellular mobile system. MSK can be viewed as either a spe-

cial case of binary continuous-phase frequency-shift keying (CPFSK) or a spe-

cial case of OQPSK. When MSK is viewed as a continuous phase modulation
(CPM) scheme, MSK is a binary modulation with interval Tb, but as a quadra-

ture scheme, it is a quaternary modulation over a double interval 2Tb. Regard-

less of howMSKmodulation is viewed, not only it has a constant envelope, but
it also has a continuous phase.

In expressing MSK as a special case of CPFSK, the change in carrier frequency
occurring every bit duration is equal to one half the bit rate, which is the min-

imum separation possible for the two sinusoidal carriers to be coherently

3337.3 Coherent Quaternary Signaling Schemes



0

1

−1

(a)

−

0

0

−

−

0

(c)

(b)

FIGURE 7.17 OQPSK modulation: (a) input binary signal in polar form, (b) signal decomposition into two independent signals, and

(c) transmitted signal.



orthogonal. In expressing MSK as a special case of OQPSK, the MSK signal can

be expressed as follows:

s tð Þ¼ aI tð Þ
ffiffiffiffiffiffiffi
2Es
Ts

r
cos 2πfctð Þ cos πt

2Tb

� �
�aQ tð Þ

ffiffiffiffiffiffiffi
2Es
Ts

r
sin 2πfctð Þsin πt

2Tb

� �
(7.13a)

where aI(t) and aQ(t) represent the odd-numbered and even-numbered input
bits, respectively. This shows that the two carriers are weighted by sinusoids

of frequency
1

4Tb
. The two weighted carriers are orthogonal over the interval

of two-bit duration, and have the same energy. MSK can thus be viewed as a
special case of OQPSK with sinusoidal pulse shaping used in place of rectangu-

lar pulses. Figure 7.18 shows how an MSK signal can be formed.

In QPSK, the phase-shift θ(t) assumes one of the four constant values for every

two input bits (i.e., the entire duration of a symbol), depending on the two con-

secutive bits being transmitted. In MSK, on the other hand, the phase-shift θ(t)
is a function of time, and for the duration of a bit, it varies linearly with time

with the slope of
π

4Tb
or� π

4Tb
, and depending on the two consecutive bits being

transmitted, a 0 is represented by a linear increase in phase and a 1 by a linear

decrease in phase. Assuming Gray code is employed, Figure 7.19 provides
insight into the carrier phase for QPSK scheme and the carrier phase for

MSK scheme with the initial condition θ 0ð Þ¼ 0.

The bit error rate of MSK is the same as those of QPSK and OQPSK, and the
power spectral density of MSK, as shown in Figure 7.16, is as follows:

SMSK fð Þ¼8Eb
π2

cos 2πTb f � fcð Þð Þ
16T2

b f � fcð Þ2�1

 !2

+
cos 2πTb f + fcð Þð Þ
16T2

b f + fcð Þ2�1

 !2 !
(7.13b)

TheMSK spectrum rolls off at a rate proportional to the inverse fourth power of
frequency, whereas in the case of the QPSK signal, the spectrum falls off as the

inverse square of the frequency. TheMSK decay reflects the fact that there are no

discontinuities in the transmitted signal.

ForMSK, the transmissionbandwidth,which contains 99%of the total power, is

less 20%higher than the bit rate <
1:2

Tb

� �
, whileQPSK/OQPSKhas abandwidth

that is a bit more than eight times the bit rate >
8

Tb

� �
. However, for the null-to-

null bandwidth, QPSK and OQPSK are more spectrally efficient than MSK.

The quaternary signaling schemes have superior performance to their

binary counterparts. For instance, the bandwidth requirements for MSK and
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QPSK/OQPSK are half as much as those for BFSK and BPSK, respectively, while

their bit error rates are no greater than their binary counterparts.

7.4 M-ARY COHERENT MODULATION TECHNIQUES

The bandwidth scarcity dictates the necessity of modulation techniques with

significant spectral efficiency. For instance, using high-speed voice-band data
modems, the upstream data transmission over the PSTN (i.e., the digital data

from the user’s premises to the central office over the twisted-pair telephone

line) is carried out at 33.6 kbps over a bandwidth of 4 kHz set by the channel
filter at the central office. This in turn requires a spectral efficiency of 8.4 bits per

second per Hertz (bps/Hz), and M-ary modulation is thus required. M-ary

modulation techniques are widely used in bandwidth-limited channels, as they
can help conserve bandwidth quite significantly, but of course at the expense of

an increase in bit error rate and modem complexity.

Carrier phase for MSKCarrier phase for QPSK

FIGURE 7.19 Carrier phases for QPSK and MSK schemes.
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In M-ary modulation, the bit stream is blocked into groups of k¼ log2M bits,

where the number of different symbols (groups of bits, bit sequences) isM. The
amplitude, frequency, or phase of a carrier wave or a combination of amplitude

and phase, is varied in accordance with the symbols, where the carrier fre-

quency fc is an integer multiple of the symbol rate 1/Ts. The modulated signal
s(t) representing a symbol is thus as follows:

s tð Þ¼ a tð Þ cos 2πfct + θ tð Þð Þ, 0� t� Ts (7.14)

where the amplitude a(t) and the phase θ(t)may be time-varying. For each sym-

bol, a continuous sinusoid of duration Ts is thus transmitted. There are four
broad categories of M-ary modulation techniques: M-ary ASK (MASK), M-ary

PSK (MPSK), a hybrid combination of MASK and MPSK, known as quadrature

amplitude modulation (QAM), and M-ary FSK (MFSK). As the examples in
Figure 7.20 illustrate, each of these techniques has its own signal space and

set of optimum decision regions. The bit error rate performances and modem

complexities associated with these schemes are thus quite different.

An M-ary modulation technique can increase the transmission bit rate, while

using the same bandwidth associated with QPSK (i.e., while the number of

symbols per second remain unchanged). In some systems, during transmission,
a change to a more efficient modulation scheme can be made when the com-

munication channel is not experiencingmuch fade. For instance, when a digital

cellular mobile system is not experiencing a significant level of multipath
fading or when there is not much rain fade in a satellite link, a signaling scheme

with a higher bit rate per bandwidth (bps/Hz) can be employed, such as 8-PSK
or 16-QAM instead of QPSK. Adaptive modulation can thus enhance the link

throughput and system capacity, but at the expense of an increase in modem

complexity and/or a modest degradation in performance.

7.4.1 M-ary Amplitude-Shift Keying

M-ary amplitude-shift keying (MASK) is not a widely-used modulation scheme.

However, a vestigial sideband (VSB) version of 8-ASK signaling scheme is
employed in the HDTV standard in the US. MASK employs a set ofM nonequal

energy signals to represent M equally-likely symbols. In MASK, the amplitude

of the carrier takes on one ofM possible values

ffiffiffiffiffiffiffi
2Ei
Ts

r
, where i¼ 1, 2, . . . , M. The

MASK signal set is thus analytically given by:

si tð Þ¼
ffiffiffiffiffiffiffi
2Ei
Ts

r
cos 2πfctð Þ, 0� t� Ts, i ¼ 1, 2, . . . , M (7.15a)

where the frequency and phase both remain constant and only the carrier

amplitude varies. We assume a uniform spacing of amplitude levels, where

338 CHAPTER 7: Passband Digital Transmission



(a)
0

(b)

0

(c)

0

(d)

0

= 0)

= 0)

= 0)

Note: The dashed lines are the intersections of the decision 
boundaries with the planes = 0 , = 0 and = 0 .

FIGURE 7.20 Signal space and optimum decision regions forM-ary modulation schemes: (a) MASK (M ¼ 4), (b) MPSK (M ¼ 8), (c) QAM

(M ¼ 16), and (d) MFSK (M ¼ 3).



the levels can take both positive and negative values and their mean value is

zero. The energy associated with the MASK signal set is as follows:

Ei ¼ 3 2i�1�Mð Þ2
M2�1

Es, i ¼ 1, 2, . . . ,M (7.15b)

where Es represents the average energy per symbol, as defined in (7.1b). We need
only one orthonormal basis function to represent theMASK signal set, as given by:

φ1 tð Þ¼
ffiffiffiffiffi
2

Ts

r
cos 2πfctð Þ, 0� t� Ts (7.15c)

The MASK signal set can thus be characterized by a one-dimensional signal
space and M message points, as follows:

si tð Þ¼
ffiffiffiffi
Ei

p
φ1 tð Þ, 0� t� Ts, i¼ 1,2, . . . ,M (7.15d)

Figure 7.20a shows the MASK signal space and optimum decision regions for
M¼ 4. Using (7.7a), the average symbol error probability is as follows:

PSER�MASK ¼ 2 M�1ð Þ
M

Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6Es

M2�1ð ÞN0

s !
(7.15e)

Assuming there are M equally-likely signals in MASK and Gray mapping is
employed, we can use (7.1c) and (7.8b) to closely approximate the average

bit error rate, as follows:

PBER�MASK � 2 M�1ð Þ
M log2M

Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6log2M

M2�1

� �
Eb
N0

� �s !
(7.15f)

Figure 7.21 shows the MASK bit error rate performance in terms of signal-to-

noise ratio per bit
Eb
N0

.

7.4.2 M-ary Phase-Shift Keying

M-ary phase-shift keying (MPSK) is employed in some of the digital cellular

standards and communication geostationary satellite systems. MPSK employs
a set ofM equal-energy signals to representM equiprobable symbols. This con-

stant energy restriction (i.e., the constant envelope constraint) warrants a circu-

lar constellation for the signal points. InMPSK, the phase of the carrier takes on

one ofM possible values
2π i�1ð Þ

M
, where i¼ 1, 2, . . . , M. The MPSK signal set is

thus analytically given by:

si tð Þ¼
ffiffiffiffiffiffiffi
2Ei
Ts

r
cos 2πfct�2π i�1ð Þ

M

� �
, 0� t� Ts, i¼ 1, 2, . . . , M (7.16a)
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We assume a uniform spacing of phase values, i.e., the phase separation

between any two adjacent signal points is constant. The energy associated with

the MPSK signal set is as follows:

Ei ¼ Es, i¼ 1, 2, . . . , M (7.16b)

where Es represents the average energy per symbol, as defined in (7.1b). After

using a trigonometric identity to expand si(t) in (7.16a), it is easy to see that the
following two orthonormal basis functions can represent the MPSK signal set:

φ1 tð Þ¼
ffiffiffiffiffi
2

Ts

r
cos 2πfctð Þ, 0� t� Ts

φ2 tð Þ¼
ffiffiffiffiffi
2

Ts

r
sin 2πfctð Þ, 0� t� Ts

(7.16c)
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FIGURE 7.21 MASK bit error rate performance.
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The MPSK signal set can thus be characterized by a two-dimensional signal

space and M message points, as follows:

si tð Þ¼
ffiffiffiffi
Ei

p
cos

2π i�1ð Þ
M

� �
φ1 tð Þ+

ffiffiffiffi
Ei

p
sin

2π i�1ð Þ
M

� �
φ2 tð Þ, 0� t� Ts, i¼1,2, . . . ,M

(7.16d)

The signal points lie on a circle of radius
ffiffiffiffiffi
Es

p
and are spaced every 2π/M radians

around the circle. Figure 7.20b shows theMPSK signal space and the correspond-

ingoptimumdecision regions forM¼ 8. Assuming
Es
N0

is sohigh that only the two

nearestmessage points can be potential candidates for error, it can be shown that

the average symbol error probability can then be tightly approximated as follows:

PSER�MPSK � 2Q

ffiffiffiffiffiffiffi
2Es
N0

r
sin

π

M

� �� �
(7.16e)

Noting that there are M equally-likely equal-energy signals in MPSK and Gray
mapping is employed, we can use (7.1c) and (7.8b) to closely approximate the

average bit error rate, as follows:

PBER�MPSK � 2

log2M
Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Eb log2M

N0

s
sin

π

M

� � !
(7.16f)

Figure 7.22 shows the MPSK bit error rate performance in terms of signal-to-

noise ratio per bit
Eb
N0

.

7.4.3 M-ary Quadrature Amplitude Modulation

M-ary quadrature amplitude modulation (MQAM), simply known as QAM, is
employed in many digital communication systems, including 16-QAM,

64-QAM, and256-QAM inDOCSIS, an international telecommunications stan-

dard to provide high-speed Internet access over cable TV. Other applications of
QAM lie in broadband digital cellular standards, such as LTE,WiMAX, as well as

public safety standards, such as TETRA, and TV white spaces, such as

cognitive WRAN.

QAM employs a set ofM nonequal energy signals to representM equally-likely

symbols. Since QAM is a hybrid form of amplitude modulation and phase

modulation, the amplitude and phase of the carrier takes on one of the possible

values

ffiffiffiffiffiffiffi
2Ei
Ts

r
and θi, respectively, where i¼ 1, 2, . . . , M. The in-phase and quad-

rature components are independent, and the envelope is no longer constrained

to remain constant. The QAM signal set is thus analytically given by:
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si tð Þ¼
ffiffiffiffiffiffiffi
2Ei
Ts

r
cos 2πfct�θið Þ, 0� t� Ts, i¼ 1, 2, . . . , M (7.17a)

By expanding si(t) in (7.17a), it is easy to identify the following two orthonor-

mal basis functions:

φ1 tð Þ¼
ffiffiffiffiffi
2

Ts

r
cos 2πfctð Þ, 0� t� Ts

φ2 tð Þ¼
ffiffiffiffiffi
2

Ts

r
sin 2πfctð Þ, 0� t� Ts

(7.17b)

The QAM signal set can thus be characterized by a two-dimensional signal

space and M message points, as follows:

si tð Þ¼
ffiffiffiffi
Ei

p
cos θið Þφ1 tð Þ +

ffiffiffiffi
Ei

p
sin θið Þφ2 tð Þ, 0� t� Ts, i¼ 1, 2, . . . , M (7.17c)

1.E-08

1.E-07

1.E-06

1.E-05

1.E-04

1.E-03

1.E-02

1.E-01

(dB)

B
it
 E

rr
or

 R
at

e

0 5 10 15 20 25

FIGURE 7.22 MPSK bit error rate performance.
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Figure7.20c shows theQAMsignal spaceand the correspondingoptimumdecision

regions forM¼ 16.ForagivenM, thereexist a largevarietyofQAMconstellations. If
the number of bits per symbol is even, the signal constellation is then rectangular.

Rectangular QAM signal constellations are just very slightly poorer than the best

QAMsignalconstellation,however, theirmodulatorsanddemodulatorsaresimple,
as it is equivalent to two

ffiffiffiffiffi
M

p
-ASK signals. The probability of symbol error forQAM

canbeeasily determined from theprobability of error for
ffiffiffiffiffi
M

p
-ASK. It canbe shown

that the symbol error probability is tightly upper bounded by:

PSER�QAM � 4 1� 1ffiffiffiffiffi
M

p
� �

Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3Es

M�1ð ÞN0

s !
(7.17d)

Using (7.1c) and (7.8b), the average bit error rate is closely approximated as

follows:

PBER�QAM � 4
ffiffiffiffiffi
M

p �1
� �ffiffiffiffiffi
M

p
log2M

 !
Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3log2M

M�1

Eb
N0

s !
(7.17e)

Figure 7.23 shows the QAM bit error rate performance in terms of signal-to-

noise ratio per bit
Eb
N0

.

EXAMPLE 7.5

Assuming the signal size M is a power of 4, compare MPSK and QAM schemes, in terms of the

average signal-to-noise ratio per bit for a low bit error rate.

Solutions
Since the bit error rate is dominated almost exclusively by the argument of the Q-function, espe-

cially for a low bit error rate, the factors in (7.16f) and (7.17e), by which Q-functions are multiplied,

can be disregarded. The ratio of the two arguments in the Q-functions in dB is then as follows:

D¼ 1:76�10log M�1ð Þ�20log sin
π

M

� �
dBð Þ

The parameterD, which represents the additional
Eb

N0
required byMPSK to deliver the same low bit

error rate that QAM delivers, is reflected below:

M D (dB)

4 0

16 4.20

64 9.95

256 15.92

1024 21.93

344 CHAPTER 7: Passband Digital Transmission



It is evident that for rather largeM by doubling the number of signal pointsM, a gain advantage of

QAM over MPSK is about 3 dB. The gain advantage is at the expense of increased sensitivity to

amplitude and phase degradation in the transmission. Since QAM is not a constant amplitude

modulation, it is important to ensure that the power amplifier at the transmitter operates in

the linear region.

EXAMPLE 7.6

Suppose the transmission bit rate over a bandpass channel is 51.84 Mbps, QAM modulation with

Nyquist filtering is employed, and the average bit error rate is 10�7.

(a) Suppose the available channel bandwidth is 6.48 MHz, determine the required
Eb

N0
:

(b) Suppose the available
Eb

N0
is 15.18 dB, determine the required channel bandwidth.
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FIGURE 7.23 QAM bit error rate performance.
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Solutions
This example highlights the trade-off between the channel bandwidth and the transmit power.

Note that Nyquist filtering implies zero roll-off factor.

(a) The spectral efficiency is
rb
W

¼ 51:84

6:48
¼ 8 bps/Hz. Since log2M¼ 8, we thus haveM¼ 256. Using

(7.17e), we solve the following equation to obtain x, which is the value of
Eb

N0
:

4
ffiffiffiffiffiffiffiffi
256

p �1
� �
ffiffiffiffiffiffiffiffi
256

p
log2256

0@ 1AQ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3log2256

256�1
10x=10

r !
¼ 10�7

We thus get x¼ 24:34 dB.

(b) The available
Eb

N0
is 15.18 dB. Using (7.17e), we solve the following equation to obtain the

value of M:

4
ffiffiffiffi
M

p �1
� �
ffiffiffiffi
M

p
log2M

0@ 1AQ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3log2M

M�1
1015:18=10

r !
¼ 10�7

We thus getM¼ 16. Since we have
rb
W

¼ log2M, we can findW from
51:84

W
¼ log216¼ 4 bps/Hz. The

required bandwidth W is thus 12.96 MHz.

7.4.4 M-ary Frequency-Shift Keying

M-ary frequency-shift keying (MFSK) employs a set of M equal-energy signals to

represent M equiprobable symbols. In MFSK, the frequency of the carrier takes

on one of M possible values fc +
i

2Ts
, where i¼ 1, 2, . . . , M, the signal set is thus

given by:

si tð Þ¼
ffiffiffiffiffiffiffi
2Es
Ts

r
cos 2π fc +

i

2Ts

� �
t

� �
, 0� t� Ts, i¼ 1, 2, . . . , M (7.18a)

where fc, the frequency of the unmodulated carrier, is an integer multiple of the

symbol rate
1

Ts
. Since the individual frequencies are separated by

1

2Ts
Hz, the

signals are orthogonal. There are therefore M orthonormal basis functions to

represent the MFSK signal set, as follows:

φi tð Þ¼
ffiffiffiffiffi
2

Ts

r
cos 2π fc +

i

2Ts

� �
t

� �
, 0� t� Ts, i¼ 1, 2, . . . , M (7.18b)

The MFSK signal set can thus be characterized by an M-dimensional signal

space and M message points, as follows:

si tð Þ¼
ffiffiffiffiffi
Es

p
φi tð Þ, 0� t� Ts, i¼ 1, 2, . . . ,M (7.18c)

Figure 7.20d shows theMFSK signal space and the correspondingoptimumdeci-

sion regions forM¼ 3. As it is very difficult to derive the symbol error rate, union

346 CHAPTER 7: Passband Digital Transmission



bound is employed. It canbe shown that as
ES
N0

increases the symbol error rate for

MFSK using coherent detection is tightly upper bounded, as follows:

PSER�MFSK � M�1ð ÞQ
ffiffiffiffiffiffi
ES
N0

r� �
(7.18d)

Using (7.1c) and (7.8a), the bit error rate for MFSK is bounded as follows:

PBER�MFSK � M

2

� �
Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eb log2M

N0

s !
(7.18e)

Note that for M¼ 2, the bound becomes an equality. Figure 7.24 shows the

MFSK bit error rate performance in terms of signal-to-noise ratio per bit
Eb
N0

.

An increase in M brings about a reduction in the bit error rate.
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FIGURE 7.24 MFSK bit error rate performance.
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7.4.5 Comparison of M-ary Modulation Schemes

MFSK and MPSK signals have constant envelope (i.e., the amplitude of the car-
rier remains constant). This feature allows them to bemore robust to amplitude

nonlinearities, which exist in high-frequency radio communications, such as

satellite channels. QAM can be generated by theMPSK transmitter; the only dif-
ference is that the symbol mapping for QAM generates nonconstant symbol

amplitudes.

The bit error rate performance for all M-ary modulation schemes can be

improved at the expense of an increase in signal-to-noise ratio per bit
Eb
N0

.

M-ary modulation schemes can thus be compared in terms of the required
Eb
N0

to achieve a certain bit error rate. It is, however, important to include the

impact of the modulation efficiency (M), transmission bit rate (rb), and band-
width requirement (W) in the assessment of M-ary modulation schemes. To

this effect, we define the bandwidth efficiency ρ, which is a meaningful measure

to relate the transmission bit rate rb in bits per second to the channel bandwidth
requirement W in Hz.

The MASK signaling scheme can employ single sideband transmission, the
required channel bandwidth is thus one half of the symbol rate. Hence,

ρ¼ rb
W

¼ rb
rs=2

¼ rb
rb= log2Mð Þ=2¼ 2log2M (7.19a)

For the MPSK signaling scheme, since double sideband transmission is

employed, the required channel bandwidth is equal to the symbol rate. We thus
have:

ρ¼ rb
W

¼ rb
rs
¼ rb
rb= log2M

¼ log2M (7.19b)

QAM modulation employs double sideband transmission and the transmitted

signal consists of two independent orthogonal quadrature carriers, its transmis-

sion rate is therefore twice that of ASK. We thus have:

ρ¼ rb
W

¼ rb
rs
¼ rb

2rb=2log2Mð Þ¼ log2M (7.19c)

In the orthogonal MFSK signaling scheme, there areM orthogonal carriers with

a minimum frequency separation of 1/2Ts, where an orthogonal signal carries
log2M bits of information. We thus have:

ρ¼ rb
W

¼ rb
M=2Ts

¼ rb
Mrs=2

¼ rb
M rb= log2Mð Þ=2¼

2log2M

M
(7.19d)
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ForMASK,MPSK, andQAMmodulation schemes, the bandwidth efficiency ρ is
an increasing function ofM (i.e., for a fixed bit rate rb, asM increases, the chan-
nel bandwidth W decreases logarithmically). Therefore, they are attractive

modulation candidates for bandwidth-limited channels. In fact, QAM and

MPSK are widely used in wire-line telephone channels employing high-speed
voice-band modems and in digital cellular wireless channels providing broad-

band multimedia communications.

For MFSK, the bandwidth efficiency ρ is a decreasing function of M, and we

always have ρ� 1. As such, for a fixed bit rate rb, as M increases, the channel

bandwidth W for MFSK increases. To this effect, MFSK is most suited for
power-limited channels. Using (7.18e) and noting Q xð Þ< exp � x2

2

� �
, the fol-

lowing upper bound on the bit error rate for MFSK can be obtained:

PBER eð Þ� exp� ln 0:5Mð Þ
ln4

Eb
N0

� ln4

� �� �
(7.20)

Equation (7.20) shows that as long as
Eb
N0

� ln4

� �
> 0, i.e.,

Eb
N0

> 1:42 dB, the bit

error rate for MSK is a decreasing function ofM. For theMFSK, asM!1, the bit

error rate can be thusmade as small as possible, provided that we have
Eb
N0

> 1:42

dB, but of course the bandwidth required for such a transmission is then infinite.

It is alsomeaningful to compareM-ary modulation schemes in terms of signal

space, as we can divide them in two distinct groups. For MASK, MPSK, and
QAM, the dimensionality of the signal space remains unchanged as more sig-

nals (i.e., larger values of MÞ are included. In other words, signal points are

packed closer together as the number of signal points is increased. This in turn
yields degradation of the symbol error rate, while the required bandwidth,

regardless of the value of M, remains essentially constant. As the number of

signal points (states) in MASK, MPSK, and QAM is increased, the bandwidth
efficiency can thus be improved, but at the expense of an increase in the bit

error rate performance. Although MPSK and QAM have identical bandwidth

efficiencies, for a fixed peak transmitted power, the average bit error rate per-
formance for QAM is better than that for MPSK (i.e., QAM has a better power

efficiency than MPSK). This improved performance can be achieved if the

channel is linear and the transmit amplifier can operate in linear region.
However, for MFSK, an increase in M brings about a direct increase in the

dimensionality, and in turn a significant increase in modem complexity. With

increasing dimensionality as more signals are added, the signal points do not
need to be crowded closer together. In MFSK, as M increases, the power effi-

ciency increases. In fact, as M increases, the Shannon limit can be achieved.

MFSK can thus be used in the deep space communications, where there is a
huge bandwidth available in EHF band.
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7.5 ORTHOGONAL FREQUENCY-DIVISION
MULTIPLEXING

Orthogonal frequency-division multiplexing (OFDM) is a multicarrier modula-

tion technique used in European digital audio broadcasting (DAB) and digital

video broadcasting (DVB), digital subscriber line (DSL), wireless local area net-
works (WLAN), widely known asWi-Fi (IEEE 802.11) connectivity, andmobile

Wi-MAX (IEEE 802.16) networks. OFDM is effective when the magnitude
response of the bandpass channel is not flat in the frequency domain over

the bandwidth of interest. However, over a very small portion of the channel

bandwidth, the magnitude response is approximately constant. The primary
reason to employ OFDM is its resilience to the multipath distortion in mobile

channels and the linear distortion in the telephone local loop. The alternative

to OFDM in a channel with severe distortion is to employ single-carrier
transmission with an equalizer with a very high degree of complexity. With

multicarrier transmission, the spectrum of the individual carriers is relatively

undistorted except for possible gain change and phase rotation.

It is important to highlight that FDM, as discussed later, is a multiplexing tech-

nique for analog signals and OFDM is a modulation technique to combat the

nonideality of the bandpass channel. Themajor differences between them lie in
the fact that OFDM uses multiple sub-carriers that are mutually orthogonal to

one another, and the sub-carriers are overlapping to maximize spectral effi-

ciency, while not causing adjacent channel interference. In addition, OFDM,
vis-à-vis FDM, lends itself to digital transmission, and requires strict frequency

synchronization, but with relaxed bandpass filter requirements.

The basic idea of OFDM is to transmit blocks of symbols in parallel by employ-

ing a large number of orthogonal sub-carriers. With block transmission, the

source symbols are converted into a block of parallel modulated symbols each
with period that is much larger than the length of the channel ISI. Since the

symbol rate on each sub-carrier is much less than the source rate (i.e., the sym-

bol period on each sub-carrier is much greater than the source symbol period),
the effects of ISI are greatly reduced.

In OFDM, the available channel bandwidthW is sub-divided into a number of
equal-bandwidth sub-channels K, where the bandwidth of a sub-channel Δf is
small enough so the frequency response characteristic of the sub-channel can

be considered almost ideal. With each sub-channel, we have the following sub-
carrier:

ck tð Þ¼ cos 2πfktð Þ, k¼ 1, 2, . . . , K (7.21)

where the sub-carrier frequency fk ¼ 2k�1ð ÞW=2K,k¼ 1, 2, . . . , K, is the mid-

frequency in the k-th sub-channel. The sub-carrier spacing is thus as follows:
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Δf ¼ fk+ 1� fk ¼W

K
(7.22)

Suppose the symbol rate on each of the sub-channels is selected to be equal to

the sub-carrier spacing, i.e., we have:

1

T
¼Δf (7.23)

Using (7.21) to (7.23), the modulated sub-carriers are then mutually orthogo-

nal over the symbol period T, independently of their initial phases, i.e., we

have:ðT
0

cos 2πfktð Þ cos 2πfjt
� �

dt¼ 0; (7.24)

where fk� fj ¼ n

T
, for n¼ 1, 2, . . .. As (7.24) expresses an orthogonality property,

we now haveOFDM. In short, instead of sending serial symbols at a rate K/T over
a channel with bandwidth W, K symbols in parallel, each at the rate of 1/T, are

sent over a sub-channel with bandwidthW/K. WithOFDM, the symbol duration

becomes K times longer and the effects of ISI andmultipath can be thus reduced.
Tominimize ISI caused bymultipath for a given channel bandwidthW, we select

K so that T is significantly greater than the duration of the channel time-

dispersion. The ISI can be made arbitrarily small through appropriate selection
of K, that is, with large enough K, we can ensure that the frequency response of

each sub-channel is constant. OFDM thus providesmultiple flat fading channels.

Figure 7.25 shows the block diagrams for an OFDM transmitter and receiver.

The IDFT at the transmitter transforms the frequency-domain data at the mod-

ulator output into time-domain output and theDFT at the receiver performs the
inverse operation. For efficient implementation of DFT and IDFT, the FFT algo-

rithm is employed.

There are two methods to further reduce ISI. One method is to insert a time
guard between the transmissions of successive data blocks; this allows the chan-

nel response to die out before the next block of K symbols is transmitted. The
other method is to insert cyclic prefix, that is, to append the last samples of a

symbol to the beginning of the symbol (i.e., repetition of the end). In order for

the cyclic prefix to be effective, the length of the cyclic prefix must be at least
equal to the length of the channel impulse response.

In OFDM, when the signals in the K sub-channels add constructively in phase,

large signal peaks occur and may thus saturate the power amplifier. This can in
turn cause intermodulation interference. This is known as the peak-to-average

ratio (PAR) problem. This problem can, however, be reduced by power backoff
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at the expense of inefficient operation of the OFDM, or by phase adjustments

where sub-carriers have pseudo-randomly phase shifts, or by peak clipping at

the expense of some signal distortion, to name just few. There is no single best
technique to address PAR-reduction problem.

Summary and Sources

Modulation is a salient requirement for all passband channels, including all

wireless communication systems. The primary motivation for the widely-used

M-ary modulation schemes, such as MPSK and QAM, is bandwidth conserva-
tion, but at the expense of an increase in transmit power and/or an increase in

bit error rate. On the other hand, MFSK with its significant expansion of band-
width allows a reduction in transmit power and/or a decrease in bit error rate.

A classic presentation of optimum receivers can be found in [1]. There are also

several books at the graduate level that provide a detailed treatment of digital
modulation techniques [2–7]. A nice treatment of OFDM in practical systems

can be found in [8] and a detailed review of all major aspects of OFDM in [9].

There are a number of pertinent references which cover various aspects of pass-
band digital transmission [10–18].
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FIGURE 7.25 Block diagram of an orthogonal frequency-division multiplexing: (a) transmitter and

(b) receiver.
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Problems
7.1 The split-phase (Manchester) code is used for the transmission of

equally-likely symbols 1 and 0. Assuming AWGN, draw the optimum

matched filter and find the average symbol error rate.

7.2 The bit rate in a passband digital transmission system is 5 kbps. Assuming

the power spectral density of the AWGN is 10�11 W/Hz and the carrier

amplitude is 1 mV, determine the average bit error rate if coherent BPSK

signaling scheme is employed.

7.3 The bit stream 000110010101001011 is to be transmitted using the

differential 8-PSK signaling scheme. Determine the transmitted phase

sequence, and show that the phase comparison scheme can be used for

demodulation of the signal.

7.4 The bit rate in a passband digital transmission system is 1 Mbps. Assuming

the power spectral density of the AWGN is 10�10 W/Hz and the bit error
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ratemust be less than 10�4, determine the values of
Eb

N0
for coherent BPSK and

differential BPSK detection schemes.

7.5 The bit rate in a passband digital data transmission system is 3 Mbps.

Assuming the power spectral density of the AWGN is 10�12 W/Hz and the

bit error requirement is 10�8, determine the bandwidth and power

requirements for QPSK and 16-FSK schemes.

7.6 One of the nine equally-likely messages is transmitted over an AWGN channel.

A signal point is represented by (a, b). in a two-dimensional signal

constellation, where a. and b each could have values of d, 0, and –d. Determine

the average symbol error in terms of d.

7.7 There are two alternate designs, corresponding to two different sets of

signaling waveforms. Assume in each design, there are six equally-likely

signal points. In one design, all six signal points are equally-spaced on a circle

with radius d1, and in the other design, a signal point is represented by (a, b) in a

two dimensional signal constellation, where a could have values of d2, 0, and –

d2 and b could have values d2/2 and –d2/2. Assuming that the average power is

the same for both signal sets, compare the robustness against the additive

white Gaussian noise channel.

7.8 The following signal set is usedo communicate one of four equally-likely

messages over a channel disturbed by AWGN: s1 tð Þ¼�u t� Ts
2

� �
+ u t�Tsð Þ,

s2 tð Þ¼ u tð Þ�u t�Tsð Þ, s3 tð Þ¼ u t� Ts
2

� ��u t�Tsð Þ, s4 tð Þ¼�u tð Þ + u t�Tsð Þ,
whereTs is thesymbolduration.Draw theblockdiagramof theoptimumreceiver.

7.9 A correlation receiver for a BPSK system uses a carrier reference

sin(2πfct) for detecting two equally-likely signals s1 tð Þ¼ sin 2πfct +Δθð Þ and
s2 tð Þ¼ cos 2πfct +Δθð Þ. Assuming an AWGN channel, determine the average

bit error rate in terms of Δθ.

7.10 Suppose one of the following eight equally-likely messages is communicated

over an AWGN channel: s1 tð Þ¼ u tð Þ�u t�1ð Þ, s2 tð Þ¼ u t�1ð Þ�u t�2ð Þ,
s3 tð Þ¼ u tð Þ�u t�2ð Þ, s4 tð Þ¼ u t�2ð Þ�u t�3ð Þ; s5 tð Þ¼ u tð Þ�u t�1ð Þ
+ u t�2ð Þ�u t�3ð Þ, s6 tð Þ¼ 0, s7 tð Þ¼ u t�1ð Þ�u t�3ð Þ, and
s8 tð Þ¼ u tð Þ�u t�3ð Þ. Determine the average symbol error rate.

7.11 The MPSK signaling scheme is employed over an AWGN channel to transmit

one of M> 2 equally-likely messages. Use geometric arguments to show that

the minimum attainable symbol error rate is bounded by p and 2p, where

p¼Q
ffiffiffiffiffiffi
2Es

N0

q
sin π

M

� �� �
.

7.12 Show that the following three functions are pairwise orthogonal over the

interval �2, 2ð Þ:
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f1 tð Þ¼A �u t + 2ð Þ + 2u t + 1ð Þ�2u t�1ð Þ + u t�2ð Þð Þ;
f2 tð Þ¼A �u t + 2ð Þ + 2u tð Þ�u t�2ð Þð Þ, and
f3 tð Þ¼A �u t + 2ð Þ + u t�2ð Þð Þ.
Determine the value of A that makes the set of functions an orthonormal

set. Assuming x tð Þ¼ u tð Þ�u t�2ð Þ, express x(t) in terms of these orthonormal

functions.

7.13 Derive the average bit error rate for noncoherent BASK.

7.14 Determine which of the following schemes over an AWGN channel yields a

lower bit error rate: BFSK signaling scheme with
Eb

N0
¼ 12 dB using coherent

detection or BFSK signaling scheme with
Eb

N0
¼ 14 dB using noncoherent

detection.

7.15 Derive the average symbol error rate for a 16-QAM with rectangular signal

constellation.

Computer Exercises

7.16 Generate a long sequence of pseudorandom bits. Apply it to a 16-QAM

modulation scheme with a rectangular signal constellation. Assume the

carrier frequency is 100 times the bit rate. Add white Gaussian noise to the

transmitted signal. Assuming we have perfect synchronization, count the

number of errors, when signal-to-noise ratio per bit ranges between 0 and

20 dB.

7.17 Consider MPSK and QAMmodulation schemes. Simulate these systems so as

to determine the value of
Eb

N0
for each of the following nine cases, whereM¼ 4,

16, and 64, and the bit error rate is 10�3, 10�5, and 10�7.
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CHAPTER 8

Synchronization

INTRODUCTION

In this chapter, we first present various levels of synchronization before

focusing on carrier recovery and symbol synchronization. After providing
the rationale behind scrambling, two types of scramblers are introduced.

The discussion turns toward the phase-locked loop, which can lock onto

the frequency of a received sinusoid and estimate the phase offset. In
an overview fashion, we then introduce the carrier-recovery mechanisms

for suppressed-carrier modulation techniques, and finally discuss two

timing-recovery schemes. After studying this chapter and understanding
all relevant concepts and examples, students should be able to do the

following:

1. Comprehend the need for synchronization.

2. Identify various levels of synchronization.

3. Compare data-directed and non-data-directed synchronization
approaches.

4. Understand why scramblers are sometimes needed.
5. Grasp the idea behind the maximum-length shift register and

pseudorandom sequences.

6. Describe the operation of a pseudorandom scrambler.
7. Outline the operation of a self-synchronizing scrambler.

8. Highlight the function of a phase-locked loop (PLL).

9. Characterize the basic operation of a PLL.
10. Illustrate why and how a PLL is linearized.

11. Discuss the impact of the first-order PLL on performance.

12. Assess the impact of the second-order PLL on performance.
13. Evaluate the impact of the third-order PLL on performance.

14. State the objective of carrier recovery.

15. Portray the principles of the Mth-power loop scheme.
16. Explain the fundamentals of the Costas loop scheme.

17. Detail the objective of timing recovery.
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18. List the three general approaches to symbol synchronization.

19. Summarize the essentials of the nonlinear filter symbol

synchronization.
20. Present the details of the early-late gate symbol synchronization.

8.1 SYNCHRONIZATION LEVELS

Synchronization broadly refers to the process of coordinating events to occur at

the same time and operate in a timely fashion. Synchronization is an indispens-

able component in all digital communication systems, and requires a high
degree of complexity in both acquisition (start-up) and tracking (steady-state)

modes. Synchronization may be required at several levels, including frame syn-

chronization, network synchronization, symbol timing, and carrier frequency
and phase recovery. Frequency, phase, symbol, and frame synchronization are

done at the receiver, but network synchronization involves the transmitter as

well. Carrier frequency, phase recovery, and symbol synchronization are done
at the physical layer, but network synchronization is done at the network layer

and frame synchronization is done either at the physical layer or the network

layer.

Network synchronization is required when transmitters need to be synchro-

nized by varying the timing and frequency of their transmissions to corre-

spond to the expectations of the receiver to ensure satisfactory operation of
the receiver. Examples include transmitting base stations to a mobile receiver

crossing the cell boundaries in a mobile cellular system or satellite dishes

uplinking signals toward a single satellite receiver. In most cases, the trans-
mitter relies on a return path from the receiver to determine the accuracy

of its synchronization.

Frame synchronization is required after the transmitted bit sequence has been

detected at the receiver as the sequence may need to be segmented into blocks

(groups of bits), such as eight-bit words representing voice samples, codewords
used in forward error correction, and time slots in a time-shared channel. To

know the location of boundaries between received blocks of bits, a signal at

the frame rate must be generated, with the zero crossings coincident with the
transitions from each frame to the next or a framing bit is inserted.

Carrier synchronization is the generation of a reference sinusoidal (carrier) sig-
nal with a frequency and phase closely matching those of the transmitted

(modulated) signal. This reference carrier is used to perform a coherent demod-

ulation operation to reconstruct the original baseband (modulating) signal.
Note that in a noncoherent demodulation, carrier synchronization is obviously

of no concern.
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Symbol synchronization is the generation of a timing reference to find the correct

sampling instants at the receiver. This clock is used to extract the input sequence
of symbols. Symbol synchronization and phase synchronization are rather sim-

ilar, as they both need to provide in the receiver a replica of a portion of the

transmitted signal. However, symbol synchronization, vis-à-vis phase synchro-
nization, is viewed as coarser, since the carrier frequency is much higher than

the symbol rate.

Synchronization can be generally classified into data-directed synchroniza-

tion and non-data-directed synchronization. In data-directed synchronization,

a preamble is transmitted with the information bits in a time-multiplexed
format on a regular (periodic) basis. The preamble bits can provide informa-

tion regarding synchronization and that information is extracted at the

receiver. The obvious advantage of data-directed synchronization is to
minimize the time required to synchronize and enhance synchronization

accuracy. However, reduced throughput efficiency and power efficiency are

its disadvantages, as the preamble transmits a sequence of non-information
bearing bits and requires some transmit power to do it. In non-data-directed

synchronization, synchronization is performed by processing the degraded

signal at the receiver to extract all relevant information. The clear benefits
are improved throughput and power efficiency, but at the expense of a longer

synchronization time and more complexity. Our focus in this chapter is on

non-data-directed forms of carrier synchronization (carrier recovery) and
symbol synchronization (timing recovery).

8.2 SCRAMBLING

The statistics of the input bits can sometimes bring about degradation in a dig-

ital transmission system. For instance, a long sequence of 1s or 0smay cause the
bit synchronizer to lose synchronization momentarily and thereby causing a

long burst of erroneous bits. Another example is when a sequence of periodic

patterns of 1s and 0s creates discrete spectral lines and that in turn may cause
difficulty in bit synchronization, as the bit synchronizer may lock falsely to one

of them. Scrambling is a method of achieving dc balance, increasing the period

of a periodic input, and eliminating long sequences of 1s and 0s to ensure tim-
ing recovery.

Although line coding is a safer method of achieving these objectives, scram-
bling is attractive and often used on channels with extreme bandwidth con-

straints as scrambling requires no bandwidth overhead. A prime example of

such channels is low-bandwidth twisted-pair telephone lines; to this effect,
all the ITU-T standardized voice-band data modems incorporate scrambling.

In fact, full-duplex modems using echo cancellation employ different
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scramblers in different directions of transmission to ensure the scrambled bits

in the two directions are uncorrelated. A scrambler at the transmitter manipu-
lates the input stream, and is usually placed before the channel encoder. The

descrambler at the receiver unscrambles so as to preserve the overall bit

sequence transparency. Scrambling is quite simple and generally effective; how-
ever, it is possible, but not likely, that a scrambler fails to prevent the occurrence

of all undesirable sequences.

Scramblers use maximum-length shift register on the input bit stream to ran-

domize or whiten the data by producing bits that appear to be independent

and equi-probable. There are two classes of scramblers: pseudorandom scram-
blers and self-synchronizing scramblers. In the following discussion, the focus

is on applications of scramblers to binary transmission using modulo-2 addi-

tion, but the techniques can be generalized to M-ary transmission using
modulo-M addition, if need be.

Although the sequences generated by the maximum-length shift register
are periodic, they are called pseudorandom sequences, since they can be

predicted from the knowledge of the shift register length and feedback taps.

A pseudorandom sequence generated by an n-bit shift register is a binary
sequence with period r¼ 2n�1. The output of an n-bit shift register x(k)

is obtained by

x kð Þ¼ h 1ð Þx k�1ð Þ�h 2ð Þx k�2ð Þ� . . . �h nð Þx k�nð Þ (8.1)

where h(1), . . . , h(n) are feedback taps, and each may be a zero (i.e., no feed-

back connection) or a one (i.e., direct connection of the shift register output to
modulo-2 summation), and the operation � denotes modulo-2 addition. The

number of 1s generated in one cycle of the output sequence is one greater than

the number of 0s. The autocorrelation of the pseudorandom sequence has a
peak equal to the sequence length 2n�1 at multiples of the sequence length.

At all other shifts, the autocorrelation is�1. The correlation property of a pseu-

dorandom sequence results in a flat power spectral density as the sequence
length increases (i.e., by increasing the sequence length, the output bits become

less correlated).

8.2.1 Pseudorandom Scrambler

As shown in Figure 8.1, a pseudorandom scrambler at the transmitter scrambles

via modulo-2 addition of a pseudorandom bit sequence with the input bit
sequence and a pseudorandom descrambler at the receive end descrambles via

modulo-2 addition of the same pseudorandom bit sequence with the received

bit sequence to recover the original input bit sequence. The scrambler output
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bit sequence c(k) and descrambler output bit sequence b̂ kð Þ are, respectively, as
follows:

c kð Þ¼ b kð Þ� x kð Þ

b̂ kð Þ¼ ĉ kð Þ� x kð Þ
(8.2)

where b(k) and ĉ kð Þ are the scrambler input bit sequence and descrambler input

bit sequence, respectively. Note that the correct operation depends on the align-
ment in time of the two maximal-length sequences of period r in the scrambler

and descrambler. The scrambler must be reset by the frame synchronization;

if this fails, a complete frame is left descrambled and significant error pro-
pagation thus results. Pseudorandom scrambling is used in a high burst-rate

time-division-multiple-access based satellite system, which includes a frame

alignment signal to enable such synchronization to take place.

. . .

. . .

Pseudorandom sequence generator

. . .

. . .

Pseudorandom sequence generator

FIGURE 8.1 (a) A pseudorandom scrambler and (b) a pseudorandom descrambler.
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8.2.2 Self-Synchronizing Scrambler

As shown in Figure 8.2, a self-synchronizing scrambler at the transmit end scram-
bles by performing a modulo-2 addition of the input bit sequence with a

sequence formed from its own previous scrambled bits and a self-synchronizing

descrambler at the receiver descrambles by performing a modulo-2 addition of
the received bit sequence with a sequence formed from its own past received

bits. The scrambler output bit sequence c(k) and descrambler output bit

sequence b̂ kð Þ are, respectively, as follows:
c kð Þ¼ b kð Þ�h 1ð Þc k�1ð Þ�h 2ð Þc k�2ð Þ� . . . �h nð Þc k�nð Þ

b̂ kð Þ¼ ĉ kð Þ�h 1ð Þĉ k�1ð Þ�h 2ð Þĉ k�2ð Þ� . . . �h nð Þĉ k�nð Þ
(8.3)

where b(k) and ĉ kð Þ are the scrambler input bit sequence and descrambler input
bit sequence, respectively. Also, in order to minimize the probability of lock up

¼ 2�nð Þ, i.e., the probability of when an output period is equal to the input

period for one particular shift register’s initial state, n is chosen to be large.

When the input to the descrambler ĉ kð Þ is different from the output of the scram-

bler c(k), due to a transmission error, additional errors are caused. For the num-

ber of non-zero tapsK, the errormultiplication isK +1. Therefore, the scrambler
can also be used as an error-rate detector for low error rates. If the scrambler is

driven by all ones, any zeros in the descrambler output correspond to channel

. . .

. . .

. . .

. . .

FIGURE 8.2 (a) A self-synchronizing scrambler and (b) a self-synchronizing descrambler.
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errors. Since a single channel error results in K + 1 output errors, one only needs

to count the number of zeros in the descrambler output and divide by K +1 to
determine the error rate. In practice, we usually have 2�K � 4, as such the addi-

tional degradation due to error propagation is usually considered negligible.

Error propagation stops when the descrambler has full of correct bits.

EXAMPLE 8.1

Consider a simple three-stage self-synchronizing scrambler, where its output and input are

related as follows:

c kð Þ¼ b kð Þ� c k�1ð Þ� c k�3ð Þ

(a) Assuming error free-transmission, show that the descrambled data is identical to the

original data sequence.

(b) Assuming an initial state (111), determine the scrambler output for an all zero input.

Solution
Using (8.3), the output of the scrambler can be determined.

(a) For this scrambler, the output of the descrambler is then as follows:

b̂ kð Þ¼ ĉ kð Þ� ĉ k�1ð Þ� ĉ k�3ð Þ

With no errors in transmission, we have ĉ kð Þ¼ c kð Þ, and accordingly we have b̂ kð Þ¼ b kð Þ,
as reflected below:

b̂ kð Þ¼ b kð Þ� c k�1ð Þ� c k�3ð Þ� c k�1ð Þ� c k�3ð Þ¼ b kð Þ

(b) The following table presents the output sequence:

The scrambler output has period 7 ¼ 23�1
� �

. Note that should there be an error in transmission,

the error multiplication factor is 3, since we have K¼ 2.

8.3 PHASE-LOCKED LOOP (PLL)

At the core of most synchronization circuits is a phase-locked loop. The phase-
locked loop (PLL) is a closed-loop negative feedback systemwhose function is to

track the frequency and phase of a received sinusoid. The PLL is thus a circuit in

Time Input Output State

k b(k) c(k) c(K21) c(K22) c(K23)

1 0 1 1 1 0

2 0 0 1 1 1

3 0 1 0 1 1

4 0 0 1 0 1

5 0 0 0 1 0

6 0 1 0 0 1

7 0 1 1 0 0

8 0 1 1 1 0
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which a signal is generated to lock onto the frequency and estimate the phase of

an incoming sinusoid. Even with slowly time-varying frequency and phase, the
feedback circuit can generally adjust in a dynamic fashion. However, a PLL can

track the incoming frequency only over a finite range of frequency shift, and

if the input and output frequencies are not close enough initially, the loop
may not acquire lock. The PLL circuits can also be found in FM demodulators,

frequency synthesizers, frequency multipliers and dividers, and multiplexers.

PLL circuits with various degrees of complexity and performance are all imple-
mented by digital signal processing and are readily available as relatively inex-

pensive integrated circuit (IC) chips.

8.3.1 Basic Operation

As shown in Figure 8.3, a generic PLL consists of three major components: a

phase detector, a loop filter, and a voltage-controlled oscillator (VCO). Because
of the multiplier, the circuit is nonlinear and thus difficult to analyze, as the

Fourier transform cannot be easily employed. Hence, the analysis is in the time

domain. The VCO is a sinusoidal oscillator whose frequency is linearly con-
trolled by a voltage applied to it from an external source (the PLL output);

in a way, any analog frequency modulator can function as a VCO. The multi-

plier simply produces a measure of the difference in phase between an incom-
ing sinusoidal signal and the local replica produced by the VCO. As the received

signal and the local replica change with respect to each other, the phase differ-

ence (or error) becomes a time-varying signal that is sent into the loop filter.
The loop filter, which is a low-pass filter, removes high-frequency components

and governs the PLL’s response to variations in the error signal.

The goal is to generate a VCO output whose frequency is the same as the fre-

quency of the received signal and phase is different from the phase of the

received signal by 90 degrees. Phase lock is achieved by feeding a filtered ver-
sion of a signal, which consists of the phase difference between the received

Loop filter

Voltage-
controlled
oscillator
(VCO)

FIGURE 8.3 Basic components of a phase-locked loop.
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signal and the VCO output, back to the input of the VCO. The VCO adjusts its

own frequency such that its frequency and phase can track those of the PLL
input signal. The received sinusoidal signal (i.e., the PLL input) is defined as

follows:

s tð Þ¼Ai sin 2πfct + θi tð Þð Þ (8.4)

where Ai and fc represent the amplitude and frequency, respectively, and θi(t) is
a slowly-varying phase. The PLL output provides the control voltage for the

VCO. The output of the VCO is defined by

y tð Þ¼Ao cos 2πfct + θo tð Þð Þ (8.5)

where Ao and fc are the amplitude and frequency, respectively, and θo(t) repre-
sents the estimate of θi(t). The phase error is thus defined as follows:

θe tð Þ¼ θi tð Þ�θo tð Þ¼ θi tð Þ�2πk

ðt

0

v sð Þds (8.6)

where v(t) is the VCO input (i.e., PLL output) and k is a constant representing

the frequency sensitivity of the VCO.With s(t) and y(t) as the inputs to the mul-
tiplier with a gain of m, the output of the multiplier is then as follows:

ms tð Þy tð Þ¼m Aisin 2πfct + θi tð Þð Þð Þ Ao cos 2πfct + θo tð Þð Þð Þ (8.7)

After using a trigonometric identity to transform the product of two sinusoids

into the sum of two sinusoids, it becomes obvious that the output of the mul-

tiplier has a high-frequency component and a low-frequency component, as
follows:

ms tð Þy tð Þ¼ mAiAo

2

� �
sin 4πfct + θi tð Þ+ θo tð Þð Þ+ sin θi tð Þ�θo tð Þð Þð Þ (8.8)

Since the high-frequency term is suppressed by the loop filter, we could assume
the effective input to the loop filter is in fact the low-frequency term. The error

signal e(t), which is the input to the loop filter, is then considered as follows:

e tð Þ¼ mAiAo

2

� �
sin θe tð Þð Þ (8.9)

The error signal is solely a function of the difference of the phase of the PLL input

and the phase of the VCO output. With h(t) as the impulse response of the loop

filter, the output of the PLL v(t) is then defined by the following convolution:

v tð Þ¼ e tð Þ �h tð Þ¼ mAiAo

2

� � ðt

�1
sin θe τð Þð Þh t� τð Þdτ (8.10)
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where * denotes the convolution operation. If we substitute (8.10) into (8.6),

we then end up with a double integral. To avoid the complexity of a double

integral, we first differentiate (8.6) and then use (8.10) to obtain the following
nonlinear integro-differential equation describing the dynamic PLL behavior:

dθe tð Þ
dt

¼ dθi tð Þ
dt

�2πC

ðt

�1
sin θe τð Þð Þh t� τð Þdτ (8.11)

where C¼mAiAok=2 is the loop-gain parameter.

8.3.2 Linear Model of PLL

It is difficult to analyze the behavior of the nonlinear model of a PLL, and we

thus linearize the model to simplify the analysis. When the phase error is very

small at all times (i.e., when the PLL is near-phase lock), we have the following
close approximation:

sin θe tð Þð Þ� θe tð Þ (8.12)

This is accurate to within about 2%when the phase error is less than 0.1 radians

(< 6°Þ or within about 4%when the phase error is less than 0.5 radians (< 30°Þ.
This small-error PLL analysis reduces the nonlinear system to the linear time-
invariant (LTI) system shown in Figure 8.4. By taking the Fourier transform of

(8.11) and exploiting the Fourier transform property of the differentiation in

the time domain, as well as using the approximation in (8.12) and solving
for the Fourier transform of θe(t), we get the following:

Θe fð Þ¼ jf

jf +CH fð ÞΘi fð Þ¼ 1

1 +G fð Þ Θi fð Þ (8.13)

where Θe(f) and Θi(f) are the Fourier transforms of θe(t) and θi(t), respectively,
andH(f) and G(f) are the transfer function of the loop filter and the open-loop

transfer function of PLL, respectively. Assuming for all frequencies of interest,

we have G fð Þj j� 1, and (8.13) suggests that Θe(f) converges to zero. In other

+

−

Loop filter

Integrator

FIGURE 8.4 Linearized model of a phased-locked loop.
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words, the phase of VCO θo(t) becomes asymptotically equal to the phase of the

incoming signal θi(t) (i.e., the phase error θe(t) goes to zero).

The complexity of a PLL is determined by the transfer function of its loop filter

H(f). Higher-order loops can track a wide range of inputs, but are harder to sta-

bilize. Loop filters can enable the PLL to capture and track input signals with
different types of frequency variations, whereas the loop gain C controls the

loop bandwidth and the range of the trackable frequency variations. If the

bandwidth of the loop is sufficiently wide enough to track any time variations
in the phase of the received sinusoid, then more noise is being allowed to pass

into the loop. Table 8.1 shows the steady-state phase errors for various phase-

locked loops by considering the following three different cases:

Case-I: The incoming sinusoidal signal has a constant phase shift of K1

radians and zero-frequency offset, as comparedwith the initial VCOoutput.

A PLL of any order can track and the steady-state phase error becomes zero.

Case-II: The incoming sinusoidal signal has a constant frequency offset of K2

radians per second, vis-à-vis the initial VCO output. A first-order PLL fails to

trackas its steady-statephaseerrorconverges toanon-zeroconstant.However,a

higher-order PLL can track and the steady-state phase error becomes zero.

Case-III: The incoming sinusoidal signal has a frequencyoffset,which linearly

changes with time at a rate of K3 radians per second per second, in relation to

the initial VCO output. A first-order PLL fails to track the steady-state phase
error as it is continually changing. A second-order PLL fails to track, as its

steady-state phase error converges to a non-zero constant. However, a

higher-order PLL can track and the steady state error becomes zero.

Table 8.1 Performances of various phase-locked loops

Time-varying
phase of
sinusoidal at
PLL input

First-order
PLL

Second-order
PLL

Third-order
PLL

H(f)¼ 1 H(f)¼ 1+
a

jf
H(f)¼ 1+

a

jf
+

b

(jf)2

Case-I Θi fð Þ¼K1

jf
Zero Zero Zero

Case-II Θi fð Þ¼ K2

jfð Þ2 Constant Zero Zero

Case-III Θi fð Þ¼ K3

jfð Þ3 Changing Constant Zero

Note: K1, K2, K3, a and b are all non-zero constants.
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8.4 CARRIER RECOVERY

Since the local oscillators, employed at the transmitter and receiver, cannot be

phase locked, a carrier recovery mechanism at the receiver is required. The
phase-locked loop lies at the core of carrier recovery, and the operation of

the PLL, as highlighted earlier, depends entirely on a simple unmodulated sinu-

soidal signal that has a spectral component at the carrier frequency. A digital
modulation is generally a suppressed-carrier modulation, as the transmission

of a spectral component represents a waste of power. It is thus important to

acquire such a discrete spectral component from the received modulated signal
by which the PLL can then estimate the carrier phase.

With a focus on MPSK modulation, we provide a qualitative discussion of two

methods for carrier recovery using a PLL at the receiver: the Costas loop and the
Mth-power loop. Since the noise components at the input of the PLL for both

methods are the same, with identical loop filters, the probability density func-

tion of the phase error of the two loops is identical. Although their block dia-
grams are quite different, their theoretical performances can thus be shown to

be the same. Moreover, in both methods, phase ambiguity, which is a multiple

of M/2π, results. To overcome the phase ambiguity, differential encoding
before modulation at the transmitter and differentially decoding after demodu-

lation at the receiver can be employed. However, this method, which is called

coherent detection of differentially encodedMPSK, yields a very small degrada-
tion in performance.

8.4.1 The Mth-Power Loop

The Mth-power loop can perform carrier recovery for MPSK modulation, as

shown in Figure 8.5. To lock onto the frequency and estimate the phase of
an incoming sinusoid, the effects of the modulation need to be eliminated

(i.e., removing the modulating signal from the modulated signal and thus

obtaining the unmodulated carrier). At the heart of this technique lies the fact
that anMth-power of a sinusoidal function can be converted into a linear com-

bination of sinusoidal functions of multiple angles (i.e., using the

90°phase shifter
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oscillator (VCO)Frequency

divider

-power-
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demodulator I Channel
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filter
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FIGURE 8.5 M th power loop for carrier recovery for MPSK.
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trigonometric identity cosM φð Þ¼
XM
i¼0

ai cos iφð Þ, where, a0, a1, . . . , aM are some

real constants.).

The received (modulated) signal is initially passed through a bandpass filter

(BPF) to remove the noise outside the band required for the signal itself.
The Mth-power-law device then raises the received signal to the Mth power to

produce a spectral component at Mfc for the PLL circuit. Since at the output

of the device there are many spectral components, one of which is a sinusoid
of frequencyMfc, a narrowband BPF tuned toMfc is used to isolate the sinusoid

at frequencyMfc and to removemore of the noise. The BPF also completely sup-

presses the components whose spectrum is centered at zero frequency, and its
output, which has some residual unwanted components, then drives the PLL.

ThePLL input thus consists of a carrierwhosephaseanglehasbeen increasedbya

factor ofM as well as some noise, which can interfere with loop operation. The
phase noise has also been increased by a factorM and the phase-error variance

has been increased byM2. Assuming the bandwidth of the loop is significantly

smaller than the bandwidth of the BPF, the total noise spectrummay be approx-
imated by a constant within the loop bandwidth. By using a frequency divider,

more specifically adivide-by-M circuit, theVCOoutput isdividedbya factorofM

to generate the desired carrier signal for demodulating the received signal.

8.4.2 The Costas Loop

The Costas loop is a method to perform carrier recovery (i.e., carrier-phase esti-
mation) for coherent demodulation of the received signal when MPSK modu-

lation techniques are employed. It is a practical method when M is small (i.e.,

M¼ 2 or 4), as squaring or fourth-power devices required in theMth power-law
carrier recovery are difficult to implement, especially at high frequencies. On

the other hand, when M is rather large, due to a larger number of filters and

multipliers required for the implementation, the circuitry complexity of the
Costas loop becomes quite significant. Figure 8.6 shows the block diagram

of the Costas loop for carrier recovery for QPSK modulation scheme.

After the received QPSK modulated signal is multiplied in the in-phase and

quadrature channels, the signals are filtered out to remove higher frequency

components. The group delay and impulse response of each of these filters
must be equal to prevent possible carrier recovery problems. The hard-limiters

(signum functions) in each of the I and Q arms are used to maintain a balance

between the in-phase and quadrature channels and a crossover processing
between the inputs and outputs of these nonlinearities forms the error signal.

This error signal drives the VCO to make the phase error as small as possible.
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8.5 SYMBOL SYNCHRONIZATION

To achieve optimumdemodulation in a digital communication system, symbol

synchronization is required at the receiver. Symbol synchronization is the gen-

eration of a timing reference to find the precise sampling instants (i.e., to deter-
mine both the correct symbol rate and the timing phase within the symbol

duration). In a practical communication system, the receiver clockmust be con-

tinuously adjusted for the sampling rate and the sampling phase. There are
three general approaches to perform symbol synchronization:

1. Extraction of the timing information from a master clock is an approach
in which the transmitter and receiver are both synchronized (slaved) to a

master clock that provides a precise timing reference. Due to its high cost,

this method is suited for large high-speed radio communication systems,
where precise clock signals are sent from a master radio transmitter.

2. Transmission of a synchronizing signal along with the message signal is
an approach in which the transmitter simultaneously sends a clock pilot

at a multiple of symbol rate along with the information data, and the

receiver then employs a very narrow BPF tuned to the clock frequency.
This method is quite simple and reliable, and is used in large telephone

systems, but at the expense of wasting transmit power.

3. Derivation of the clock signal from the received signal itself is an approach
in which the receiver performs self-synchronization. This is an efficient

approach that can be achieved by various symbol timing recovery circuits.
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Low-pass filter
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Loop
filter

I channel
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(signum function)

Q channel

+

−

90°
phase shifter

FIGURE 8.6 Costas loop for carrier recovery for QPSK.
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We now focus on the self-synchronization approach and consider non-data-

directed symbol synchronization for binary baseband systems. There are two
categories of symbol synchronizers, namely, open-loop synchronizers, which

recover a replica of the transmitter clock directly from the received waveform,

and closed-loop synchronizers, which lock a local clock to the received waveform
through comparative measurements. An open-loop synchronizer yields an

unavoidable non-zero-mean tracking error. Though small for large SNR, the

error always exists. A closed-loop synchronizer, due to its feedback, can resolve
this problem, but at the expense of additional complexity and cost. In the fol-

lowing two symbol synchronization schemes, we disregard noise for clarity,

and assume NRZ signaling scheme, where it has no spectral-line component
in its power spectral density at the symbol rate or its harmonic frequencies.

8.5.1 Nonlinear-Filter Synchronizer

The nonlinear filter synchronizer is a popular open-loop non-data-directed

symbol synchronizer. There are various methods to implement it, as shown
in Figure 8.7. The different implementations are all based on a cascade of a lin-

ear filter, to reduce the noise level and highlight the symbol transitions, and an

instantaneous (memoryless) nonlinear device, to produce a spectral line at the
symbol rate. The difference between these methods lies in the way the signal

with spectral line is produced. In all three implementations, the spectral line

is then isolated by a BPF and shaped with an ideal saturating amplifier to pro-
duce a sine wave at the clock rate (zero crossings at the symbol-transition

times). A PLL can also be used to extract a sinusoidal signal.

In Figure 8.7a, the received signal is first sent to a matched filter, which can
eliminate some of the noise and can also be approximated by a simple lowpass

filter, and then to a device with even-law nonlinearity, such as a square-law

device and a full-wave rectifier. The resulting output has positive amplitudes
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nonlinearity
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Even-law
nonlinearity

Matched filter
(LPF)

Clock1

−1

Delay  
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(tuned to Hz)
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(b)
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FIGURE 8.7 Nonlinear filter symbol synchronizer: (a) even-law-based, (b) correlation-based, and (c)

differentiation-based.
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(peaks) highlighting input symbol transitions, thus producing a spectral com-

ponent at the symbol rate. In Figure 8.7b, the received signal is multiplied by a
signal that is a delayed version of the received signal, a delay of one half of a

symbol period. The product can thus provide the strongest spectral compo-

nents, as the signal is always positive in the second half of every symbol period,
but can be negative in the first half if two successive symbols are different. In

Figure 8.7c, before the differentiation process, the received signal is sent to a

LPF, as a differentiator is generally sensitive to wideband noise. The differentia-
tor produces a sequence of positive and negative spikes at symbol transitions,

which goes to a square-law device or a rectifier to produce positive spikes with a

spectral component at the symbol rate.

A drawback of an open-loop synchronizer is an unavoidable non-zero average

tracking error. To circumvent this problem, especially for small SNR, a closed-
loop symbol synchronizer, such as early-late gate synchronizer, is employed.

8.5.2 Early-Late Gate Synchronizer

The early-late gate synchronizer is a widely-used closed-loop non-data-aided

symbol synchronizer, with simple implementation. This technique is indepen-

dent of the zero crossings of the received NRZ signal. It utilizes the property that
the signal at the output of the matched filter has a peak at the optimum sam-

pling instant and is reasonably symmetric on either side (i.e., the pulse shape is

symmetrical about the optimum sampling time), as shown in Figure 8.8a. Due
to noise, the detection of the peak at the output of the matched filter is difficult.

However, the absolute value of the early samples at t¼ kTb + τ�δ, i.e.,

s kTb + τ�δð Þj j, and the absolute value of the late samples at t¼ kTb + τ + δ,
i.e., s kTb + τ + δð Þj j, on average, are smaller than the peak value s kTb + τð Þj j, where
τ is the optimum sampling time and 0< δ< Tb=2 is the relative sampling phase.

Due to symmetry, we thus have:

s kTb + τ + δð Þj j ¼ s kTb + τ�δð Þj j< s kTb + τð Þj j (8.14)

These samples can be used to derive the optimum sampling time, as the proper
sampling time is the midpoint between t¼ kTb + τ�δ and t¼ kTb + τ + δ. A late

clock signal results in s kTb + τ + δð Þj j< s kTb + τ�δð Þj j, whereas an early clock sig-

nal yields s kTb + τ + δð Þj j> s kTb + τ�δð Þj j. As shown in Figure 8.8b, the error sig-
nal generated by the difference between the absolute values of the two samples

is as follows:

e kTb + τð Þ¼ s kTb + τ + δð Þj j� s kTb + τ�δð Þj j (8.15)

This error signal is passed through a LPF that performs an averaging operation
and noise smoothing. When the sampling time is not the same as the optimum

sampling time, the LPF output representing the average error signal is non-zero.
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This non-zero error signal drives a VCO that produces a clock signal. A positive
error signal increases the frequency of the VCO and a negative error signal

decreases it. A late clock signal speeds up the clock, and conversely, an early

clock signal slows down the VCO. By advancing or delaying the frequency of
the clock in an iterative fashion, symbol synchronization can thus be estab-

lished. It is worth noting that instead of using a matched filter and a sampler

advanced by δ in the upper branch, an integrator over the interval [δ, Tb] can be
used, and similarly in the lower branch, an integrator over the interval

0, Tb�δ½ � can be employed.
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FIGURE 8.8 Early-late gate symbol synchronizer: (a) matched-filter input and output and (b) block

diagram.
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Summary and Sources

In a digital communication system, various levels of synchronization, such as

carrier phase and frequency recovery, symbol synchronization, and frame and
network synchronization are required. Synchronization in digital transmission

is provided at the expense of a high degree of complexity. The focus of this

chapter was to highlight some general aspects of synchronization and to discuss
some ad hoc carrier recovery and symbol synchronization methods.

There are excellent books in the area of carrier and timing recovery published in

the 1970s and the 1980s that provide great details on various aspects of syn-
chronization. The tutorial paper by Franks provides an overview on carrier

and bit synchronization [1]. There are also books at the graduate level in which
some aspects of synchronization are discussed in some detail [2–7].

[1] L.E. Franks, Carrier and bit synchronization in data communication—a tutorial review, IEEE

Trans. Comm. 28 (August 1980) 1107–1121.

[2] J.J. Spilker Jr., Digital Communications by Satellite, Prentice-Hall, ISBN: 0-13-214155-8. 1977.

[3] R.D. Gitlin, J.F. Hayes, and S.B. Weinstein, Data Communications Principles, Plenum Press.
ISBN: 0-306-43777-5. 1992.

[4] B. Sklar, Digital Communications, second ed., Prentice-Hall. ISBN: 0-13-084788-7. 2001.

[5] J.G. Proakis and M. Salehi, Digital Communications, fifth ed., McGraw-Hill. ISBN: 978-0-07-

295716-7. 2008.

[6] H. Nguyen and E. Shwedyk, A First Course in Digital Communications, Cambridge University
Press. ISBN: 978-0-521-87613-1. 2009.

[7] J.D. Gibson, The Communications Handbook, second ed., CRC Press. ISBN: 0-8493-0967-0. 2002.

Problems
8.1 Consider a simple six-stage self-synchronizing scrambler, where its output

and input are related as follows:

c kð Þ¼ b kð Þ� c k�5ð Þ� c k�6ð Þ

Assuming error free-transmission, show that the descrambled data is

identical to the original data sequence. Assuming an initial state (110101),

determine the descrambler output for an all zero input.

8.2 With reference to Table 8.1, confirm the performance of the first-order PLL

for all three different incoming inputs.

8.3 With reference to Table 8.1, confirm the performance of the second-order

PLL for all three different incoming inputs.

8.4 With reference to Table 8.1, confirm the performance of the third-order PLL

for all three different incoming inputs.
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Computer Exercises

8.5 Consider a PLL, where the transfer function of the loop filter is known, and

assume all relevant constants in the PLL model are known. Assuming it is a

first-orderPLL,determine the responseof thePLL if the inputhasaphaseerror

of π/10.

8.6 Consider a baseband binary communication system with the transmission

rate of 38.4 kbps and a raised-cosine pulse with a roll off-factor 0.25.

Simulate the operation of an early-late gate.
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CHAPTER 9

Information Theory

INTRODUCTION

In this chapter, we first present what information is and how it can bemeasured,

and then focus on the importance of average information. Discrete sources, in
the form of being memoryless or having memory, are identified. Source codes

from various perspectives are classified, and lossless data compression tech-

niques are highlighted in detail. All Shannon’s three theorems, which form
the cornerstone of information theory and establish basic theoretical bounds

for the performances of digital communication systems, are briefly discussed.

After studying this chapter and understanding all relevant concepts and exam-
ples, students should be able to achieve the following learning objectives:

1. Define the message information content.

2. Understand the role of the probability of a message in the message

information content.
3. Describe the function measuring information content.

4. Appreciate the importance of average information content.

5. Analyze the importance of the source entropy and how it can be
evaluated.

6. Characterize the discrete memoryless source.

7. Recognize the impact of sources with or without memory on entropy.
8. Explain fixed-length and variable-length codes.

9. Differentiate between instantaneous and uniquely-decodable codes.

10. State the Kraft inequality and its impact on instantaneous codes.
11. Gain insight into the Shannon’s source coding theorem.

12. Determine how extension codes can be implemented.

13. Outline the entropy (probability-based) and universal (adaptive)
coding techniques.

14. Provide a step-by-step process how to employ the Huffman coding.

15. Know how to apply Lempel-Ziv coding.
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16. Derive the expression for mutual information.

17. Evaluate the capacity of the discrete memoryless channel.

18. Understand Shannon’s information-capacity theorem.
19. Comprehend Shannon’s channel coding theorem.

20. Connect Shannon’s theorems to performance bounds on
communication systems.

9.1 MEASURE OF INFORMATION

Onan intuitive basis, the amount of information received from the knowledge of

occurrence of an event is related to the probability of occurrence of that event. For

instance, if we say that during the next winter it will snow in a European country,
we are then providing an extremely small amount of information, as it is almost a

certain event to occur. However, if we say that during the next summer there will
be heavy snowfalls in all African countries, we are then giving an extremely large

amount of information, as it is almost an impossible event to occur. The amount

of information in a message depends only on the uncertainty of the underlying
event rather than its actual content, and is inversely related to the probability of

occurrence of that event. The message associated with an event least likely to

occur contains the most information.

9.1.1 Information Content

To provide a quantitative measure of information, we assume the source is a

discrete source. This is a reasonable assumption, as continuous sources can
be turned into discrete sources using analog-to-digital conversion techniques.

A discrete information source has only a finite set of output symbols. Informa-

tion sources can be classified as having memory or being memoryless. A source
with memory is one for which the current output symbol depends on some of

the previous output symbols. A memoryless source is one for which the current

symbol is independent of all previous output symbols. A discrete memoryless

source (DMS), also known as a zero-memory source, generates a sequence of

independent, identically distributed (iid) random variables that take values
in a discrete set. In other words, a DMS produces symbols from the alphabet

consisting of K statistically independent symbols m1, m2, . . ., mK, whose prob-

abilities of occurrence are p1, p2, . . ., pK, respectively. We thus have:

p1 + p2 + � � � + pK ¼ 1 (9.1)

It is intuitively obvious that a meaningful measure of information for symbols
produced by a DMS requires to be a monotonically decreasing function of the

probability of the source symbol (i.e., high probability of occurrence conveys
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relatively little information) as well as a continuous function of the probability

of the source symbol (i.e., a slight change in the probability of a certain symbol
should bring about a slight change in the information delivered by that sym-

bol). It is thus a continuous function related to the inverse of the probability

of occurrence of the event.

The measure of information should also be a function that when an event is

almost certain to occur, that is the event occurs with probability close to one,
zero information is almost conveyed, and when an event is almost impossible

to occur, that is the probability of occurrence is approximately zero, an infi-

nite amount of information is almost conveyed. It should also be a function
that gives non-negative information for any event, regardless of its probability

of occurrence. Lastly, the function should reflect the fact that the total infor-

mation received from two statistically independent events is the same as the
sum of the information contained in each of the two events. Assuming the

information content of a symbol mi is denoted by I(mi), the function that

defines the information content must then meet the following essential
requirements:

I mið Þ> I mj

� �
if pi < pj

I mið Þ!0 as pi ! 1

I mið Þ!1 as pi ! 0

I mið Þ� 0 for 0� pi � 1

I mkð Þ¼ I mið Þ + I mj

� �
if pk ¼ pi pj

(9.2)

The only function that satisfies all these requirements is the logarithmic func-

tion, as defined below:

I mið Þ¼ log2
1

pi

� �
¼� log2 pi bitsð Þ (9.3)

The base of the logarithm in (9.3) is assumed to be 2, and the information is

thus expressed in bits per symbol. Note that in order to determine the infor-

mation content using (9.3), we can use the relation log2 x¼ log10 x
log10 2

to find a

logarithm in base 2. Figure 9.1 shows (9.3) as how the information content of
an event and the probability of the event are related. Using the familiar bit as

the unit of information is based on the fact that if two possible binary symbols

occur with equal probabilities (i.e., p1 ¼ p2 ¼ 1
2), the correct amount of infor-

mation carried by each binary symbol is then I m1ð Þ¼ I m2ð Þ¼� log2
1
2

� �¼ 1

bit. That is, one bit is the amount of information that can be gained when

one of two possible and equally-likely events occurs.
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EXAMPLE 9.1

In a random experiment that constitutes rolling a typical (six-sided) fair die, determine the infor-

mation content associated with each outcome.

Solution
Since the die is fair, all six outcomes are equally likely, that is the probability of each outcome is

1
6. Using (9.3), we therefore have I mið Þ¼ log2

�
1
1
6

�
¼ log26ffi 2:585 bits, where i¼ 1, 2, . . . , 6. The

information content for each outcome is greater than one bit, for the probability of each outcome

is less than one half.

9.1.2 Average Information Content

The instantaneous flow of information generated by a source may fluctuate
widely due to the randomness involved in the symbols that the source

selects. Thus, we are more interested in the average information content

that a source produces than the information content of a single symbol.
The average information content per symbol is called the entropy (or equiv-

alently uncertainty) of the discrete memoryless source X with K symbols, and

is given by:

H Xð Þ¼ E I mið Þ½ � ¼
XK
i¼1

pi I mið Þ¼�
XK
i¼1

pi log2pi (9.4)
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FIGURE 9.1 Information content of an event in terms of the probability of the event.
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where E[ ] denotes the expectation operator and for x! 0, we have

x log2x! 0. The source entropyH(X) can be considered as the average amount

of uncertainty within source X. A simple interpretation of the source entropy is
that, on the average, we can expect to getH(X) bits of information per symbol in

long messages from the information source X, even though we cannot say in
advance what symbol sequence will occur in these messages. In other words,

the source entropy is the measure of the lack of knowledge before the source

symbol is revealed. The entropy H(X) of a DMS is bounded as follows:

0�H Xð Þ� log2 K (9.5)

where K is the number of distinct symbols that can be produced by a DMS. The

lower-bound on the entropy in (9.5) corresponds to no uncertainty (i.e.,
H Xð Þ¼ 0) if and only if pi ¼ 1 for some i and the other probabilities in the

alphabet set are all zero. The upper-bound on the entropy in (9.5) is achieved

if and only if pi ¼ 1
K, for all i¼ 1, 2, . . . , K. In other words, when all symbols in

the alphabet set are equally likely (equiprobable) to occur, the maximum

uncertainty results.

EXAMPLE 9.2

A binary source produces a symbol 1 with probability p and a symbol 0 with probability 1�p. Derive

and plot the source entropy in terms of p, and comment on the result.

Solution
Using (9.4), we thus have:

H Xð Þ¼�p log2p� 1�pð Þ log2 1�pð Þ:

We first take the derivative of H(X) with respect to p, and then set it to zero to obtain the maximum

value of the entropy. As shown in Figure 9.2, the maximum value of the entropy H(X) is 1 bit. The

maximum entropy occurs when p¼ 0:5 (i.e., when the uncertainty is maximum or equivalently

when the binary symbol is the least predictable). However, if p¼ 0 or p¼ 1, then the binary source

symbols are all zeros or ones.When all the symbols are zeros or ones, the uncertainty is thus zero,

i.e., H Xð Þ¼ 0, as the source symbol is totally predictable and we know exactly which symbol will

certainly occur, in short, the source provides no information at all.

If the source emits r symbols per second, the average source information rate R is

then as follows:

R¼ r H Xð Þ (9.6)

where R ismeasured in bits per second (bps), r in symbols per second, andH(X)

in bits per symbol.
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EXAMPLE 9.3

A memoryless source can generate one of the four symbols A, B, C, and D with probabilities

P Að Þ¼ 0:5, P Bð Þ¼ 0:25, P Cð Þ¼ 0:125, and P Dð Þ¼ 0:125. Assuming the source emits at the rate

of 8 million symbols per second, determine the average source information rate.

Solution
Using (9.4), we have the source entropy as follows:

H Xð Þ¼�1

2
log2

1

2

� �
�1

4
log2

1

4

� �
�1

8
log2

1

8

� �
�1

8
log2

1

8

� �
¼ 1:75

Using (9.6), the average source entropy information rate is thus as follows:

R¼ 8,000,000�1:75¼ 14�106 bits per second¼ 14Mbps

9.1.3 Extended DMS

For a DMS, blocks of symbols rather than individual symbols, where each block

may consist of n successive source symbols, may be considered. With K as the
number of distinct symbols produced by the source, there are then Kn distinct

blocks in an extended source. In the case of a DMS, the probability of each of

these blocks of n symbols is equal to the product of the probabilities of the n
source symbols. The entropy of an extended DMS is thus equal to n times the

entropy of the original (non-extended) source.

H Xnð Þ¼ nH Xð Þ (9.7)
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FIGURE 9.2 Entropy of a binary memoryless source in terms of symbol probability.
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EXAMPLE 9.4

A DMS can generate one of the three symbols x1, x2, and x3 with probabilities P x1ð Þ¼ 0:5,

P x2ð Þ¼ 0:25, and P x3ð Þ¼ 0:25. Determine the entropy H(Xn) for n¼ 1 and n¼ 2 (second extension).

Solution
Using (9.4), we have the source entropy as follows:

H Xð Þ¼�1

2
log2

1

2

� �
�1

4
log2

1

4

� �
�1

4
log2

1

4

� �
¼ 3

2

Since the source has three distinct symbols, the second-order extension of the source has nine

distinct blocks of two symbols with the following probabilities:

P x1x1ð Þ¼ 1

4
;

P x2x2ð Þ¼P x2x3ð Þ¼P x3x2ð Þ¼P x3x3ð Þ¼ 1

16
, and

P x1x2ð Þ¼P x2x1ð Þ¼P x3x1ð Þ¼P x1x3ð Þ¼ 1

8
:

Using (9.4), we thus have the entropy of the extended source as follows:

H X2
� �¼ �1

4
log2

1

4

� �� �
+ 4 � 1

16
log2

1

16

� �� �
+ 4 �1

8
log2

1

8

� �� �
¼ 3

Since we have H X2
� �¼ 2H Xð Þ¼ 2 3

2

� �¼ 3 bits, (9.7) is satisfied.

It is important to note that in a DMS, symbols are generated in a statistically

independent fashion, but most practical sources produce symbols that are sta-

tistically dependent, and statistical dependence lowers the amount of informa-
tion. The average information content per symbol emitting dependent symbols

decreases as the message length increases (i.e., the average number of bits per
symbol needed to represent a message decreases as the message length

increases). Messages that are highly structured usually convey less information

per symbol, hence the decrease in its entropy.

A prime example of a source producing non-independent symbols is the

English language, which like any natural language has a statistical structure,

as a letter in a multi-letter word may depend upon a number of preceding let-
ters. Such a source producing dependent symbols from a set of 27 symbols, the

26 letters and a space, is considered ergodic, for if observed for a very long time,

will (with probability 1) produce a sequence of source symbols that is typical.

In a long typical English text, the letter E occurs more frequently than any other

letter, the letter Z is the least frequently letter, the letter Q is almost always fol-
lowed by the letter U, the letter T occurs more frequently than any other con-

sonant, and occurrence of a consonant generally implies that the following

letter will be more likely to be a vowel than another consonant. The number
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of letters in a word on average is about 4.4, and some English two-letter words,

such as “of,” “to” “in,” “it,” “is,” “be,” “as” and “at,” and three-letter words,
such as “the,” “and,” “for,” “are,” “but,” “not” and “you,” and “all,” are more

likely to occur than most two-letter and three-letter words.

Suppose all 27 symbols (26 letters and a space) in the English language are

independent of one another. This simplistic and invalid assumption in turn

allows us to view it as a DMS. If we assume all symbols are equally probable,
its entropy is then 4.75 bits per symbol, and if the actual probability of occur-

rence of each of the 27 symbols is taken into consideration, its entropy is then

4.03 bits per symbol. However, if we take into account the dependencies
among letters forming words, as adjacent letters in English text highly depend

on one another, the entropy of English text is then between 0.6 and 1.3 bits

per symbol. Thus in principle the dependencies among source symbols imply
a reduction in the information content of a source.

9.2 CLASSIFICATION OF SOURCE CODES

Efficient transmission requires a binary encoding process that takes into con-

sideration the variable amount of information per symbol. In order to discuss

the connection between source coding and the information measure, it is first
necessary to define certain codes along with their properties.

9.2.1 Block Codes

A block code is a code that maps each of the symbols of the source onto a fixed

sequence of bits. These fixed sequences of bits are called codewords. The code-

words defining a block code may or may not have equal number of bits.

9.2.2 Fixed-Length Codes

Using a fixed-length code is the simplest method to encode each symbol of a
discrete source into a block of bits, where each block consists of the same num-

ber ofm bits. There are thus 2m different blocks for a block of m bits. Assuming

the number of symbols in the source alphabet is K and K � 2m, then a different
binary m-tuple may be assigned to each symbol. Assuming the decoder in the

receiver knows the beginning of the encoded sequence is, the decoder can seg-

ment the received bits into m-bit blocks and then decode each block into the
corresponding source symbol. The encoder in the transmitter and the decoder

in the receiver must both obviously employ the same look-up table. Each

source symbol thus requires m¼ log2K½ � + bits—where w½ � + denotes the smal-
lest positive integer greater than or equal to the positive number w—we thus

have log2K �m� log2K +1, where the lower-bound can be achieved if and

only if K is an integer power of 2, i.e., K ¼ 2m, with m being a positive integer.
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9.2.3 Variable-Length Codes

The variable-length code is one whose codeword length is not the same for
all source symbols. The genesis of variable-length encoding is based on the

intuition that efficient data compression can be achieved by mapping more

probable symbols into shorter bit sequences and less likely symbols into
longer bit sequences. Morse code of old telegraphy is the first application

of the variable-length encoding, where for example, E is represented by

a single dot, but Q is represented by dash-dash-dot-dash. Successive code-
words of a variable length code are assumed to be transmitted as a continuing

sequence of bits, with no demarcation of codeword boundaries, the decoder,

given an original starting point, must determine where the codeword bound-
aries are. Synchronization in general, and initial synchronization in particu-

lar, as well as bit error rate performance and buffer overflow are all critical

issues in variable-length encoding.

9.2.4 Distinct Codes

A code is distinct, also known as non-singular, if each codeword is distinguish-
able from other codewords. It is however possible that all the codewords be

distinct, yet the decoding turns to be ambiguous. We therefore need to define

an even more restrictive condition than non-singularity if we are to obtain
practical codes.

9.2.5 Prefix-Free (Instantaneous) Codes

Any sequence consisting of the initial part of the codeword is called a prefix of the

codeword. In a prefix-free code, no codeword is a prefix of another codeword. The

decoding of a prefix-free code can be accomplished as soon as the codeword
representing a source symbol is fully received. Prefix-free codes are also called

instantaneous codes. Note that in the construction of an instantaneous code,

the shorter some of the codewords are, the longer some others will be.

9.2.6 Uniquely Decodable Codes

A distinct code must be uniquely decodable, in that for each sequence of source
symbols, there is a corresponding codeword that is different from a codeword

corresponding to any other sequence of source symbols. Decoding the output

from a uniquely decodable code, and even determining whether it is uniquely
decodable, can be complicated. A sufficient condition, but not a necessary one,

for a code to be uniquely decodable is to be prefix-free. In other words, all

prefix-free codes are uniquely decodable, but the converse is not true.
Figure 9.3 presents the classification of codes leading to instantaneous codes.
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9.2.7 Kraft Inequality

Consider a DMS and assume the binary codeword assigned to symbol mi, with

the probability pi, has length li bits, and the number of source symbols is K.
A necessary and sufficient condition for the existence of an instantaneous

(prefix-free) binary code is as follows:

XK
i¼1

2�li � 1 (9.8)

which is known as the Kraft inequality. Note that satisfying the inequality does

not mean the code is automatically uniquely decodable. The inequality is

merely a condition on the codeword lengths of the code and not on the code-
words themselves. The inequality does not show how these codewords can be

obtained.

EXAMPLE 9.5

Consider the following three codes:

Determine whether or not each of these three codes satisfies the Kraft inequality, and if a code

does, determine whether or not the code is instantaneous.

Solution
We first calculate the left-hand side of (9.8) for each code, and then compare it to 1 to determine if

the Kraft inequality holds. As reflected below, Code 1 satisfies the inequality:

Non-block

Codes

Block

Singular

Non-instantaneous
(prefix)

Non-uniquely
decodable

Uniquely
decodable

Non-singular
(distinct)

Instantaneous
(prefix-free)

FIGURE 9.3 Classification of codes.

Symbol Code 1 Code 2 Code 3

x1 0 0 0

x2 100 100 10

x3 110 110 110

x4 111 11 11
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X4
i¼1

2�li ¼ 1

2
+
1

8
+
1

8
+
1

8
¼ 7

8
� 1

The codeword lengths of this code are thus acceptable as codeword lengths of an instantaneous

code. From the inspection of the codewords themselves, we see that the code is actually instan-

taneous and thus uniquely decodable. As reflected below, Code 2 satisfies the inequality:

X4
i¼1

2�li ¼ 1

2
+
1

8
+
1

8
+
1

4
¼ 1

The codeword lengths of this code are thus acceptable as codeword lengths of an instantaneous

code. The inspection of the codewords themselves reveals the fact that a codeword is a prefix of

another, thus the code is not instantaneous, nor is it uniquely decodable. As reflected below, Code

3 does not satisfy the inequality:

X4
i¼1

2�li ¼ 1

2
+
1

4
+
1

8
+
1

4
¼ 9

8
� 1

As no inspection of the codewords is required, we easily conclude that Code 3 cannot possibly be

an instantaneous code. The code is not uniquely decodable either. The results for all three codes

are summarized as follows:

9.2.8 Extension Codes

Toachieveamoreefficientcode,extensioncodescanbeemployed,whererather than
encoding individual source symbols, successive blocks ofn symbols are encoded at

a time. Inotherwords, theKnn-tuples are regardedas theelementsof a larger alpha-

bet. Eachn-tuple canbeencoded intoLn ¼ log2K
n½ � + bits—where w½ � + denotes the

smallest positive integer greater than or equal to the positive number w. We thus

have log2K
n � Ln � log2K

n +1 or equivalently we have the following:

log2K � Ln
n
� log2K +

1

n
(9.9)

In other words, the average number of bits per original source symbol
Ln
n
is lower-

bounded by log2K and upper-bounded by log2K +
1

n
. Note that by increasing n,

the lower-bound and the upper-bound become closer to one another, and the

average number of bits per symbol can thus be made arbitrarily close to log2K,
regardless of whether K is an integer power of 2. This increase in code efficiency

is of course at the expense of additional encoding/decoding complexity and

modest delay.

Code 1 Code 2 Code 3

Is the Kraft inequality satisfied? Yes Yes No

Is the code instantaneous? Yes No No
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EXAMPLE 9.6

A source can generate four symbols x1, x2, x3, and x4. Provide classification of the codes illustrated

in the following table:

Solution
All six codes are block codes, but none of them are extension codes. Codes 1 and 2 are fixed-

length codes and the others are variable-length codes. Except Code 1, all others are distinct

codes. Only codes 2, 4, and 6 are prefix-free (instantaneous) codes, and obviously they are also

uniquely decodable. Code 5 does not satisfy the prefix condition, and yet it is uniquely decodable

since the bit 0 indicates the beginning of each codeword. Codes 1 and 3 are not uniquely decod-

able. Code 6 provides a demarcation of codeword boundaries, as the last bit of a codeword is a 1.

9.3 SOURCE CODING THEOREM

Source coding, as shown in Figure 9.4, is a process by which the output of a
DMS is converted into a sequence of bits, while meeting the requirement of

being uniquely decodable. The objective is to minimize the average number

of bits per source symbol by reducing the redundancy of the information
source. Assuming the binary codeword assigned to the symbol mi, with the

probability pi, has length li bits, and the number of source symbols is K, the

average codeword length of the source encoder is then defined as follows:

L¼
XK
i¼1

pi li (9.10)

Let Lmin denote the minimum possible value of the average codeword length L.

We then define the code efficiency η of the source encoder as follows:

η¼ Lmin

L
� 1 (9.11)

For a very efficient code, we have η! 1. The fundamental question is how to
determine Lmin. Shannon’s source coding theorem can provide the answer to this

question. This theorem may be stated as follows: For a DMS of entropy H(X),

Discrete
memoryless

source (DMS)

Binary
source
encoder

Source
symbols

Bit
sequence

FIGURE 9.4 Source encoding.

Symbol Code 1 Code 2 Code 3 Code 4 Code 5 Code 6

x1 00 00 0 0 0 1

x2 01 01 1 10 01 01

x3 00 10 00 110 011 001

x4 11 11 11 111 0111 0001
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the average codeword length L for any distortionless source encoding is

bounded as follows:

H Xð Þ� L (9.12)

Accordingly, the entropy H(X) of a DMS provides a fundamental limit on the
average number of bits per source symbol, furthermore L can be made as close

to H(X) as desired for some suitably chosen code. This theorem only gives the

necessary and sufficient condition for the existence of source codes. However, it
fails to provide an algorithm for the design of source codes that can realize the

performance predicted by this theorem. Note that with Lmin ¼H Xð Þ, we may

write the code efficiency as follows:

η¼H Xð Þ
L

� 1 (9.13)

The source entropy provides a limit at which the source output can be com-

pressed, where above the source entropy, it is possible to design such a source
code, and below it, no source code can exist. Given a DMS of entropyH(X), the

average codeword length L of a prefix-free code is bounded as follows:

H Xð Þ� L<H Xð Þ +1 (9.14)

Furthermore, the equality is satisfied if and only if each symbol probability

is an integer power of
1

2
. If blocks of n bits are encoded, that is we employ

nth-order extension codes, the average codeword length of the extended code

Ln is then as follows:

H Xð Þ� Ln <H Xð Þ+ 1

n
(9.15)

For n¼ 1, (9.15) becomes (9.14). It is important to highlight the fact that when

n!1, we get Ln !H Xð Þ, as desired. In other words, in a DMS, by increasing

the encoding/decoding complexity caused by the large number of source sym-
bols in the extension code, the average codeword length can be reduced to

approach the source entropy.

EXAMPLE 9.7

A source emits five equally-likely symbols x1, x2, x3, x4, and x5, that is we have

P x1ð Þ¼P x2ð Þ¼P x3ð Þ¼P x4ð Þ¼P x5ð Þ¼ 0:2. Find the source entropy H(x). Find fixed-length codes

when n¼ 1, n¼ 2, and n¼ 3. Determine the average number of bits for each case, and comment

on the results.

Solution
Figure 9.5 shows the codewords for all three codes. Using (9.4), we calculate the source entropy,

we thus have H Xð Þ¼ 5 �0:2 log2 0:2ð Þð Þ≌2:322 bits.

For n¼ 1, each codeword has three bits and there are five codewords, each with a prob-

ability of 0:2 ¼ 0:2ð Þ1
� �

. The average codeword length when n¼ 1 is thus as follows:

L1 ¼ 3�5�0:2¼ 3 bits.
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For n¼ 2, each codeword has five bits and there are 25 codewords, each with a probability of

0:04 ¼ 0:2ð Þ2
� �

. The average codeword length when n¼ 2 is thus as follows: L2 ¼ 5�25�0:04¼
5 bits. However, for n¼ 2, each 5-bit codeword represents two symbols, we therefore have on

average 2:5 ¼ 5

2

� �
bits representing a symbol.

For n¼ 3, each codeword has seven bits, there are 125 codewords and each with a prob-

ability of 0:008 ¼ 0:2ð Þ3
� �

. The average codeword length when n¼ 3 is thus as follows:

L3 ¼ 7�125�0:008¼ 7 bits. However, for n¼ 3, each 7-bit codeword represents three symbols,

we therefore have on average 2:333 ffi 7

3

� �
bits representing a symbol.

We can thus conclude, as the source coding theorem indicates, that as n increases, the average

codeword length approaches the source entropy, as reflected below:

L1 ¼ 3>L2 ¼ 2:5> L3 ¼ 2:333>H xð Þ¼ 2:322

For n¼ 3, the average codeword length is already almost equal to the source entropy. Thus, there

is no need to employ an extension codewith n¼ 4, especially as n is increased, the code complexity

is significantly increased.
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FIGURE 9.5 Extension codes for Example 9.7: (a) n¼ 1 and 5 codewords, (b) n¼ 2 and 25 codewords,

and (c) n¼ 3 and 125 codewords.
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9.4 LOSSLESS DATA COMPRESSION

Symbols generated by physical sources generally contain a significant amount

of information that is redundant (i.e., most messages are longer than they need
to be to convey the information they contain). For efficient signal transmission,

the redundancy should be removed from the signal prior to transmission; oth-

erwise, primary communication resources, such as power and bandwidth, are
partially wasted. The process to remove redundancy is called compression, and is

transparent to end users. Removal of redundancy from the data, with the con-

dition that the original digital information can be exactly recovered from
encoded binary stream, is known as lossless data compression. There are two dis-

tinct lossless data compression mechanisms:

i) A compression mechanism that requires advanced knowledge of the

message statistics, this leads to the class of entropy (probability-based)

source coding, such as Huffman coding.
ii) A compressionmechanism that does not require prior knowledge of the

message statistics, this leads to the class of universal (adaptive) source

coding, such as the Lempel-Ziv algorithm.

9.4.1 Huffman Source Coding Algorithm

InHuffman coding, fixed-length blocks of the source symbols are mapped onto

variable-length binary blocks. Huffman code is a prefix-free code, which can
thus be decoded instantaneously and uniquely. Huffman codes are formulated

to be an optimal code, i.e., they achieve the shortest average code length (min-

imum average codeword length), whichmay still be greater than or equal to the
entropy of source. The average length of a Huffman code is the same as the

entropy (i.e., maximum efficiency), if the probability of every symbol produced

by the source is an integer power of
1

2
.

Modified versions of Huffman coding are employed in fax machines and scan-
ners as well as in the assignments of area and country codes for long-distance

telephone calls in most parts of the world. Of course, Huffman code has its

own drawbacks, such as the statistics must be known in advance and it performs
poorly, if the actual statistics of the message differ from the assumed statistics.

There is a mismatch of source and channel rates, as a source produces symbols

at a constant rate that are then encoded into variable-length codewords. Another
shortcoming associated with Huffman coding is that in order to increase its effi-

ciency, we need to design the code for blocks of two or more symbols; this expo-

nentially increases the complexity of the algorithm. For certain high-speed
applications, the complexity and speed of Huffman coding can then become a

bottleneck.
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The task of assigning shorter codewords to the more frequent source symbols

and longer codewords to the less frequent source symbols lies at the heart of
Huffman coding. The Huffman coding algorithm may be summarized by the

following steps:

i) Sort source symbols in decreasing order of their probabilities that is the

symbol with the highest probability is on the top of the list and the

symbol with the lowest probability is at the bottom of the list. If there
are two symbols or more with equal probabilities, choose any of the

various possibilities.

ii) Combine the bottom two entries (i.e., the two symbols with the
lowest probabilities) to form a new entry with a probability that is

the sum of the two probabilities. If necessary, reorder the list so that

probabilities, including the newly formed one, are all still in decreasing
order. This step reduces the list of symbols by one.

iii) Continue combining in pairs, i.e., repeat step ii), until only two

entries remain. In other words, if there are K source symbols, then
step ii) needs to be repeated K�2 times.

iv) Assign arbitrarily 0 and 1 as codewords for the two remaining symbols.

v) Append the current codeword with a 0 and a 1 to obtain the
codeword for the preceding symbol, should a symbol be the result

of the merger of two symbols in a preceding step (i.e., a 0 or a 1

forms a prefix for all the prior symbols).
vi) Continue step v) until no symbol is preceded by another symbol,

and then stop.

It is important to note that the Huffman code is not unique, as it is arbitrary

how to assign a 0 or a 1 to the two remaining source symbols. Another differ-

ence occurs when the combined probabilities of two symbols become equal to
the probability of a symbol already in the list. In such a case, where to place the

probability of the new entry in the list can impact the lengths of the codewords

and thus the variance over the ensemble of source symbols; nevertheless, the
average codeword length remains the same.

EXAMPLE 9.8

The alphabet set of a DMS consists of five symbols A, B, C, D, and Ewhose probabilities are 0.7, 0.1,

0.1, 0.05, and 0.05, respectively. Assuming symbols are encoded one at a time (individually), design

two different Huffman codes with different variances, and show that both codes have the same

average number of bits per symbol.

Solution
Figure 9.6 shows two different Huffman trees, and tabulates, for each Huffman tree, the code-

words. The means of the two Huffman codes are as follows:

Lcode_1 ¼ 0:7�1 + 0:1�2 + 0:1�3 + 2�0:05�4¼ 1:6 bitsð Þ

and
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Lcode_2 ¼ 0:7�1 + 0:1 + 0:1 + 0:05 + 0:05ð Þ�3¼ 1:6 bitsð Þ

As expected, both Huffman codes have the same average codeword lengths. However, their var-

iances are different as follows:

σ2code_1 ¼ 0:7 1�1:6ð Þ2 + 0:1 2�1:6ð Þ2 + 0:1 3�1:6ð Þ2 + 2�0:05 4�1:6ð Þ2 ¼ 1:04

and

σ2code_2 ¼ 0:7 1�1:6ð Þ2 + 0:1 + 0:1 + 0:05 + 0:05ð Þ 3�1:6ð Þ2 ¼ 0:84

The standard deviation of code-1 is thus 1.02 bits and that of code-2 is 0.92 bits. It is important to

note that once a combined symbol, due to its probability, is moved on the list as high as possible, a

Huffman code with the smallest possible variance, a desirable feature in a code, results.

The Huffman coding can be effectively employed to create extension codes, in

which blocks of symbols are encoded at a time.

EXAMPLE 9.9

The alphabet of a DMS consists of two symbols A and Bwhose probabilities are 0.9 and 0.1, respec-

tively. Find the entropy of this source. Design a Huffman code for this source and determine the

average number of bits per symbol if symbols are encoded a) one at a time (individually), b) two

at a time (pair-wise), c) three at a time, and d) four at a time. Compare the average number of bits

for each of these four cases with the source entropy, and comment on the results.

Solution
Using (9.4), the source entropy, which provides a lower-bound for the average code length, is cal-

culated as follows: H Xð Þ¼ �0:1 log20:1 �0:9 log2 0:9ffi 0:469 bits per symbol. We employ nth-

order extension codes, for n¼ 1, 2, 3, and 4. Figure 9.7 shows the Huffman codewords for each

of the four cases, after arranging them in decreasing order.

(a) When symbols are encoded one at a time (i.e., n¼ 1), the average number of bits per

symbol is as follows: L1 ¼ 1�0:9 + 1�0:1¼ 1 bit per symbol.

(b) When symbols are encoded two at a time (i.e., n¼ 2), the average number of bits per symbol

is as follows: L2 ¼ 1�0:81 + 2�0:09 + 3�0:09 + 3�0:01¼ 1:29 bits per two symbols or

equivalently 0.645 bits per symbol.
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FIGURE 9.6 Huffman codes for Example 9.8.
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(c) When symbols are encoded three at a time (i.e., n¼ 3), the average number of bits per symbol

is as follows: L3 ¼ 1�0:729 + 3�3�0:081 + 3�5� 0:009 + 5�0:001¼ 1:598 bits per three

symbols or equivalently 0.533 bits per symbol.

(d) When symbols are encoded four at a time (i.e., n¼ 4), the average number of bits per symbol

is as follows: L4 ¼ 1�0:6561 + 3�3�0:0729 + 4�0:0729 + 1�6� 0:0081 + 5�7� 0:0081 +

3�9�0:0009 + 10�0:0009 + 10�0:0001¼ 1:9702 bits per four symbols or equivalently

0.493 bits per symbol.

In all four cases, (9.15) is satisfied. By encoding longer strings of symbols, the average number of

bits per source symbol can get closer to the uncertainty of the source (i.e., source entropy). We can

therefore expect Ln !H Xð Þ as n!1. As expected, by considering higher extension codes, the

code efficiency ηn ¼
H Xð Þ
Ln

is improved, as reflected below:

An increase in n, which brings about an increase in the complexity of the encoding/decoding pro-

cess, results inan improvement in thecodeefficiency;however, therateof improvementdecreases.

Codeword

1

011

010

001

0000

000111

0001101

0001100

0001011

0001010

0001001

000100011

000100010

000100001

0001000001

0001000000

Probability

0.6561

0.0729

0.0729

0.0729

0.0729

0.0081

0.0081

0.0081

0.0081

0.0081

0.0081

0.0009

0.0009

0.0009

0.0009

0.0001

Symbol

(d)

Probability

0.81

0.09

0.09

0.01

Symbol Codeword

1

01

001

000

Symbol Probability

0.9

0.1

Codeword

1

0

(b)

Codeword

1

001

000

011

01011

01010

01001

01000

Probability

0.729

0.081

0.081

0.081

0.009

0.009

0.009

0.001

Symbol

(a)

(c)

FIGURE 9.7 Huffman coding using extension codes for Example 9.9.

n¼ 1 n¼ 2 n¼ 3 n¼ 4

Average number of bits per n symbols 1 1.29 1.598 1.9702

Average number of bits per symbol 1 0.645 0.533 0.493

Source entropy 0.469 0.469 0.469 0.469

Code efficiency 46.9% 72.7% 88% 95.3%
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9.4.2 Lempel-Ziv Source Coding Algorithm

In Lempel-Ziv coding, variable-length blocks of the source symbols are mapped
onto fixed-length binary blocks. In other words, any sequence of source sym-

bols is uniquely parsed into phrases of varying length and these phrases are

encoded using codewords of equal length. This coding is based on the realiza-
tion that any stream of data with some measure of redundancy consists of rep-

etitions of typical sequences for that data set. Lempel-Ziv coding realizes

optimum compression in the limit for very large data set, and it is intrinsically
adaptive and can encode frequently occurring groups of source symbols, when

symbol and pattern probabilities are unknown.

Most compression programs use a variation of the Lempel-Ziv adaptive

dictionary-based algorithm. Text and programming files are very redundant;

a reduction of 50% or more is typical. In general, the longer the file is, the
higher the rate of reduction is. For a stationary source, as the length of the orig-

inal sequence, which needs to be parsed, is increased, the compression role of

Lempel-Ziv coding becomes more apparent, and as the length of the sequence
increases, the number of bits in the compressed sequence approaches nH(X).

When the Lempel-Ziv algorithm is applied to a typical English text, it achieves

a compaction of approximately 55%, vis-à-vis 43% achieved with Huffman
coding. The reason lies in the fact that Huffman coding does not take advantage

of the inter-character redundancies. Lempel-Ziv coding, in contrast to Huffman

coding, is suitable for synchronous transmission. The size of the dictionary can
theoretically grow infinitely large. However, in practice, fixed blocks of 12 bits

long or a couple of bits longer are used, which implies a codebook of at least

4096 entries. Lempel-Ziv, in one version or another, is the standard algorithm
for file compression.

The task of parsing the source symbol stream into segments that are the
shortest sequences of symbols not seen previously lies at the heart of the

Lempel-Ziv algorithm. As soon as the new output sequence is different from

the previous output sequences, it is recognized as a new phrase and encoded.
It is very important to highlight that the new phrase is the concatenation of a

previous phrase, already compiled in a codebook, and a single new source

symbol. The basis for Lempel-Ziv coding universal coding is the idea that
we can achieve compression of a string (an arbitrary sequence of bits) by

always coding a series of zeros and ones as some previous string (the prefix

string) plus one new bit (a 0 or a 1). Then, the new string formed by adding
the new bit to the previously used prefix string becomes a potential string for

future strings. Compression results from reusing frequently occurring strings.

It is important to note that the codebook (dictionary), along with code-
words, are transmitted and the decomposition of the encoded sequence is

straightforward, as the decoder knows exactly where to look and find the

matching string.
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EXAMPLE 9.10

Illustrate the Lempel-Ziv algorithm by parsing and encoding on the following 42-bit sequence:

010000011110000111000110010101010000000011.

Solution
Figure 9.8 summarizes the codewords along with the dictionary locations and contents. We first

assume bit 0 and bit 1 are in 0001 (the first) and 0010 (the second) addresses in the codebook (dic-

tionary). We parse the sequence into the shortest possible phrases not in the dictionary, which

each consists of a previous phrase already in the dictionary and a single new source symbol of

0 or 1. The sequence is therefore parsed into the following phrases: 0, 1, 00, 000, 11, 110,

0001, 1100, 01, 10, 010, 101, 010, 0000, 00011.

After 0 and 1, the next phrase is 00. The phrase 00 consists of two parts, a 0 which is already stored in

the first address (0001) in the dictionary and a 0, as such 00 is encoded into 00010, and 00 forms the

content of the third address (0011) in the dictionary. After 00, the next new phrase is 000. The phrase

000 consists of two parts, a 00which is already stored in the third address (0011) in the dictionary and

a 0, as such 000 is encoded into 00110, and 000 forms the content of the fourth address (0100) in the

dictionary. After 000, the next new phrase is 11. The phrase 11 consists of two parts, a 1 which is

already stored in the second address (0010) in the dictionary and a 1, as such 11 is encoded into

00101, and 11 forms the content of the fifth address (0101) in the dictionary.

The encoding process continues until all 15 phrases can be represented by four bit-addresses in

the dictionary. Therefore, each phrase requires five bits, the four-bit address plus an extra bit to

represent the new source symbol. For each phrase we thus require five bits, for a total of 75 bits.

This example highlights how Lempel-Ziv coding works, as 75 bits is not a compressed version of

the original 42 bits. In principle, the longer the uncompressed original data file is, the more effec-

tive Lempel-Ziv coding can be.

Dictionary Locations Dictionary Contents Codewords

1 0001 0 0000  0

2 0010 1 0000  1

3 0011 00 0001  0

4 0100 000 0011  0

5 0101 11 0010  1

6 0110 110 0101  0

7 0111 0001 0100  1

8 1000 1100 0110  0

9 1001 01 0001  1

10 1010 10 0010  0

11 1011 010 1001  1

12 1100 101 1010  1

13 1101 010 1001  0

14 1110 0000 0100  0

15 1111 00011 0111  1

FIGURE 9.8 Lempel-Ziv coding algorithm for Example 9.10.
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9.5 DISCRETE MEMORYLESS CHANNELS

The focus in this section is on information transmission through a discrete

memoryless channel rather than on information generation through a DMS.
A discrete channel is a statisticalmodel with an input X and an output Y. During

each signaling interval (symbol period), the channel accepts an input symbol

from X, and in response, it generates an output symbol from Y, generally a noisy
version of X. The channel is discrete when the alphabets of X and Y are both

finite. X and Y in all practical channels are random variables. In a discrete mem-

oryless channel (DMC), the current output symbol depends only on the current
input symbol and not on any of the previous input symbols.

9.5.1 Channel Transition Probabilities

The input X consists of input symbols x1, x2, . . ., xJ and the a priori probabilities

of these source symbols are p(x1),p(x2), . . ., p(xJ), respectively, and are all
assumed to be known. The output Y consists of output symbols y1, y2, . . .,

yM, and the transition probabilities p(ym/xj), for m¼ 1, 2, . . . , M and

j¼ 1, 2, . . . , J, are all assumed to be known as they describe a DMC. In short,
a DMC is completely defined by the J�M channel matrix consisting of all tran-

sition probabilities. Since each input to the channel results in some output, we
always have the following:

XM
m¼1

p ym=xj
� �¼ 1, j¼ 1, 2, . . . , J (9.16)

The joint probability distribution of the random variables X and Y, i.e., the joint
probability of transmitting xj and receiving ym for all cases, are also given by:

p xj, ym
� �¼ p ym=xj

� �
p xj
� �

, j¼ 1, 2, . . . , J; m¼ 1, 2, . . . , M (9.17)

The marginal probability distribution of the output random variable is thus as

follows:

p ymð Þ ¼
XJ
j¼1

p ym=xj
� �

p xj
� �

, m¼ 1, 2 , . . . ,M (9.18)

EXAMPLE 9.11

The transition probability diagram of a binary symmetric channel (BSC) is shown in Figure 9.9.

Explain why it is called a BSC and identify the transition probabilities.

Solution
The channel has two input symbols (x1 ¼ 0, x2 ¼ 1Þ and two output symbols (y1 ¼ 0, y2 ¼ 1Þ. This
binary channel is symmetric as theprobability of receivinga1 if a 0 is transmitted, i.e.,p, is the same

as the probability of receiving a 0 if a 1 is transmitted. The transitional probabilities are as follows:

p y1=x1ð Þ¼ p y2=x2ð Þ¼ 1�p
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and

p y1=x2ð Þ¼ p y2=x1ð Þ¼ p

Note that if p¼ 0, then the BSC channel is called noiseless.

9.5.2 Mutual Information

The entropyH(X) is a measure of the prior uncertainty about the channel input

X (i.e., before observing the channel output Y) and is given by:

H Xð Þ¼ �
XJ
j¼1

p xj
� �

log2p xj
� �

(9.19)

and the conditional entropy H(X/Y) representing the amount of uncertainty

remaining about the channel input after the channel output has been observed

is given by:

H X=Yð Þ¼
XM
m¼1

H X=y¼ ymð Þp ymð Þ¼�
XM
m¼1

XJ
j¼1

p xj, ym
� �

log2 p xj=ym
� �� �

(9.20)

The entropy H(X) represents the uncertainty about the channel input before

observing the channel output, and the conditional entropy H(X/Y) represents
the uncertainty about the channel input after observing the channel output.

Their difference, I X;Yð Þ¼H Xð Þ � H X=Yð Þ, also known as mutual information,

thus represents our uncertainty about the channel input that is resolved by
observing the channel output. We therefore have:

I X; Yð Þ¼H Xð Þ� H X=Yð Þ¼
XJ
j¼1

XM
m¼1

P xj, ym
� �

log2

p xj=ym
� �
p xj
� �

 !
(9.21)

Mutual information is symmetric and non-negative, i.e., I X; Yð Þ¼ I Y ; Xð Þ> 0.

As shown in Figure 9.10, we have the following useful relationships:

I X; Yð Þ¼ I Y ; Xð Þ¼H Xð Þ�H X=Yð Þ¼H Yð Þ�H Y=Xð Þ¼H Xð Þ +H Yð Þ�H X, Yð Þ (9.22)

00

11

FIGURE 9.9 Binary symmetric channel (BSC).
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The mutual information of a channel therefore depends not only on the chan-

nel, but also on how the channel is utilized.

9.5.3 Capacity of Discrete Memory Channel

Noting that the input probability distribution is independent of the channel,

the capacity of a DMC, as defined by Shannon, is as follows:

C¼ max I X; Yð Þ
P xj
� �� 	 (9.23)

where the maximization is over all possible input probability distributions

{p(xj)} on X and the capacity is measured in bits per symbol. The channel

capacity is a function of only the channel transition probabilities p(xj/ym) that
define the channel. The maximization is over J input variables p(x1),p(x2), . . .,

p(xJ), subject to two obvious constraints that each input probability is non-
negative and the sum of all input probabilities is 1.

EXAMPLE 9.12

Determine the capacity of a BSC, where the probabilities of the input symbols 0 and 1 are α and

1�α, respectively, and the probability of error is represented by p.

Solution
Using (9.17) and noting p x1ð Þ¼ α and p x2ð Þ¼ 1�α, the joint probabilities are as follows:

p x1, y1ð Þ¼ α 1�pð Þ,
p x2, y1ð Þ¼ 1�αð Þp,
p x1, y2ð Þ¼ αp and
p x2, y2ð Þ¼ 1�αð Þ 1�pð Þ:

Using (9.18), the marginal probabilities are as follows:

p y1ð Þ¼ p x1, y1ð Þ + p x2, y1ð Þ¼ α 1�pð Þ + 1�αð Þp¼α + p�2αp

FIGURE 9.10 Entropy, conditional entropy, and mutual information.
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and

p y2ð Þ¼ p x1, y2ð Þ + p x2, y2ð Þ¼αp + 1�αð Þ 1�pð Þ¼ 1�α�p + 2αp:

Using (9.22), we have:

I Y ; Xð Þ¼H Yð Þ�H Y=Xð Þ
¼ � α + p�2αpð Þ log2 α + p�2αpð Þ� 1�α�p + 2αpð Þ log2 1�α�p + 2αpð Þð Þ
� �α 1�pð Þ log2 1�pð Þ�αp log2p� 1�αð Þp log2p� 1�αð Þ 1�pð Þ log2 1�pð Þð Þ

¼H Yð Þ� �p log2p� 1�pð Þ log2 1�pð Þð Þ

Note that H(Y/X) is not a function of α and only H(Y) is a function of α. In order to find the channel

capacity, we need to differentiate I(Y;X) with respect to α and set it equal to zero. We find that for

α¼ 0:5, C is then maximum. We therefore have C¼ 1 + p log2p + 1 �pð Þ log2 1 � pð Þ. Figure 9.11

shows how channel capacity varies with the transition probability p. We note that if p! 0 or

p! 1, then C! 1, which is the maximum value of the channel capacity. It is important to note that

if p! 1

2
, then C! 0, which is the minimum value, that is no information is being transmitted at all

and in fact the channel is said to be useless, as an equally acceptable decision could be easily

made by flipping a coin at the receiver.

9.6 CHANNEL CODING THEOREM

The essence of communications is randomness, for the receiver has no prior
knowledge of the information bits transmitted across the channel. The inevita-

ble presence of noise in a channel causes errors between the output and input

bit sequences in a digital communication system. Errors occur when the orig-
inal bit is a 1 and it becomes a 0 or when a 0 becomes a 1. Channel coding refers

to mapping the input bit sequence into a channel input bit sequence by the

channel encoder in the transmitter and inverse mapping the channel output
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FIGURE 9.11 Channel capacity of a BSC.
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bit sequence into an output bit sequence by the channel decoder in the receiver,

with the objective to better withstand the effects of various channel impair-
ments (i.e., to improve digital communication system performance by reducing

the bit error rate). The channel encoder introduces controlled redundancy,

called parity bits, and the channel decoder exploits the redundancy to facilitate
the detection and correction of bit errors and thus determine the actual trans-

mitted input bit sequence.

The channel coding theorem states that for a DMS with entropy H(X) bits per

symbol and emitting at 1/Ts symbols per second (called source average infor-

mation rate) and a DMCwith channel capacity C/Ts bits per symbol (called the
critical rate), there exists a coding scheme for which the source output can be

transmitted over the channel with an arbitrarily small probability of error, if

H Xð Þ=Ts �C=Ts. Conversely, if H Xð Þ=Ts >C=Ts, it is not possible to transmit
information over the channel with an arbitrarily small probability of error.

This theorem specifies the channel capacity as a fundamental limit on the rate at
which the transmission of reliable error-freemessages can go through aDMC. It

is important to highlight the fact that the channel coding theorem only asserts

the existence of codes, not how they can be constructed.

9.7 GAUSSIAN CHANNEL CAPACITY THEOREM

It is assumed that the channel input is a zero-mean stationary random process
that is band-limited to W Hertz and has an average transmitted power of S

Watts. The channel output is perturbed by additive white Gaussian noise

(AWGN) of zero-mean and power spectral densityN0/2Watts/Hertz. Assuming
the Nyquist rate sampling (i.e., taking 2W samples per second), the noise sam-

ple is Gaussian with zero-mean and variance N¼N0W Watts and the samples

of the received signal are statistically independent. It can be shown that by using
the average mutual information between the channel input samples and the

channel output samples, the information capacity of band-limited, power-

limited Gaussian channels can be defined. The result is known as the Shannon’s
Gaussian channel capacity theorem:

C¼W log2 1 +
S

N

� �
¼W log2 1 +

Eb
N0

� �
R

W

� �� �
(9.24)

Note that the capacity C is in bits per second (bps), the bandwidth W is in Hz,
the signal-to-noise ratio S/N is in a linear (not logarithmic) scale, and the log-

arithm is to the base 2. We also have S¼ REb, where R is the bit rate in bps and

Eb is the bit energy in Joules. The bit error rate can bemade arbitrarily small only
if the transmission rate R is less than channel capacity C. However, Shannon’s

information-capacity theorem does not say how to design the system. The

larger the ratio R/C is, the more efficient the system is.
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EXAMPLE 9.13

Determine the capacity of a wired dial-up voice-grade telephone line, in which the noise is

assumed to be additive white Gaussian with a signal-to-noise ratio of 35 dB and a usable band-

width of 3.2 kHz.

Solution
Noting we have W ¼ 3200 Hz and

S

N
¼ 10

35
10 ¼ 3162, we can then apply (9.24) to find the channel

capacity as follows:

C¼ 3200ð Þ log2 1 + 3162ð Þ¼ 37:2kbps

Using (9.24), Figure 9.12 shows the bandwidth-efficiency diagram for R¼C

(i.e., when the transmission rate R is as high as the channel capacity C). Note

that the axis R/W represents bits per second per Hertz (bps/Hz) in logarithmic
scale and the axis Eb/N0 represents energy per bit per noise density in dB. The

curve represents a boundary that separates a region for which a system can be

practically realized from a region for which no system is theoretically possible.
When the system operates at a rate greater than the information capacity (i.e.,

R>CÞ, it is forced to have a high probability of error, regardless of the choice of

signal set used for transmission or the receiver used for processing the received
signal. Moreover, for a given R, the formula provides a basis for the tradeoff

between the channel bandwidth W and the received S/N. In short, S/N and

W set a limit on transmission rate, not on bit error rate. There exists a limiting
value of Eb=N0 ¼ �1:59 dB, known as the Shannon’s limit, below which there

can be no error free communication at any information rate. This theoretical

limit is reached when W!1.

To reach the Shannon limit, the bandwidth availability and the implementation

complexity must increase without bound. Any practical systemwill thus perform
worse than the ideal system described by Shannon’s limit. The goal of digital

communication systemdesigners is to find practical codes that approach the per-

formance of Shannon’s ideal (yet unknown) code. Today, most of that promised
improvement is realizable by combining coding and modulation using high-

performance turbo codes and trellis-coded modulation.

Due to the central limit theorem, the Gaussian noise model is a very reasonable

assumption. It is also important to highlight that results obtained for the Gauss-

ian channel often provide a lower-bound on the performance of a system oper-
ating over a non-Gaussian channel. In other words, if a particular coding

scheme yields a certain bit error rate over the Gaussian channel, another coding

scheme can be designed for a non-Gaussian channel to yield a smaller bit error
rate. The Gaussian channel model is thus a conservative model in the study of

digital communications.

402 CHAPTER 9: Information Theory



−1.6 1

8

0.125

2

4

0.5

0.25

4−4 8 12 16 200

Error free transmission  
is impossible

:
Error free transmission 
is possible 

Shannon
limit

Fixed : ↓
Fixed : 

Fixed : ↑ ↓

(b
it
s/

s/
H

z)

(dB)

> 1:Band−limited region

< 1:Power−limited region

FIGURE 9.12 Bandwidth efficiency diagram.

4
0
3

9
.7

G
a
u
s
s
ia
n
C
h
a
n
n
e
l
C
a
p
a
c
ity

T
h
e
o
re

m



Summary and Sources

Information theory is a field founded in 1948 by the pioneering work of Claude

E. Shannon [1]; his unique contributions to the field will always remain excep-
tional. Information theory is about mathematical modeling and analysis of

a communication system rather than about physical sources and channels. Infor-

mation theory, which establishes basic theoretical bounds for the performances
of communication systems, is fundamentally based on Shannon’s three key

theorems.

Source coding theorem: The average number of bits per source symbol can be
made as small as possible, but not smaller than the entropy of the source mea-

sured in bits. The entropy of a source is a function of the probabilities of the
source symbols that constitute the alphabet of the source.

Channel coding theorem: If the capacity of a discrete memoryless channel is not

less than the entropy of a discretememoryless source, then there exists a channel-
coding scheme for which the source output can be transmitted over the channel

and be reconstructed with an arbitrarily small probability of bit error.

Information (Gaussian-channel) capacity theorem: There is a maximum to the

rate at which any communication system can operate reliably (i.e., free of

errors) when the system is constrained in power and bandwidth. This maxi-
mum rate is called the information capacity. When the system operates at a rate

greater than the information capacity, it is then forced to have a high probabil-

ity of bit error.

There are excellent books on information theory, including the books by Reza,

Abramson, and Gallager [2–4]. There are also many graduate-level books

focused on digital communications that discuss many fundamental aspects
of information theory in detail [5–8]. The treatment of information theory

at an undergraduate level can be found in [9–13].
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Problems
9.1 A card is drawn from a deck of playing cards; determine how much

information in bits is received in each of the following cases:

(a) The card is a spade.

(b) The card is an ace.

(c) The card is an ace of spades.

9.2 A pair of fair dice is thrown; determine the amount of information in each

of the following cases:

(a) The outcome is double 6, i.e., (6, 6).

(b) The outcome is (1, 2).

9.3 A computer monitor is composed of 1920�1080 pixels. Each pixel can have

256 different brightness levels. Determine the information content of a

computer frame in bits.

9.4 A source emits a sequence of independent symbols from an alphabet consisting

of only four symbols A, B, C, and D. We know that the symbol probabilities for

A and B are equal and the symbol probabilities for C and D are also equal.

Determine the symbol probabilities for which the source entropy is maximum.

9.5 The following table lists four different codes for a source emitting A, B, C,

and D. Determine the source entropy, the average codeword length for each

code, and if each code satisfies the Kraft inequality. Comment on each code.

9.6 A source emits an independent sequence of symbols from an alphabet

consisting four symbols A, B, C, and D. The symbol probabilities of A and B are

equal to α and β, respectively, where α� 0:5 and β� 0:25: Assuming the

symbols are encoded individually using Huffman code, determine the

lower- and higher-bounds on the average codeword length.

Symbol (probability) Code I Code II Code III Code IV

A (0.5) 00 0 0 0

B (0.25) 01 1 01 10

C (0.125) 10 10 011 110

D (0.125) 11 11 0111 111
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9.7 A source can independently emit three equally-likely symbols A, B, and C and

Huffman code is employed to encode symbols.

(a) Assuming the symbols are encoded one at a time (i.e., individually),

determine the average number of bits per symbol.

(b) Assuming the symbols are encoded two at a time (i.e., pair wise), determine

the average number of bits per symbol.

9.8 Assuming the symbol rate is 1, X and Y are the channel input and output,

respectively, and P X¼ 0ð Þ¼P X¼ 3ð Þ¼P and P X¼ 1ð Þ¼P X¼ 2ð Þ¼Q, calculate

the capacity of the discrete channel with the following transition probabilities:

P Y ¼ 0=X¼ 0ð Þ¼P Y ¼ 3=X¼ 3ð Þ¼ 1, P Y ¼ 1=X¼ 1ð Þ¼P Y ¼ 2=X¼ 2ð Þ¼ p,

and P Y ¼ 1=X¼ 2ð Þ¼P Y ¼ 2=X¼ 1ð Þ¼ 1�p.

9.9 Determine the maximum (theoretical) rate at which data can be transmitted

from source to sink without errors, provided that there are 256 equally-likely

source symbols, the usable channel bandwidth is 200 kHz, and the output

signal-to-noise ratio is 30 dB.

9.10 In Shannon-Fano encoding, the source outputs are first ranked in order of

non-increasing probability of occurrence. The set is then partitioned into

two sets that are as close to equiprobable as possible, and 0s are assigned

to the upper set and 1s to the lower set. This process is continued, each

time partitioning the sets with as nearly equal probabilities as possible

and assigning 0s and 1s to the upper and lower sets, until further partitioning

is not possible. Assuming a source can emit eight symbols with the

following probabilities: P x1ð Þ¼P x2ð Þ¼ 0:27, P x3ð Þ¼P x4ð Þ¼P x5ð Þ¼ 0:13;

and P x1ð Þ¼ 0:07, apply Shannon-Fano encoding and determine the average

codeword length.

9.11 Find the channel capacity of the noiseless discrete channel, where

P Y ¼ 0=X¼ 0ð Þ¼ 1 and P Y ¼ 1=X¼ 1ð Þ¼ 1.

9.12 Consider an AWGN channel with 4-kHz bandwidth and the noise power

spectral density 10�12 W/Hz. The signal power required at the receiver is

0.1 mW. Calculate the capacity of this channel.

9.13 Show that H X=Yð Þ¼H Xð Þ when X and Y are statistically independent, and

H X=Yð Þ¼ 0 when X¼ Y .

9.14 How long will it take to transmit one million 8-bit ASCII characters over a

Gaussian channel with a bandwidth of 1 MHz and signal-to-noise ratio of 30 dB?

9.15 In a binary erasure channel, the data in error is erased. Hence, there is an

erasure probability p, but the error probability is zero. Determine H(X), H(X/Y)

and I(X; Y) assuming the two transmitted messages are equiprobable.
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9.16 Use the Lempel-Ziv algorithm to encode the following sequence:

0101101110111101111100100110011100111100111100010001100011100011110

00111.

9.17 A DMS produces seven symbols A, B, C, D, E, F, and G whose probabilities

of occurrence are as follows: P Að Þ¼P Bð Þ¼ 0:05, P Cð Þ¼P Dð Þ¼ 0:1,

P Eð Þ¼P Fð Þ¼ 0:2, and P Gð Þ¼ 0:3. Find two Huffman codes for this source,

one with the lowest possible variance and the other with the highest

possible variance.

9.18 A DMS produces three symbols A, B, and C whose probabilities of occurrence

are as follows: P Að Þ¼ α, P Bð Þ¼ β, and P Cð Þ¼ γ. When a Huffman code is

applied to this source, the average codeword length is 1.6 bits per symbol.

Determine a relation among α, β, and γ.

9.19 Through a voice-grade telephone channel whose bandwidth is 3.3 kHz and

output signal-to-noise ratio of 28 dB, 256 equally-likely statistically-

independent symbols are transmitted. Calculate the information capacity of

the channel and the maximum symbol rate for which error-free transmission

over the channel is possible.

9.20 Show that for a lossless channel, H X=Yð Þ¼ 0, I X; Yð Þ¼H Xð Þ, and determine

the channel capacity per symbol.

9.21 Show that for a noiseless channel, I X; Yð Þ¼H Xð Þ¼H Yð Þ, and determine

the channel capacity per symbol.

9.22 In a binary source, we have P X¼ 0ð Þ¼ 0:4 and P Y ¼ 0ð Þ¼ 0:6. Suppose the

transitionprobabilities are as follows:P Y ¼ 0=X¼ 0ð Þ¼ 0:8, P Y ¼ 1=X¼ 0ð Þ¼ 0:2,

P Y ¼ 0=X¼ 1ð Þ¼ 0:7 and P Y ¼ 1=X¼ 1ð Þ¼ 0:3. Find H(X), H(Y), H(Y/X), and I(X;Y).

9.23 Show that the channel capacity of an ideal AWGN channel with infinite

bandwidth is given by 1.44 S/N0 bps, where S is the average signal

power and N0/2 is the power spectral density of the additive white

Gaussian noise.

9.24 An analog signal having 4-kHz bandwidth is sampled at 1.5 times the Nyquist

rate, and each sample is quantized into one of 256 equally-likely levels.

Assume that the successive samples are statistically independent.

(a) Determine the information rate of this source.

(b) Can the output of this source be transmitted without error over an

AWGN channel with a bandwidth of 10 kHz and a signal-to-noise ratio

of 20 dB?

(c) Find the signal-to-noise ratio required for error-free transmission for

part (b).
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Computer Exercises

9.25 Two identical BSC with 0� p� 1 are connected in cascade. Determine the

transition probabilities for the resultant equivalent channel diagram and plot

its channel capacity in terms of p.

9.26 Determine the source entropy and use Huffman coding to find the average

number of bits for the English alphabet, if the following provides the probabilities

of occurrence of all letters of the English alphabet and that of space:

Space: 0.1859 I: 0.0575 R: 0.0484

A: 0.0642 J: 0.0008 S: 0.0514

B: 0.0127 K: 0.0049 T: 0.0796

C: 0.0218 L: 0.0321 U: 0.0228

D: 0.0317 M: 0.0198 V: 0.0083

E: 0.1031 N: 0.0574 W: 0.0175

F: 0.0208 O: 0.0632 X: 0.0013

G: 0.0152 P: 0.0152 Y: 0.0164

H: 0.0467 Q: 0.0008 Z: 0.0005

408 CHAPTER 9: Information Theory



CHAPTER 10

Error-Control Coding

INTRODUCTION

We first briefly discuss the sources and types of errors and the classes of codes

and decoding methods. We then introduce several error-detection schemes
used in automatic repeat request (ARQ) systems, and present various ARQ

techniques along with their performances. The focus then turns toward the

linear block and convolutional codes. Fundamental characteristics of block
codes along with some well-known block codes as well as major features of

convolutional codes along with their applications in trellis-coded modula-

tion are briefly discussed. We finally expand on compound codes by describ-
ing the interleaving process and the high-performance turbo codes.

After studying this chapter and understanding all relevant concepts and

examples, students should be able to achieve the following learning
objectives:

1. Define error and acceptable bit error rates.

2. Categorize types of errors.
3. Identify methods of controlling errors.

4. Understand hard-decision and soft-decision decoding schemes.

5. Describe parity-check codes.
6. Introduce the details of checksum.

7. Explain how cyclic redundancy check works.

8. Outline stop-and-wait, go-back-N and selective-repeat ARQ techniques.
9. Discuss ARQ error rate and throughput performances.

10. Characterize linear block codes and their error-detecting and correcting

capabilities.
11. Analyze syndrome-based decoding of linear block codes.

12. Know the features of Hamming and Reed-Solomon codes.

13. State representations and properties of convolutional codes.
14. Detail how the maximum-likelihood decoding using the Viterbi

algorithm works.

CONTENTS

Introduction ...............409

10.1 Errors.................410

10.2 Error-Detection
Methods .............414

10.3 Automatic Repeat
Request (ARQ) ...421

10.4 Block Codes.......426

10.5 Convolutional
Codes .................435

10.6 Compound
Codes .................444

Summary and
Sources......................453

Problems ...................454

Computer
Exercises ...................455

Introduction to Digital Communications

409

© 2016 Elsevier Inc. All rights reserved.



15. Appreciate the idea behind the trellis-coded modulation.

16. Grasp the underlying structures of block and convolutional interleaving.

17. Apply interleaving to introduce combining codes.
18. Differentiate between classical algebraic codes and probabilistic

compound codes.
19. Expand on the underlying features and structure of turbo codes.

20. Portray the error-control coding performance-complexity trade-offs.

10.1 ERRORS

When bits in a digital transmission system are corrupted, errors have occurred.
An error occurs when a transmitted bit is a 1 and its corresponding received bit

becomes a 0 or a 0 becomes a 1. Virtually all digital transmission systems

introduce errors, even after they have been optimally designed. Faced with
this problem, the only viable remedy to reduce the bit error rate is the appli-

cation of error-control coding through the calculated use of redundancy. The

entire field of error-control coding is devoted to the development of tech-
niques to achieve the performance that Shannon’s channel coding theorem

promised possible.

The acceptability of a given bit error rate primarily depends on the

application requirement and the transmission medium performance. From

the application standpoint, for instance, speech and video applications
can tolerate some errors, whereas certain applications, such as electronic

funds transfer, transmission and storage of critical raw digital data, and

high-resolution medical imaging, require essentially error-free transmission.
On the other hand, various transmission media have a wide range of perfor-

mances in terms of their bit error rates. For instance, bit error rates may be

roughly as high as 10�3 in cellular systems, in the order of 10�6 in copper
wires, and as high as 10�9 in fiber optics. In order to improve the error rate

performance required for an application in a digital communication system

with an unacceptable bit error rate, error-control coding needs to be
employed, but generally at the expense of an increase in bandwidth

requirements.

10.1.1 Types of Errors

Many factors can alter one or more information (message) bits during digital

transmission and storage. Sources of errors may include white noise (e.g., a
hissing noise on the phone), impulse noise (e.g., a scratch on CD/DVD),

crosstalk (e.g., hearing another phone conversion), echo (e.g., hearing
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talker’s or listener’s voice again), interference (e.g., unwanted signals due to

frequency reuse in cellular systems), multipath fading (e.g., due to reflected,
refracted paths in mobile systems), and thermal and shot noise (e.g., due

to the transmitting and receiving equipment), to name just a few. The

combined objective of the channel encoder at the transmitter and the chan-
nel decoder at the receiver is to minimize the effect of the channel noise,

where the performance of a channel code is often assessed over a Gaussian

channel.

There are two types of errors: random (single-bit) errors and burst (multiple-

bit) errors. In random errors, the bit errors occur independently of each
other, and usually when one bit has changed, its neighbouring bits remain

correct (unchanged). Examples causing random errors may include shot

noise in the transmitting and receiving equipment as well as thermal noise
in free-space communication channel. The transmission errors due to addi-

tive white Gaussian noise (AWGN) are generally referred as random errors,

though it is possible that the AWGN channel, due to imperfect filtering and
timing operations at the receiver, introduces errors that are localized in a

short interval.

In burst errors, two or more bits in a row have usually changed, in that periods

of low-error rate transmission are interspersed with periods in which clusters of

errors occur. The burst errors are not independent and tend to be spatially con-
centrated. The length of the burst is measured from the first corrupted bit to the

last corrupted bit; some bits in between may not have been corrupted. Exam-

ples of the sources of burst errors may include magnetic recording channels
(tape or disk), impulse noise due to lightening and switching transients in radio

channels, and mobile fading channels where the signal power can wax and

wane in time.

A burst error is more common to occur than a random error. It is important to

highlight that through the interleaving process the burst errors can be dispersed

so as to form single errors, and single errors are then handled by codes capable
of handling single errors. Interleaving does not affect actual data loss, but affects

the perceived loss.

10.1.2 Methods of Controlling Errors

The central concept in detecting and/or correcting errors is redundancy in that

the number of bits transmitted is intentionally over and above the required
information bits. The transmitter sends the information bits along with some

extra (also known as parity) bits. The receiver uses the redundant bits to detect

or correct corrupted bits, and then removes the redundant bits. The crux of error
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control coding is the introduction of redundant bits, however, memory

through which correlations among the transmitted bits are created plays a
critical role.

In error detection, which is simpler than error correction, we are simply inter-
ested only to find out if errors have occurred. We are not even interested in

the number of errors, let alone to determine which bits are in error. Error

detection may result in data rejection. However, every error-detection tech-
nique will fail to detect some errors. Error detection in a received data unit

(bit stream) is the prerequisite to the retransmission request. A digital com-

munication system, which requires a data unit to be retransmitted as neces-
sary until it is correctly received, is called an automatic repeat request (ARQ)

system.

In error correction, we need to find out which bits are in error, i.e., to determine
their locations in the received bit stream. In other words, the initial part of error

correction is inherently error detection. The techniques that introduce redun-
dancy to allow for correction of errors are collectively known as forward error

correction (FEC) coding techniques. FEC codes are commonly used in digital

storage systems, deep-space and satellite communication systems, cellular
mobile systems, and digital video broadcasting systems. Error-correcting codes

are thus more complex than error-detecting codes, and require more redun-

dancy (parity) bits. Error correction generally yields a lower bit error rate,
but at the expense of significantly higher transmission bandwidth and more

decoding complexity. It is important to note that in theory it is possible to cor-

rect all errors, but the price in bandwidth may be too high as too many extra
(redundant) bits are then required.

10.1.3 Classes of Codes

The codes described here are binary codes, for which the alphabet consists of
only binary symbols 0 and 1. In the selection of a code, the ratio of the redun-

dancy (also known as extra or parity or check) bits to the information bits, the
level of the encoding/decoding complexity, and the error-detecting and/or cor-

recting capabilities are all critical factors.

Error control codes are usually divided into two broad classes: block codes
and convolutional codes. Of course, there are also codes, such as concatenated

codes, that employ both block codes and convolutional codes in tandem so as

to considerably improve the bit error rate performance. Block and convolu-
tional codes are different not only in their structures and thus complexities,

but in their performances and applications. The comparison between these

two categories of codes may not be simple, as each has its own merits and
drawbacks.
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In block codes, a block of k information bits is followed by r ¼ n� kð Þ check bits

that are exclusively derived from the block of information bits. The check bits of
an (n, k) block code can be used at the receiver to detect or correct erroneous

bits, as there is a one-to-one correspondence between each k-tuple information

message and each n-tuple codeword.

In convolutional codes, check bits are continuously interleaved with information

bits to verify the information bits not only in the block immediately preceding
them, but also in the previous K�1 blocks, as they have memory. In other

words, the n-tuple codeword emitted by the convolutional encoding procedure

is not only a function of an input k-tuple information message, but it is also a
function of the previous K�1 input k-tuples, as K represents the constraint

length of the code.

10.1.4 Decoding Methods

Decoding of a code at the receiver involves either hard decisions or soft deci-
sions on the demodulator output values. In hard decisions, demodulation out-

puts only a symbol value for each received symbol, whereas in soft decisions,

demodulation outputs an estimate of the received symbol value along with
an indication of the reliability of this value using multi-level quantization.

When the decoder operates on data that takes on a fixed set of two possible
values (i.e., single-bit quantization) it is called hard-decision decoding. A binary

symmetric channel can represent hard-decisions. If the transmitted bits are

independent of one another, the performance of the receiver is optimum. How-
ever, error-correcting or detecting codes (as well as some physical channels)

introduce correlations among the transmitted bits, and hard-decision decoding

is not optimum even inwhite noise. Each bit interval thus contains information
about adjacent bit intervals. When hard decisions are made, this information is

lost. However, when the decoder operates on data that takes on a whole range

of values (i.e., multi-bit quantization) it is called soft-decision decoding. In soft-
decision decoding, the number of quantization levels can impact the confi-

dence in the estimate, however, in practice, there is little to be gained by using

many soft-decision quantization levels. A Gaussian channel can represent soft
decisions. For an ideal soft-decision decoding (i.e., infinite-bit quantization),

the demodulator output values are directly used in the channel decoder.

A soft-decision decoder typically performs better in the presence of corrupted
data than its hard-decision counterpart. In other words, when the bits are cor-

related, processing several received samples collectively at the same time rather

than individually at different times can provide significant performance
improvement. Hard-decision decoding, which has limited resolution, discards

the information about other bits, whereas soft-decision decoding with the
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needed resolution utilizes the information about all bits useful to the overall

decoding process.

In order tomake decisions, hard-decision decoders employminimumHamming

distance (the number of bits in which n-bit codewords differ) and soft-decision
decoders utilize minimum Euclidean distance (the distance between the received

and transmitted signals in n-dimensional Euclidean space). For block codes, soft-

decision decoders are substantially more complex than hard-decision decoders;
therefore, block codes are relatively easily implemented with hard-decision

decoders, especially when n and k are large. On the other hand, for convolutional

codes, both hard-decision and soft-decision implementations can be employed.
In fact, a convolutional decoder using the Viterbi algorithm can make soft deci-

sions in a natural manner. In general, soft-decision decoding, roughly possesses

an advantage of 1 to 2 dBs over hard-decision decoding. As 1 dB increase in
power translates roughly into one order of magnitude reduction in the bit error

rate, this advantage is obviously considered significant. However, in order to

deploy soft-decision decoding, a major increase in processing complexity
becomes a requirement and sometime an impediment.

10.2 ERROR-DETECTION METHODS

There are three distinct widely-used error-detection methods: i) parity-check
codes, ii) checksum, and iii) cyclic redundancy check (CRC). These techniques,

which can be concurrently employed, require different levels of complexities

and have different performances.

10.2.1 Parity-Check Codes

Parity checking can be one-dimensional or two dimensional. In a single parity-

check code, an extra bit is added to every data unit (e.g., byte, character, block,
segment, frame, cell, and packet). The objective of adding the parity bit (a 0 or a

1) is tomake the total number of 1s in the data unit (including the parity bit) to

become even. Some systemsmay use odd-parity checking, where the total num-
ber of 1s should then be odd. Even parity is typically used for synchronous

transmission and odd parity for asynchronous transmission. The single

parity-check code is used in ASCII where characters are represented by seven
bits and the eighth bit is a parity bit. Simple parity-check codes can detect all

single-bit errors. It can also detect multiple errors only if the total number of

errors in a data unit is odd. A single parity-check code has a remarkable
error-detecting capability, as the addition of a single parity bit can bring about

half of all possible error patterns detectable.

The single parity-check code takes k information bits and appends a single

check bit using modulo-2 arithmetic to form a codeword length of
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n ¼ k + 1ð Þ, thus yielding a k +1, kð Þ block code with
k

k +1
code rate. The parity

bit bk + 1 is determined as the modulo-2 sum of the information bits:

bn ¼ bk+ 1 ¼ b1 + b2 + � � � + bk (10.1)

Note that in modulo-2 arithmetic, we have 0 + 0¼ 0, 0 + 1¼ 1, 1 + 0¼ 1, and

1+ 1¼ 0. Many transmission channels introduce bit errors at random, indepen-
dent of each other, and with low probability of p, where p is assumed to be the

probability of an error in a single-bit transmission. Some error patterns are more

probable than others. For instance, with the extremely reasonable assumption of
p< 0:5, error pattern with a given number of bit errors is more likely than an

error pattern with even a larger number of bit errors. In other words, it follows
that patterns with no error is more likely than patterns with one error and that in

turn is more likely than patterns with two errors, so on and so forth. The single

parity-check code fails if the error pattern has an even number of 1s. The prob-
ability of error-detection failure (i.e., the probability of undetectable error pattern

or equivalently error patterns with even number of 1s) is as follows:

PFailure ¼ n
2

� �
p2 1�pð Þn�2 +

n
4

� �
p4 1�pð Þn�4 + � � � + n

m

� �
pm 1�pð Þn�m (10.2)

where n represents the total number of k information bits and one parity-check

bit (i.e., n¼ k +1, andm� n is the largest possible even number). In today’s dig-

ital communication systems, we always have p� 1, and the probability of
detection failure can thus be closely approximated as follows:

PFailure ffi n
2

� �
p2 1�pð Þn�2 ffi n

2

� �
p2 ffi n n�1ð Þ

2
p2 ¼ k k + 1ð Þ

2
p2 (10.3)

As (10.3) indicates, for a given probability of error p� 1, the probability of

error-detection failure exhibits quadratic growth, as the number of information

bits k ¼ n�1ð Þ increases.

EXAMPLE 10.1

Consider a (15, 14) single parity-check code. Compute the probability of an undetected message

error, assuming that all bit errors are independent and the probability of bit error is p¼ 10�6.

Solution
Using (10.3) andnoting that k¼ 14,wehave the probability of error-detection failurePFailure ffi 10�10.

This points to the fact that with a very high code rate of
14

15
, with a redundancy of only 6.7%, an

impressive error rate reduction of nearly four orders of magnitude can be easily achieved.

In a two-dimensional parity-check code, the information bits are organized in a

matrix consisting of rows and columns. For each row and each column, one
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parity-check bit is calculated. As a result, the last column consists of check bits

for all rows and the bottom row consists of check bits for all columns. In other
words, the resulting encoded matrix of bits satisfies the pattern that all rows

have even parity and all columns also have even parity. Assuming there are

M information bits in each row and N information bits in each column, the
code rate is then as follows:

k

n
¼ MN

M+ 1ð Þ N + 1ð Þ (10.4)

The two-dimensional parity checks can detect and correct all single errors and

detect two and three errors that occur anywhere in the matrix. However, only

some patterns with four or more errors can be detected. Figure 10.1 shows
examples of detectable and undetectable error patterns, for M¼ 5, N¼ 6,

and thus
k

n
¼ 5

7
. A two-dimensional parity check increases the likelihood of

detecting burst errors, but on the other hand, requires more check bits. We will
later expand on this in the context of interleaving to combat burst errors.

0 1 1 0 0

0 1 0 1 1

1 0 0 1 1

1 1 1 1 1

0 0 0 1 0

0 1

0 0

0 1

0 1

1 0

1 0

0 0 0 0 1

No errors

0 1 0 0 1 0 0

0 1 0 1 1

1 0

0 0

00

1 1

0 1 1

1 0 1 1 1

0 0

0 1

1 0

1 0 0 1 0

0 1 0 0 1

Two errors
(detected)

0 1 1 0 0

0 1 0 1 1

1 0 0 1 1

1 0 1 1 1

0 0 0 1 0

0 1

0 0

0 1

0 1

1 0

1 0

0 0 0 0 1

One error
(detected)

0 1 1 0 0

0 0 0 1 1

1 0 0 1 1

1 0 1 1 1

0 0 0 1 0

0 1

0 0

0 0

0 1

1 0

1 0

0 0 0 0 1

Three errors
(detected)

0 1 1 0 0

0 0 0 1 1

1 0 0 1 1

1 0 1 1 1

0 0 0 1 0

0 1

0 0

0 0

0 1

1 0

0 0 0 0 1

Four errors
(undetected)

0 0 1 0 0

0 1 0 1 1

1 0 0 1 1

1 1 0 1 1

0 0 0 1 0

0 1

0 0

1 1

0 0

1 0

1 0

0 0 0 0 1

Four errors
(detected)

Note: Arrows indicate failed check bits

FIGURE 10.1 Examples of detectable and undetectable error patterns for two-dimensional

parity-check code.
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10.2.2 Checksum

The checksum is an effective method to detect errors, and is used in the Internet
at the network and transport layers, such as IP, TCP, UDP, rather than the

data-link layer. Checksum is employed in every router; the algorithm for the

checksum is thus selected for ease of implementation in software rather than
the effectiveness in terms of its error-detecting capability.

Checksum is calculated using one’s complement arithmetic, i.e., if there is a carry
in themost significant bit, we swing the carry bit back to the least significant bit.

More specifically, in this arithmetic, unsigned numbers between 0 and 2m�1

can be represented by using only m bits; when a number has more than m bits,
the extra leftmost bits need to be added to the m rightmost bits (wrapping).

At the transmitter, the checksum is calculated and sent with the message, not

necessarily at the end of the message, as it can be inserted in the middle of
the message as well. At the destination, a new checksum, based on the received

message and checksum, is calculated. If the new checksum is all 0s, the message

is accepted, as it indicates with a high probability the message was not altered
during the transmission; otherwise, the message is discarded. Table 10.1 shows

the steps followed by the transmitter and the receiver.

EXAMPLE 10.2

Assuming the information bit sequence 01001111110011101100110111101101 is divided into 8-bit

segments, determine the checksum sent along with data, and show how the checksum checker

operates on the received bit stream.

Solution
As shown in Figure 10.2, the checksum at the transmitter is 00100110, and the new checksum at

the receiver is 00000000, and the message is thus accepted.

Table 10.1 Procedure to determine the checksum

Steps Checksum generator
at the transmit end

Checksum checker
at the receive end

1 The information bits are divided into q sections of L
bits each; in the Internet checksum, L is selected to
be 16.

The received bits—consisting of all q+1 sections of
L bits each, including the received checksum—is
divided into L-bit sections.

2 All q sections are added using one’s complement to
get the sum.

All q+1 sections are added using one’s
complement.

3 The sum is complemented (i.e., all bits are inverted)
to form the checksum.

The sum is complemented (i.e., all bits are inverted)
to form a new checksum.

4 The checksum, consisting of L bits, is sent along
with the information bits.

If the value of new checksum is 0, the message is
accepted; otherwise, it is rejected.

41710.2 Error-Detection Methods



The checksum detects all errors involving an odd number of bits as well as most

errors involving an even number of bits. However, any time a bit inversion (i.e.,

a bit in error) is balanced by an opposite bit inversion (i.e., another bit in error)
in the corresponding position of another data segment, the error is invisible

(undetected). In fact, if the value of an L-bit word is incremented and the value
of another L-bit word is decremented by the same amount, the two errors can-

not be detected because the checksums remain the same. Checksum requires an

overhead of L bits, regardless of the data-unit size qL, where q is a positive inte-

ger. The code rate is therefore
qL

qL + L
¼ q

q +1
. Checksum is not as powerful as

CRC (as will be discussed in the next section). For instance, checksum cannot

detect when the sections are not in correct order. The tendency in the designing
of new protocols in the Internet is to replace checksum with CRC.

10.2.3 Cyclic Redundancy Check

Cyclic redundancy check (CRC) is a powerful error-detection technique, which is

widely used in digital networks, such as LANs andWANs, as well as in some stor-
age devices. CRC, which is simple to implement, is used to detect data units, such

as packets, especially with burst errors, and sometimes after error correction.

CRC is based on modulo-2 division, in that addition is performed by exclusive-

OR operation (i.e., the subtraction operation is identical to the addition opera-

tion, meaning 1 + 1¼ 0). In CRC, a sequence of redundant bits (called the CRC

1 1

1 0

1 1

1

0 0

0

1 0

1 0

1

1 0

1 0

1 0

1 1

0 0 1 0 0 1 1 0

1111001011110010

0111001101110011

1011001110110011

1011011110110111

1011111111101011

1 1

1 1

1111111110011011

0000000001100100

Carry from 8th column

Carry from 7th column

Carry from 6th column

Carry from 5th column

Carry from 4th column

Carry from 3rd column

Carry from 2nd column

Carry from 1st column

Received checksum

Partial sum

Sum

Checksum

Checksum checker at the receiverChecksum generator at the transmitter

FIGURE 10.2 An example illustrating how checksum generator and checker work.
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remainder) is appended to the end of a data unit, thus the resulting data unit

becomes exactly divisible by a pre-determined binary number (divisor). At its
destination, the incoming data unit, which includes the information bits and

parity bits, is divided by the same binary number (divisor). If there is no remain-

der, that is the remainder is zero, the data unit is assumed to be intact and thus
accepted, while a non-zero remainder indicates that data must be rejected and a

retransmission of the data unit be requested. The CRC checker at the transmitter

and the CRC generator at the receiver function exactly the same.

The divisor in the CRC generator is most often represented not as a string of 1s

and 0s, but as an algebraic polynomial. The polynomial format is used for it is
short and it can be used to prove the concept mathematically. A string of 0s and

1s can be represented as a polynomial with coefficients of 0 and 1, where the

power of each term in the polynomial indicates the position of the bit and the
corresponding coefficient reflects the value of the bit (0 or 1). A polynomial is

represented by removing all terms with zero coefficients. The calculation of

CRC bits is as follows:

1. The k information bits ik�1, ik�2, . . . , i1, i0ð Þ are used to form the

information polynomial i(x) of degree k � 1:

i xð Þ¼ ik�1x
k�1 + ik�2x

k�2 + � � � + i1x + i0 (10.5)

2. The string of information bits are shifted to the left (i.e., adding extra 0s as
rightmost bits). Shifting to the left to produce p(x) with n terms is

accomplished by multiplying each term of the polynomial i(x) by xm,

where m¼ n�k is the number of shifted bits, i.e., m represents the
number of parity-check bits:

p xð Þ¼ xn�ki xð Þ¼ ik�1x
n�1 + ik�2x

n�2 + � � � + i1xn�k+ 1 + i0x
n�k (10.6)

3. A generator polynomial g(x), which specifies the CRC of interest, is

selected. g(x) with the degree n�k has the form:

g xð Þ¼ xn�k + gn�k�1x
n�k�1 + � � � + g1x + 1 (10.7)

where gn�k�1, gn�k�2, . . ., g1 are binary numbers, i.e., each may be a

0 or a 1.
4. The polynomial p(x) is divided by the polynomial g(x) to obtain the

remainder polynomial r(x), which can have maximum degree n�k�1 or

lower with the following form:

r xð Þ¼ rn�k�1x
n�k�1 + � � � + r1x + r0 (10.8)

As expected, the remainder polynomial has a degree lower than the

generator polynomial. It is quite important to note that in the calculation
of CRC, the resulting quotient q(x) plays no role, it is thus discarded.
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5. The remainder r(x), which may rarely consist of all zeros, is added to p(x)

to form the codeword polynomial b xð Þ¼ p xð Þ + r xð Þ¼ xn�ki xð Þ + r xð Þ, we
thus have

b xð Þ¼ ik�1x
n�1 + � � � + i1xn�k +1 + i0x

n�k + rn�k�1x
n�k�1 + � � � + r1x + r0 (10.9)

6. Note that b(x) is a binary polynomial in which the k higher-order terms

are based on the information bits and the n� k lower-order terms provide
the CRC bits. The codeword polynomial b(x) is divisible by g(x) because

we have:

b xð Þ¼ p xð Þ+ r xð Þ¼ xn�k i xð Þ + r xð Þ¼ g xð Þ q xð Þ+ r xð Þ + r xð Þ¼ g xð Þq xð Þ (10.10)

where in modulo-2 arithmetic, we have r xð Þ + r xð Þ¼ 0. Since, as reflected
above, all codewords b(x) are multiples of the generator polynomial g(x),

at the destination, the received polynomial is divided by g(x). If the

remainder is non-zero, then an error in the received data unit, consisting
of one or more bits, has been detected. If the remainder is zero, either no

bit is corrupted or some bits are corrupted, but the decoder fails to

detect them.

EXAMPLE 10.3

Assuming the information bits are 1100 and the generator polynomial is x3 + x + 1, determine the

transmitted bit sequence consisting of the information bits and the CRC bits. If themiddle bit in the

transmitted bit sequence is corrupted, show how the detector at the receiver can determine the

received bit sequence is in error.

Generator (divisor) polynomial:

Information polynomial:

Dividend polynomial:

Remainder polynomial:

Transmitted polynomial:

Generator (divisor) polynomial:

Received (dividend) polynomial:

Remainder polynomial:

Information bits: 1100

Transmitted bits: 1100010 

CRC
generator

Received bits: 1101010

Received bits � Transmitted bits

CRC
checker

CRC checker at the receiverCRC generator at the transmitter

�

FIGURE 10.3 An example illustrating how the CRC generator and checker work.
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Solution
For the information bits 1100, we have the information polynomial i xð Þ¼ x3 + x2. As shown in

Figure 10.3, the encoding process involves dividing i xð Þx3 ¼ x6 + x5 by g xð Þ¼ x3 + x + 1. With the

remainder r xð Þ¼ x, we have the transmitted polynomial b xð Þ¼ x6 + x5 + x, and in turn the transmit-

ted sequence is thus as follows: 1100010.

The received sequence is, however, 1101010. The received polynomial is thus b0 xð Þ¼ x6 + x5 + x3 + x.

As shown in Figure 10.3, the decoding process involves dividing b0(x) by g(x), which in turn yields a

non-zero remainder (i.e., r xð Þ¼ x + 1 6¼ 0Þ thus implying the received sequence is in error.

Table 10.2 shows some of the standard polynomials. The design criterion to
select a generator polynomial is a function of what types of errors need to be

caught. In fact, it can be shown that certain properties associated with generator

polynomials can provide certain capabilities, as reflected below:

n If the generator polynomial g(x) has at least two non-zero terms, then
all single-bit errors can be detected.

n If the generator polynomial g(x) cannot divide xt +1 (0� t� n�1),

then all isolated double errors can be detected.
n If the generator polynomial g(x) has a factor x +1, then all odd-numbered

errors can be detected.

n The generator polynomial g(x) can detect any burst of error for which
the length of the burst is less than or equal to n�k.

10.3 AUTOMATIC REPEAT REQUEST (ARQ)

Automatic repeat request (ARQ) combines error detection and retransmission of

data units to ensure, to the extent possible, a sequence of data units, such as
packets, is delivered in order and without errors or duplications despite possi-

ble transmission errors. Since ARQ requires error detection, rather than error

correction, the number of parity-check bits is quite modest and the decoding
complexity is rather low. ARQ is generally employed when very low error rates

are required, transmission does not involve delay-sensitive applications, infor-
mation occurs naturally in data units, and the round-trip delay is not very long.

ARQ is adaptive as it only retransmits when errors occur. In other words, when

Table 10.2 CRC standard polynomials

Name Generator polynomial CRC bits Application

CRC-8 x8 + x2 + x +1 8 ATM header

CRC-12 x12 + x11 + x3 + x2 + x +1 12 IBM Bisync

CRC-16 x16 + x15 + x2 + 1 16 HDLC

CRC-32 x32 + x26 + x23 + x22 + x16 + x12 + x11 +
x10 + x8 + x7 + x5 + x4 + x2 + x +1

32 LANs,
V.42 modem
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the channel is quite noisy, ARQ adapts to the poor capability of the channel,

and when the channel is rather ideal, ARQ operates with very high efficiency.

ARQ is thus relatively robust to the channel conditions, without prior detailed
knowledge of the channel characteristics. ARQ is used in computer communi-

cation systems over telephone lines and is also employed to provide reliable

data transmission over the Internet or VSAT applications over the satellite.

The block diagram for an ARQ system is shown in Figure 10.4. The crux of ARQ

systems is the presence of a feedback channel from the receiver to the transmit-

ter. Over this channel, the receiver transmits a positive acknowledgement (ACK)
signal or a negative acknowledgement (NAK) signal regarding the condition of

the received data unit. An ACK indicates the received data unit had no errone-

ous bits and a NAK reflects the opposite. The transmitter responds to a NAK
(i.e., an unsuccessful transmission) by retransmitting the data unit. Each data

unit is stored at the transmitter and retransmitted upon request until it has been

successfully received, as indicated by an ACK from the receiver. The data units as
well as ACK and NAK signals may be lost during transmission. An ARQ tech-

nique is thus implemented using a set of timers to allow the transmitter to
retransmit those unacknowledged data units, for which it cannot receive a

response from the receiver in a certain time interval.

10.3.1 Stop-and-Wait, Go-Back-N, and Selective-Repeat
ARQ Techniques

As shown in Figure 10.5, there are three ARQ techniques: stop-and-wait ARQ,

go-back-N ARQ, and selective-repeat ARQ. The stop-and-wait ARQ technique
requires half-duplex operation (i.e., two-way transmission, but one at a time),

whereas the other two require full-duplex operation (i.e., two-way transmis-

sion, at all times).

In the stop-and-wait ARQ, the transmitter sends a data unit of information (e.g.,

a packet of data) to the receiver. The receiver processes the received data unit to
determine if there are any errors in it. If the receiver detects no error, it then

sends back to the transmitter an ACK signal. Upon receipt of the ACK signal,

the transmitter sends the next data unit. If the receiver does detect an error,
it returns to the transmitter a NAK signal. If either a NAK is received or a fixed

timeout interval has elapsed, the data unit is retransmitted. The transmitter

then waits again for an ACK or a NAK response before undertaking further

Return channel

Forward channel

Storage and controller

Source Encoder Modulator DecoderDemodulator Sink

Transmitter ReceiverChannel

FIGURE 10.4 Block diagram for an ARQ system.
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transmission. Clearly, the limitation of this type of ARQ is that it must stand by
idly without transmission while waiting for an ACK or a NAK; nevertheless, it

has the virtue of simplicity.

In the go-back-N ARQ,N represents the window size (the number of data units
outstanding without acknowledgement). The transmitter is in continuous

operation, and saves again all unacknowledged data units. The transmitter

sends data units, one after another, without delay, and does not wait for an
ACK signal. When, however, the receiver detects an error in a data unit, a

NAK signal is sent to the transmitter. In response to the NAK, the transmitter

returns that data unit and starts all over again at that data unit (i.e., that data
unit along with all subsequent data units are retransmitted). The receiver dis-

cards theW ¼N�1ð Þ intervening data units, correct or not, in order to preserve

proper sequence. The transmitter and the receiver both have a modest increase
in complexity. The obvious penalty is the repeated transmission of some correct

data units and the resulting unnecessary delay.

In the selective-repeat ARQ, the transmitter sends data units of information in

succession, again without waiting for an ACK after each data unit. If the receiver

1 2 32

1 2 2

Transmitter

Receiver

Error
detected

(a)

Time

1 2 3 4 5 6 7

4 5 6 7

8 2 9

1 2 3 4 5 6 7 8 2 9 10 11 12 13 14 15

10 11 12 13 14 15Transmitter

Receiver

ACK NAK

Error
detected

(c)

Time

1 2 3 4 5 6 7 8 2 3

1 2 3 4 5 6 7 8 2 3 8 9

4 5 6 7 8 9Transmitter

Receiver

ACK NAK

Error
detected

(b)

Time

FIGURE 10.5 ARQ techniques: (a) stop-and-wait ARQ, (b) go-back-N ARQ, and (c) selective-

repeat ARQ.
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detects that there is an error in a data unit, the transmitter is notified. The trans-

mitter retransmits that data unit and thereafter returns immediately to its
sequential transmission. The selective-repeat ARQ improves performance since

only data units that have been in error are retransmitted. For proper sequence of

data delivery, correct data units must be stored until all preceding erroneous
data units have been correctly received. The price of this improvement is

increased complexity at the receiver.

10.3.2 Performance of ARQ Systems

Although the ARQ techniques require different levels of complexities and thus

possess different throughput values, they all yield the same error rate.

Due to the general mode of operation for ARQ systems, block codes are more

appropriate than convolutional codes. Block codes can detect more easily than

they correct them. In an ARQ system, the channel is a binary symmetric channel
with the bit error rate p. We assume an arbitrary (n, k) block code (i.e., for k

information bits, the data unit consists of n bits, and the code rate is thus

k=nÞ. The error-detection code can detect some number of transmission errors,
but cannot detect all error patterns. When an undetectable error pattern occurs,

the receiver assumes that the data unit has been correctly received so a retrans-

mission is not requested. When a data unit is transmitted over a noisy channel,
three mutually exclusive events may thus follow: correct reception, undetected

errors, and detected errors. The probability of correct reception Pc (i.e., the

probability that no errors occur) is as follows:

Pc ¼ 1�pð Þn (10.11)

The probability of an undetected error Pu corresponds to a pattern of errors that

match a codeword, and the probability of a detected error Pd on each transmis-

sion can thus be determined by:

Pd ¼ 1�Pc�Pu (10.12)

Since ACK and NAK signals are short, hence easily protected, it is reasonable to
assume that no errors are made in the feedback channel. The transmission of a

data unit terminates when no error is detected. With Pd as the probability of

retransmitting a data unit, the total probability of receiving a data unit in error,
denoted as Pb, is the sum of the probabilities of error on the first, second, third,

and all other transmissions. We thus have:

Pb ¼ Pu + Pd Pu + P
2
d Pu +P

3
d Pu + � � � ¼ Pu

1�Pd
¼ Pu
Pc + Pu

(10.13)

As reflected in (10.13), the data-unit error rate Pb is a function of the error-

detection capabilities of the code, but not a function of the specific ARQ tech-

nique. To achieve a low Pb, the block code (n, k) code must be chosen to have a
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low undetectable error probability Pu, as Pc is a function of n and the bit error

rate p.

The ARQ system throughput (also known as transmission efficiency or utiliza-

tion factor) η is defined as the ratio of the average number of information bits
accepted at the receiver per unit of time to the number of information bits that

would be accepted per unit of time if ARQ were not used. While all ARQ sys-

tems yield the same data-unit error rate, their throughput efficiencies are differ-
ent. It can be shown that with the transmission bit rate R, the processing and

transmission time T, delay-bandwidth productD ¼ 2RTð Þ, and the transmission

pipe size in multiples of data units W ¼D=nð Þ, the throughputs of ARQ tech-
niques can be approximated, as summarized in Table 10.3.

The three ARQ systems differ rather significantly in both implementation com-

plexity and transmission efficiency performance. A close examination of their
efficiency expressions indicates that they are linearly related to the probability

of retransmitting a data unit. In addition, the efficiency of the selective repeat
ARQ is superior to that of the go-back-N ARQ, and that in turn is better than

that of the stop-and-wait ARQ. It is important to highlight that when Pd ! 0,

the performance of the go-back-N ARQ is then about the same as that of the
selective repeat ARQ, and when Pd ! 1, the performance of the go-back-N

ARQ is then about the same as that of the stop-and-wait ARQ.

There is also the possibility of hybrid techniques that combine error detection
and error correction. Hybrid techniques have proved useful in systems having

long delay. In one approach, known as Type I hybrid ARQ, when the noise level

is constant with time, a code is used to correct the great majority of the errors,
and detect certain unlikely error patterns. To this effect, all the necessary parity

bits for error detection and error correction are sent with each data unit. If such

error patterns occur, retransmission is requested, and the receiver attempts to
correct the errors in the retransmitted data units. The process is repeated until

no error is detected in a retransmitted data unit. In another approach, known as

the Type II hybrid ARQ, no attempt is made to correct errors on the first trans-
mission; however, when an error is detected in the first transmission, the

retransmission contains extra parity bits for error correction. The first transmis-

sion is saved so that it along with the second and subsequent retransmissions
can be used to retrieve the information bits. Error correction significantly

reduces the number of data units that must be retransmitted, thereby increasing

the throughput.

Table 10.3 ARQ throughput performance

Stop-and-Wait ARQ Go-Back-N ARQ Selective-Repeat ARQ

ηSW ¼
k

n

� �
1�Pdð Þ

1+W
ηGB ¼

k

n

� �
1�Pdð Þ

1+WPd

ηSR ¼
k

n

� �
1�Pdð Þ
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10.4 BLOCK CODES

In block codes, a block of k information bits is encoded into a block of n> k bits

by adding n�k check (extra, redundant) bits derived from the k message bits.
The code is then referred to as an (n, k) block code with the code rate R¼ k

n< 1.

The n-bit block of the channel encoder output is called a codeword (also known

as a codevector). The total number of possible n–bit codewords is 2n while the
total number of possible k-bit messages is 2k. There are therefore 2n�2k possi-

ble n-bit codewords that do not represent possible messages. In a linear block

code, the sum of any two codewords, in modulo-2 arithmetic, is a codeword in
the code. A code in which the information bits appear unaltered at the begin-

ning of a codeword is called a systematic code. The focus here is on systematic

linear block codes.

The basic goals in choosing a particular code are to have a high code rate and

the codewords to be as far apart from one another as possible. The encoding

operation of a systematic linear block code consists of first partitioning the
stream of information bits into groups of k successive information bits and then

transforming each k-bit group into a larger block of n bits according to the set

of rules associated with a particular block code. The additional n�k bits are
generated from a linear combination of the k information bits. The encoding

and decoding operations can be described using matrices and vectors.

10.4.1 Description and Capabilities of Linear Block Codes

ThemessageM is denoted as a row vector or k-tupleM¼ m1, m2, . . . , mkð Þ, where
each information bit can be a 0 or a 1. A codeword C of length n bits is repre-
sented by a row vector or n-tuple C¼ c1, c2, . . . , cnð Þ. In a systematic linear block

code, the first k bits of the codeword are the information bits, i.e., we have:

ci ¼mi, i¼ 1, 2, . . . , k (10.14)

and the last n�k bits of the codeword are the parity-check bits, and can be

represented by B¼ b1, b2, . . . , bn�kð Þ. The n�k check bits are linear sums of
the k information bits, i.e., we have:

ci ¼ bi�k ¼
Xk

j¼1

pj, i�kmj, i¼ k + 1,k + 2, . . . , n (10.15)

where the coefficients pj, i�k are 0s and 1s and the addition operations are per-
formed in modulo-2 arithmetic so every bit in the codeword C is a 0 or a 1.

In order to determine the error-detecting and correcting capabilities of linear
block codes, we first need to introduce the Hamming weight of a codeword,

the Hamming distance between two codewords, and the minimum distance

dmin of a block code. The Hamming weight of a codeword C is defined as the
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number of non-zero elements (i.e., 1s) in the codeword. TheHamming distance

between two codewords is defined as the number of elements in which they
differ. The minimum distance dmin of a linear block code is the smallest Ham-

ming distance between any two different codewords, and is equal to the min-

imum Hamming weight of the non-zero codewords in the code.

EXAMPLE 10.4

Consider a linear block code whose codewords are as follows: (000000), (001011), (010101),

(011110), (100110), (101101), (110011), and (111000). Determine theminimumweights and themin-

imum distance of the code.

Solution
As reflected in the following table, the minimum Hamming weight for this linear block code is 3

and hence the minimum distance of the code is 3.

It can be shown that a linear block code of minimum distance dmin can detect
up to t errors if and only if dmin � t +1 and correct up to t errors if and only if

dmin � 2t + 1. Obviously, for a given n and k, the design objective is to design an

(n,k) code with the largest possible minimum distance dmin. However, there is
no systematic way to achieve it in all cases.

We now combine (10.14) and (10.15) and write them in in the following

matrix form as:

c1, c2, � � � , cnð Þ¼ m1, m2, � � � , mkð Þ

1000 � � � 0 p11

0100 � � � 0 p21

p12 � � � p1,n�k

p22 � � � p2,n�k

..

. ..
.

0000 � � � 1 pk1

..

. ..
.

p12 � � � pk,n�k

0
BBBB@

1
CCCCA

or equivalently:

C¼MG (10.16)

Codewords Weight

000000 0

001011 3

010101 3

011110 4

100110 3

101101 4

110011 4

111000 3
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where the k�nmatrixG is called the generator matrix of the code and it has the

following form:

G¼ Ik j P½ 	 (10.17)

where thematrix Ik is the identitymatrix of order k and the k� n�kð Þmatrix P is

known as the coefficient matrix. All k rows of the generator matrix G are linearly
independent, that is, no row of thematrix can be expressed in terms of the other

rows. In other words, the generator matrix Gmust have rank k. When P is spec-

ified, it defines the (n, k) block code completely. Each of the elements in Pmay
be a 0 or a 1, and are chosen in such a way that the rows of the generator matrix

P are linearly independent. Note that we have:

C¼ M j B½ 	 (10.18)

where B¼ b1, b2, � � � , bn�kð Þ represents the vector consisting of the parity-check
bits. Using (10.16) to (10.18) gives rise to the following:

B¼MP (10.19)

(10.19) clearly points to the fact that the matrix P determines the parity-check

vector B for a given message vector M.

EXAMPLE 10.5

Determine all codewords for a (6, 3) systematic linear block code whose generator matrix is as

follows:

G¼
1 0 0
0 1 0
0 0 1

j 1 1 0
j 1 0 1
j 0 1 1

0
@

1
A

Solution
Since we have k¼ 3, there are eight possible message blocks: (000), (001), (010), (011), (100), (101),

(110), and (111). Using (10.16), the following table provides the assignment of codewords tomessages:

Messages (M) Codewords (C)

000 000000

001 001011

010 010101

011 011110

100 100110

101 101101

110 110011

111 111000
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The encoder essentially has to store the generator matrix G or the coefficient

matrix P of the code and perform binary arithmetic operation to generate the
check bits. The encoder complexity increases as k increases and/or n increases.

The message bits and parity-check bits of a systematic linear block code are
related by the parity-check matrix H, which is defined as follows:

H¼
p11 p21 � � � pk1
p12 p22 � � � pk2

..

. ..
. ..

.

p1,n�k p2,n�k � � � pk,n�k

1 0 0 0
0 1 0 0
..
.

0 0 0 0

� � �
� � �

� � �

0
0
..
.

1

0
BBB@

1
CCCA¼ PT Ij n�k

� �

where PT is an n�kð Þ�n matrix representing the transpose of the coefficient

matrix P and In�k is an identity matrix of order n�kð Þ. The parity-check matrix
H can be used to verify whether a codeword C is generated by the generator

matrix G. More specifically, C is a codeword if and only if we have:

CHT ¼ 0 (10.20)

where HT is the transpose of the parity-check matrix H. The rank of H is n�k
and the rows of H are linearly independent. The minimum distance dmin of a

linear block code is closely related to the structure of the parity-check matrixH.

As the generator matrix G is used in the encoding operation, the parity-check

matrix H is used in the decoding operation. Let the received vector R be the

sum of the transmitted codeword C and the noise vector E, that is

R¼C +E (10.21)

where R and E are both 1�n vectors as well. An element of E equals 0 if the

corresponding element of R is the same as that of C. An element of E equals
1 if the corresponding element of R is different from that of C, in which case

an error is said to have occurred in that location. The decoder does not know

C and E, and its function is to decode C from R, and determine the message
blockM from C. The decoder performs the decoding operation by determining

the n�kð Þ syndrome vector S, defined as follows:

S¼RHT (10.22)

Using (10.20) and (10.21), (10.22) becomes as follows:

S¼ EHT (10.23)

The syndrome S depends only on the error pattern and not on the transmitted

codeword. For a linear block code, the syndrome S is equal to the sum of those

rows of HT where errors have occurred. The syndrome of a received vector is
zero if R is a valid codeword. If errors occur, then the syndrome S is non-zero.

Since the syndrome S is related to the error vector E, the decoder uses the syn-

drome S to detect and correct errors.
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EXAMPLE 10.6

Consider a (6, 3) systematic linear block code whose parity-check matrix is as follows:

H¼
1 1 0
1 0 1
0 1 1

j 1 0 0
j 0 1 0
j 0 0 1

0
@

1
A

Determine the syndrome S when (a) R¼ 111000ð Þ and (b) R¼ 111111ð Þ.
Solution
Using (10.22), we have the following:

(a) S¼RHT ¼ 000ð Þ, as S is a zero vector, (111000) is a valid codeword.

(b) S¼RHT ¼ 111ð Þ, as S is a non-zero vector, (111111) is not a valid vector and an error has

occurred.

10.4.2 Syndrome-Based Decoding

For an (n, k) linear block code, C1, C2, � � �, C2k are the 2
k different codewords of

C. However, the received vector R can be any one of the 2n different n-tuples.

The task of the decoder is to associate the received vector R with one of the 2k

n-tuples that are valid codewords. The decoder thus partitions the 2n n-tuples
into 2k disjoint sets such that each set contains only one codeword Ci for

1� i� 2k. The received vector R is decoded into Ci if it is in the ith set. Correct

decoding results, if the error vector E is such that R¼Ci +E belongs to the ith set,
and incorrect decoding results, if R¼Ci +E does not belong to the ith set.

The 2k codewords constitute a standard array of the linear block codes, as
shown in Table 10.4. The array consists of 2k columns that are disjoint. All code-

words are placed in the first row, with the codeword of all zeros in the leftmost

position. The first element in the second row E2 is any one of the 2n�2k
� �

n-tuples not appearing in the first row. E2 is then added to the codewords to

form the second row. An unused n-tuple E3 is chosen to begin the third row,

and E3 is then added to the codewords to form the third row. The process con-
tinues until all of 2n n-tuples are used in the array. Each column now has 2n�k n-

tuples with the top most n-tuple as a codeword.

Table 10.4 A standard array for an (n, k) linear block code

C1 C2 C3 � � � C2k

E2 C2 +E2 C3 +E2 � � � C2k +E2

E3 C2 +E3 C3 +E3 � � � C2k +E3
..
. ..

. ..
. ..

. ..
.

E2n�k C2 +E2n�k C3 +E2n�k � � � C2k +E2n�k

430 CHAPTER 10: Error-Control Coding



The rows of the array are called co-sets and the first element in each row is called

a co-set leader. If the error pattern caused by the channel coincides with a co-set
leader, then the received vector is correctly decoded. On the other hand, if the

error pattern is not a co-set leader, then an incorrect decoding will result. For a

given channel, the probability of decoding error is minimized when the most
likely error patterns are chosen as the co-set leaders. Hence, the co-set leader

should be chosen as the vector with a minimum Hamming weight from the

remaining available vectors.

It can be shown that all the 2k n-tuples of a co-set have the same syndrome

and the syndromes of different co-sets are different. The one-to-one
correspondence between a co-set leader (correctable error pattern) and a

syndrome leads to the following procedure known as syndrome-based

decoding:

1. Compute S¼RHT for the received vector R.

2. Locate the co-set leader Ei that has the same syndrome S, as Ei can then be
assumed to be the error pattern caused by the channel.

3. Obtain the codeword C from R by C¼R +Ei. Since the most probable

error patterns have been chosen as the co-set leaders, this scheme will
correct the 2n�k most likely error patterns introduced by the channel.

We thus require storing the 2n�k syndrome vectors of length n� k bits and the

2n�k n-bit error patterns corresponding to these syndromes. Thus, the storage

required is of the order of 2n�k 2n�kð Þ. Since the encoding operations for linear
block codes are moderately complex and their syndrome-based decoding

schemes are rather impractical, binary cyclic codes, which form a sub-class

of linear block codes, are of importance.

They have algebraic properties that allow them to be easily encoded and

decoded by efficient schemes using simple shift registers. In a cyclic code, any

cyclic shift of a codeword results in another codeword and the sum of any
two codewords is also a codeword.

If g(x) is a polynomial of degree n�k and is a factor of xn + 1 (modulo-2), then
g(x) is a generator polynomial that generates an (n, k) linear cyclic block code.

With the message polynomial m(x), the code polynomial c(x) can be found in

two different ways:

i) c xð Þ¼m xð Þg xð Þ, resulting in codewords that are not in the systematic

form, and
ii) c xð Þ¼ xn�km xð Þ + r xð Þ, where the parity-check polynomial r(x) is the

remainder from dividing xn�km xð Þ by g(x), yielding systematic codewords
(as already discussed earlier in the context of CRC).
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EXAMPLE 10.7

Show g xð Þ¼ x3 + x + 1 can be a generator polynomial for a (7, 4) cyclic code, and determine themes-

sage polynomial for the message 1100. Determine the corresponding codeword for both cases of

systematic and non-systematic cyclic codes.

Solution
With n¼ 7 and k¼ 4, the generator polynomial g xð Þ¼ x3 + x + 1 is of the order of n�k¼ 3. Also, g(x)

divides x7 + 1, as we have x7 + 1¼ x3 + x + 1
� �

x4 + x2 + x + 1
� �

: g xð Þ¼ x3 + x + 1 can therefore be a gen-

erator polynomial for a (7, 4) cyclic code. With themessage 1100, we have themessage polynomial

m xð Þ¼ x3 + x2.

For the non-systematic cyclic code, we have c xð Þ¼m xð Þg xð Þ¼ x3 + x2
� �

x3 + x + 1
� �¼ x6 + x5 + x4 + x2,

which in turn means the codeword is 1110100. For the systematic cyclic code, we first divide

x3 x3 + x2
� �

by x3 + x + 1 to obtain the remainder polynomial r(x), we therefore have r xð Þ¼ x. The code

polynomial is thus given by c xð Þ¼ xn�km xð Þ + r xð Þ¼ x3 x3 + x2
� �

+ x¼ x6 + x5 + x, which in turn means

the codeword is 1100010, similar to what was discussed in CRC.

For an (n,k) systematic cyclic code, the encoding and decoding processes, as
shown in Figure 10.6, are simple and straightforward.

+D +++ DD…DD

Gate…

Parity bits

Message bits

Codeword

1

2

(a)

D+ +++ DD…DD

Gate…

Received bits

Syndrome output
(b)

FIGURE 10.6 Encoder and decoder for an (n, k ) cyclic code: (a) encoder and (b) syndrome calculator.
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10.4.3 Well-Known Codes

There are many important linear block codes, including k +1, kð Þ single parity-
checkbit codesandCRCcodes,whichcannot correct errorsandwerediscussedear-

lier as effective error-detection schemes. Noting there aremany well-known codes

with error-correcting capability, we first describe repetition (repeated) codes and
thenbrieflydiscussBCHcodes,which forma large classof cyclic linearblockcodes.

Repetition codes are the simplest type of linear block codes with error-correcting
capability. A bit is encoded into a block of n identical bits, resulting in an (n, 1)

block code. Assuming the code has error-correcting capability t, a bit is encoded

as a sequence of 2t + 1 identical bits, thus yielding 2t + 1, 1ð Þ linear block codes.
In the case of hard-decision decoding, a majority logic decision needs to be

made, i.e., if the number of 0s exceeds the number of 1s, the decoder decides

in favor of a0, otherwise, it decides in favor of a1. The soft-decision decoding
can be easily implemented to enhance the error rate performance at a modest

level of complexity and the performance improvement due to soft-decision

decoding can be significant. There are thus only two codewords in the code:
all-zero codeword and all-one codeword. This code requires the use of significant

bandwidth as it has a very low code rate
1

2t +1
� 1

3
, and therefore such codes are

inefficient. However, repetition codes are attractive for deep-space communica-

tions, as there exists huge bandwidth at extremely high frequency band.

Bose-Chaudhuri-Hocquenghem (BCH) codes offer flexibility in the selection of

the block length and code rate, and can be designed for correction of any given

number of errors. A fast decoding algorithm can be employed for hard-decision
decoding of the BCH codes. For any integerm� 3 and 0< t< 2m�1, there exists

a t-error-correcting BCH (n, k) code with n¼ 2m�1 and n�k�mt, whose min-

imum distance dmin is bounded as follows: 2t +1� dmin � 2t +2. BCH codes
can be defined in the binary field, such as the Hamming codes, and in the

non-binary (symbol) field, such as the Reed-Solomon codes.

For single error-correcting codes, if the total number of bits in a transmitted
codeword is n, then m¼ n�k check bits must be able to indicate at least

n+ 1 different states. Of these, one state means no error, and n states indicate

the location of an error in each of the n positions, where it is also possible to
have an error in the redundancy bits themselves. So n +1 states must be discov-

erable by n�k bits, and n�k bits can indicate 2n�k different states. Therefore,
we must have 2n�k � n+ 1 or equivalently 2m�1� n, for an (n, k) code with

single error-correcting capability.

Hamming codes have dmin ¼ 3, and thus t¼ 1, i.e., a single error can be corrected
regardless of the number of parity-check bits. An (n, k) Hamming code has

m¼ n�k parity-check bits, where n¼ 2m�1 and k¼ 2m�1�m, for m� 3.
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The parity-checkmatrixH of aHamming code hasm rows and n columns, and the

last n�k columns must be chosen such that it forms an identity matrix. No
column consists of all zeros; each column is unique and has m elements. In view

of this, the syndrome of all single errors will be distinct and single errors can be

detected. By increasing the number of parity check bits k, the error-correcting

capability remains unchanged (i.e., t¼ 1), but the code rate
k

n
improves, of course

at the expense of additional encoding and decoding complexity.

EXAMPLE 10.8

Find the parity-check matrix, the generator matrix, and all the 16 codewords for a (7, 4) Hamming

code. Determine the syndrome, if the received codeword is a) 0001111 and b) 0111111.

Solution
The parity-check matrix Hmatrix consists of all binary columns except the all zero sequence, we

thus have it in the following form:

H¼
1 1 0 1
1 0 1 1
0 1 1 1

j 1 0 0
j 0 1 0
j 0 0 1

0
@

1
A

and the corresponding generator matrix G is as follows:

G¼
1 0 0 0
0 1 0 0
0
0

0
0

1
0

0
1

j 1 1 0
j 1 0 1
j
j

0
1

1
1

1
1

0
B@

1
CA

The resulting codewords are all listed in the following table:

Message (M) Codeword (C)

0000 0000000

0001 0001111

0010 0010011

0011 0011100

0100 0100101

0101 0101010

0110 0110110

0111 0111001

1000 1000110

1001 1001001

1010 1010101

1011 1011010

1100 1100011

1101 1101100

1110 1110000

1111 1111111
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(a) S¼RHT ¼ 000. Since the syndrome is a zero vector, there are no errors in the codeword.

(b) S¼RHT ¼ 110. Since the syndrome corresponds to the first row of column of H,

the first bit of the received codeword is in error (i.e., the transmitted codeword was

1111111).

Reed-Solomon (RS) codes are non-binary cyclic codes with symbols each made

up ofm-bits, wherem� 1. A Reed-Solomon (n, k) code is used to encode k sym-
bols into blocks of n¼ 2m�1 symbols by adding n�k parity symbols, where

each symbol consists of m bits. A Reed-Solomon code with the symbol-

error-correcting capability t has n� k¼ 2t parity-check symbols and a mini-
mum distance dmin ¼ 2t + 1.

Reed-Solomon codes achieve the largest possible minimum distance for any

linear block code with the same encoder input and output block lengths, as
they can make highly-efficient use of redundancy. Block lengths and symbol

sizes can be quite easily adjusted to meet various input message sizes. A unique

and valuable merit of Reed-Solomon codes is their capability to correct burst
errors. With efficient decoding techniques, Reed-Solomon codes have wide

applications. In fact, they have applications in deep-space communications,

wireless communications, such asWiMAX, storage devices, such as CDs, DVDs,
Blu-ray discs, and digital video broadcasting systems, in the form of

concatenated codes.

EXAMPLE 10.9

Determine the parameters of an 8-bit RS code whose error-correcting capability is 16 symbols.

Solution
With m¼ 8, as the number of bits in a symbol, we thus have n¼ 28�1¼ 255 symbols in a code-

word. With n¼ 255 and t¼ 16, we have k¼ n�2t¼ 255�32¼ 223 symbols in a codeword. We

therefore have the code rate R¼ k

n
¼ 223

255
ffi 0:875. The total number of bits in a codeword is 255�

8¼ 2040 bits. Since this code can correct 16 symbols, it can thus correct 16�8¼ 128 consecutive

bits. This 8-bit Reed-Solomon code is thus extremely powerful for correcting bursts of errors.

However, if the errors are at random, and there is, at most, one error per symbol, then this

code can correct only 16 bit errors in 2040 bits, hence not an efficient code for correcting

random errors.

10.5 CONVOLUTIONAL CODES

A convolutional code is described by three integers, n, k, and K. K is a param-

eter known as the constraint length. In practice, n and k are small integers and
K, also a small integer, is varied to control the level of redundancy and the

resulting correlations. An increase in K can result in an increase in coding gain,
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but at the expense of higher decoding complexity. An important characteristic
of convolutional codes, and a differentiating factor from block codes, is that

the encoder has significant memory. Each encoded n-bit output depends not

only on the corresponding k-bit input, but also on the previous (K – 1) k-bit
inputs.

A general encoder for an (n, k, K) convolutional code, as shown in Figure 10.7,
has a k K-stage shift register and nmodulo-2 adders. At each unit of time, k bits

are shifted into the first k stages of the register and all bits in the register are

shifted k stages to the right. The outputs of the n adders, which form the n-linear
combination of the contents of the shift register, yield the encoded bits. In order

to clear or flush the encoding shift register of the input bits, k K�1ð Þ zero bits

are appended to the end of the input message sequence and the corresponding
n outputs are transmitted over the channel. This in turn provides the convolu-

tional encoder with the all-zero state. The effective code rate is less than the ratio
k

n
. The reason for the disparity is that the final message bit into the encoder

needs to be shifted through the encoder, as all the encoded bits are needed
in the decoding process. Assuming themessage sequence consists of L bits, then

the encoded sequence consists of n L +K�1ð Þ bits, i.e., the effective rate is
L

n L +K�1ð Þ. Noting that in practice, we have L
K�1, the effective code rate

thus simplifies to
1

n
.

10.5.1 Representations of Convolutional Codes

A binary convolutional code is a finite-state machine with 2k K�1ð Þ states. In a
finite state machine, a state consists of the smallest amount of information that

together with the knowledge of the input can determine the output. There are

1

…1 2 k 1 2 k 1 2 k

Stage 1

Information bits

+++ …+

2 3

Stage 2 Stage

Encoded bits

... ... ...

FIGURE 10.7 A block diagram of an (n, k, K ) convolutional encoder.
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several methods for representing a convolutional encoder in graphical form;

they include the state transition diagram, the tree diagram, and the trellis dia-
gram. As a convention, in the state transition and trellis diagrams, a solid line

represents an input 1, whereas a dashed line represents an input 0.

In a state transition diagram, transitions between states are shown by paths con-

necting the states. There are 2k paths coming from each state, corresponding to

the k possible input bits. The number of paths going to a state is also 2k. In a state
transition diagram, it is not possible in a single transition to move from a given

state to any arbitrary state. The state transition diagram completely characterizes

the encoder, but falls short in tracking the transitions as a function of time.

The tree diagram adds the dimension of time, which in turn allows dynamically

describing an encoder as a function of a particular input sequence. The encod-

ing process is traced from left to right in accordance with the input bits. When
an input bit is a 0, we move to the next rightmost branch in the upward direc-

tion and if the input is a 1, wemove to the rightmost direction in the downward
position. The drawback of the tree diagram is that the number of branches

increases exponentially.

The trellis diagram, by exploiting the repetitive structure, provides a more man-
ageable encoder description. The nodes of the trellis characterize the encoder

states. There is a one-to-one correspondence between the states of the transition

state diagram, those of the trellis diagram and the nodes of the tree diagram.
The trellis diagram is obtained by specifying all states on a vertical axis. Tran-

sition between two states is denoted by a path on two adjacent vertical axes.

There are 2k branches of the trellis leaving each state and 2k branches arriving
at each state.

A convolutional encoder can be represented by a set of n generator polyno-
mials, one for each of the n modulo-2 adders. Each polynomial is of degree

K�1 or less and describes the connection of the encoding shift register to that

modulo-2 adder, where the coefficient of each term is either a 1 or a 0, depend-
ing on whether a connection exists or does not exist between the shift register

and the adder. The product of each of these n generator polynomials and the

input polynomial gives rise to the corresponding output polynomial, from
which the corresponding encoded output can be formed.

EXAMPLE 10.10

A convolutional encoder, with k¼ 1, n¼ 2; and K¼ 3, is shown in Figure 10.8a.

(a) Determine the number of states, and present the state transition, tree, and trellis

diagrams.

(b) Determine the generator polynomial to identify the encoded bits if the message

sequence is 11011, and determine the effective code rate.
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FIGURE 10.8 Convolutional encoding for Example 10.10: (a) encoder, (b) state transition diagram, (c) tree diagram, and

(Continued)
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Solution

(a) The number of states is 2 K�1ð Þk ¼ 2 3�1ð Þ ¼ 4. All three diagrams are all shown in

Figure 10.8.

(b) The generator polynomial for the upper connection is g1 xð Þ¼ 1 + x + x2 and that for the lower

connection is g2 xð Þ¼ 1 + x2. The polynomial corresponding to the input sequence 11011 is

m xð Þ¼ 1 + x + x3 + x4. The polynomial corresponding to the output sequence for the upper

path is given by m xð Þg1 xð Þ¼ 1 + x6 and thus its output sequence is 1000001. The polynomial

corresponding to the output sequence for the lower path is given by

m xð Þg2 xð Þ¼ 1 + x + x2 + x4 + x5 + x6 and thus its output sequence is 1110111. By multiplexing

the output sequences of both paths, we obtain the encoded sequence {11 01 01 00 01 01 11}.

The effective code rate is thus
5

2 5 + 3�1ð Þ¼
5

14
.

Any change in the choice of connections results in a different code. The connec-

tions are, of course, not chosen arbitrarily. The problem of choosing connec-
tions to yield good distance properties is rather complicated. When a

convolutional code that maps information bits that are far apart into code-

words that are not far apart is not a good code, as the codewords can then
be mistaken and the result would be a significant number of erroneous bits.

Codes that allow such error propagation are called catastrophic codes.

10

01

11

00

0000

00000000

101010

1010

0101010101

1111

11111111

Input bit 0

Input bit 1

(d)

FIGURE 10.8, cont’d (d) trellis diagram.
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An important measure for a convolutional code to combat errors is the free dis-

tance, which is defined as the minimum Hamming distance between any two
codewords in the code. Since a convolutional code is a linear code, the free

distance dfree is a minimum weight of codewords generated by non-zero

data sequences. It is also the minimum weight of all paths in the trellis
diagram that diverge from and remerge with the all-zero state. A convolutional

code with the free distance dfree can correct t errors if and only if dfree � 2t +1.

In contrast to block coding, non-systematic convolutional codes is usually
preferred over systematic convolutional codes, as the free distance of systematic

convolutional codes are usually smaller than that of the non-systematic

convolutional codes.

10.5.2 Maximum-Likelihood Decoding: The Viterbi Algorithm

When all input messages are equally likely, the maximum-likelihood decoder

(MLD) produces the most likely codeword as its output, i.e., it selects a code-

word closest (e.g., the minimum Hamming distance in a binary symmetric

channel) to the received sequence. This is achieved by maximizing the condi-
tional probabilities, also known as likelihood functions, of received sequence

over all possible transmitted sequences.

An MLD involves searching the entire code space, thus requiring a very high

degree of computation. This brute-force approach can lead to a computational

complexity that is an exponential function of the number of bits in the transmit-
ted sequence. Maximization of the conditional probability can be performed

recursively and efficiently using the Viterbi algorithm. The complexity associated

with the Viterbi algorithm is a linear function of the number of bits in the trans-
mitted sequence, but an exponential function of the constraint length.

For a received sequence, the Viterbi algorithm chooses a path in the trellis dia-

gram such that the code sequence corresponding to the chosen path is at min-
imum distance from the received sequence. In other words, the algorithm

involves calculating a measure of similarity between the received sequence,
at a given time, and all the trellis paths entering each state at that time. It reduces

the computational load by exploiting the structure in the code trellis, as it

removes from consideration those trellis paths that could not possibly be can-
didates for the maximum likelihood choice. When two paths enter the same

state, the one with the best minimum distance is chosen. The retained path

is called the surviving path at that state. This selection of surviving paths is per-
formed for all the states. The decoder assigns to each branch of each surviving

path a distance (metric). Summing the branch metric yields the path metric.

The decoder continues in this way to advance deeper into the trellis, making
decisions by eliminating the least likely paths. The sequence is finally decoded

as the surviving path with the smallest metric.
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The Viterbi algorithm is a form of dynamic programming algorithm for finding

the optimum path, in one case it may be the most likely path in another the
shortest path. Dynamic programming is based on the principle that any portion

(sub-path) of the overall optimum path must be the optimum path between

the end points of that portion (sub-path). This is obvious, since if it were
not true the portion (sub-path) could be replaced to yield a lower overall path

length, a contradiction. The operation of Viterbi’s algorithm can be best stated

by means of a trellis diagram.

EXAMPLE 10.11

Using the Viterbi algorithm, determine the shortest path between the nodes a and h in the trellis

diagram shown in Figure 10.9a, where a number next to a dashed line represents the distance

between two adjacent nodes.

Solution
The shortest path between a and h must go through either b or c. If it goes through b, then the

distance up to b is 1 and up to c is 2, where the metrics at b and c are then 1 and 2, respectively,

as shown in Figure 10.9b.

If the shortest path between a and hmust go through d, then it must go through either b or c to get to

d. The distance from a to d via b is 4 ¼ 1 + 3ð Þ and that via c is 7 ¼ 2 + 5ð Þ. It is then obvious that the path
from a to d, via c, is not part of the overall optimum path between a and h, and will therefore not be

included in subsequent calculations, and the surviving path is from a to b to d. If the shortest path

between a and h must go through e, then it must go through either b or c to get to e. The distance
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FIGURE 10.9 Illustrating step in the Viterbi algorithm for Example 10.11.
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from a to e via b is 5 ¼ 1 + 4ð Þ and that via c is 8 ¼ 2 + 6ð Þ. It is then obvious that the path from a to e, via

c, is not part of the overall optimum path between a and h, and will therefore not be included in

subsequent calculations, and the surviving path is from a to b to e. It is already evident that the

shortest distance between a and h, whether it goes through d or e, will not include the path going

through c. In other words, we already know that the path from a to b is part of the optimum path

between a and h, where the metrics at d and e are 4 and 5, respectively, as shown in Figure 10.9c.

If the shortest path between a and hmust go through f, then it must go through either d or e to get

to f. The distance from a to f via d is 11 ¼ 4 + 7ð Þ and that via e is 13 ¼ 5 + 8ð Þ. It is then obvious that the
path from a to f, via e, is not part of the overall optimum path between a and h, and will therefore

not be included in subsequent calculations, and the surviving path is from a to b to d to f. If the

shortest path between a and h must go through g, then it must go through either d or e to get

to g. The distance from a to g via d is 13 ¼ 4 + 9ð Þ and that via e is 15 ¼ 5 + 10ð Þ. It is then obvious

that the path from a to g, via e, is not part of the overall optimum path between a and h, and will

therefore not be included in subsequent calculations, and the surviving path is from a to b to d to g.

It is already evident that the shortest distance between a and h, whether it goes through f or g, will

not include the path going through e. In other words, we already know that the path from a to b to d

is part of the optimum path between a and h, where the metrics at f and g are 11 and 13, respec-

tively, as shown in Figure 10.9d.

The distance from a to h via f is 25 ¼ 11 + 14ð Þ and that via g is 24 ¼ 13 + 11ð Þ. It is then obvious that

the path from a to h, via f, is not part of the overall optimum path between a and h and the overall

optimum path is thus from a to b to d to g to h, as shown in Figure 10.9e. The Viterbi algorithm

yields linear complexity, whereas the brute-force algorithm, which compares all possible path

combinations to find the shortest path, gives rise to exponential complexity.

The Viterbi algorithm is a maximum-likelihood decoder that is optimum for an

AWGNchannel as well as a binary symmetric channel. Themaximum-likelihood
decoding using the Viterbi algorithm is used over binary input channels with

either (1-bit) hard or 3-bit soft quantized outputs. With the Viterbi algorithm,

soft-decisions represent only a modest increase in computation, the code rate
is usually not smaller than 1/3, the constraint length typically ranges between

3 and 9 and the path memory is usually a few constraint lengths.

10.5.3 Trellis-Coded Modulation

In the absence of trellis-coded modulation, at the transmitter, encoding is per-

formed separately from modulation, and at the receiver, demodulation (detec-
tion) is carried out independently from decoding. Error-correcting codes

provide improvements in error-rate performance at the cost of bandwidth expan-

sion (i.e., a reduction in bandwidth efficiency is traded for an increase in power
efficiency). In the case of band-limited channels, such as telephone channels, an

improvement in error rate performance is not possible, unless some types of

combinedmodulation and coding, called trellis-codedmodulation, is employed.
The performance improvement due to trellis-coded modulation is not at the

expense of bandwidth expansion, but at the expense of decoding complexity.
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A limitation to the performance of error-control codes is the modulation tech-

nique, as selection of a code must go hand-in-hand with the choice of modu-
lation technique for the channel. Trellis-coded modulation (TCM) combines an

amplitude and/or phase modulation signaling set with a trellis-coding scheme,

such as convolutional codes. The number of signal points in the constellation
using TCM is larger than what is required when coding is not employed. This

additional signal points, at a constant power level, can decrease the minimum

Euclidean distance within the constellation. However this reduction in mini-
mum Euclidean distance can be well compensated by an increase in the dis-

tance due to channel coding such that the error rate significantly improves

only at the expense of the bandwidth conserved due to the use of a larger set
of signal points.

The trellis-coding scheme, such as a convolutional code that has memory,
allows only certain sequences of signal points for transmission. In the design

of the trellis-codes, the emphasis is on maximizing the Euclidean distance

between codewords rather than maximizing their Hamming distance. Using
optimal soft-decision decoding algorithm for convolutional codes, such as

the Viterbi algorithm, the possible sequence of signals is modeled as a trellis

structure. Assuming an AWGN channel, maximum-likelihood decoding of a
trellis code consists of finding that particular path through the trellis with min-

imum Euclidean distance to the received sequence.

The key concept in the construction of efficient TCM schemes is set partitioning.

The approach is to partition anM-ary constellation successively into 2i sub-sets

with sizeM/2i signal points, where i is a positive integer, with the goal to further
increasing minimum Euclidean distance between their respective signal points.

A set is partitioned into two sub-sets that are congruent and ensure the signal

points within each partition are maximally apart. The process continues as far
as the code allows.

Figure 10.10 shows the block diagram of a TCM scheme. The incoming block of

k information bits consists of two streams of k1 bits and k2 bits (i.e., k¼ k1 + k2).
The first k1 bits are the input to an (n1, k1) encoder, and the output thus consists

of n1 bits. The signal points in the constellation are partitioned into 2n1 sub-sets.

The remaining k2 information bits determine a signal point in a given sub-set
(i.e., in each sub-set there are 2k2 signal points). In other words, the constella-

tion should contain 2n1 + k2 points. This also leads to the number of steps

required in partitioning of the constellation.

The objective of trellis-coded modulation is to increase the minimum distance

between the signals that are the most likely to be confused, without increasing
the average signal power. Even though the increase in signal set reduces the min-

imum distance between symbols, the Euclidean distance between trellis-coded

sequences more than compensates for the signal points bring jammed together.
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The Viterbi algorithm is employed in the decoding of TCM, as the modulator

has memory and maximum likelihood sequence detection must thus be per-

formed. First, the most likely signal point in each partition is determined,
i.e., we find the signal point in each sub-set that has the smallest Euclidean dis-

tance from the received signal. This Euclidean distance is then used to find a

path through the trellis diagram whose total Euclidean distance from the
received sequence is minimum.

EXAMPLE 10.12

Provide an example of set portioning for a coded 8-PSK signal set, where two information bits per

point are transmitted and compare the result with an uncoded QPSK signal set.

Solution
Figure 10.11 shows the partitioning of an 8-PSK constellation. If the minimum Euclidean distance

of an uncoded QPSK is d1 ¼
ffiffiffi
2

p
, the minimum distance of a coded 8-PSK is then d2 ¼ 2, as it rep-

resents the Euclidean distance between the antipodal signal points of the same sub-set. This can

thus yield an asymptomatic gain of 20log 2=
ffiffiffi
2

p	 

¼ 3 dB.

10.6 COMPOUND CODES

The computational complexity increases exponentially by increasing the length
of a linear block code or the constraint length of a convolutional code. In order

to approach the Shannon limit, the required computational complexity of the

decoder must then be enormous. To circumvent this problem, traditional alge-
braic linear and convolutional codes can be combined through interleaving to

improve the performance at the expense of a modest degree of complexity.

Another approach of high importance is to have probabilistic compound

codes, such as turbo codes and low-density parity-check codes. These codes
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FIGURE 10.10 Block diagram of a TCM scheme.

444 CHAPTER 10: Error-Control Coding



can approach the Shannon limit at a similar degree of computational complex-
ity through use of sufficiently long codeword.

10.6.1 Interleavering

There are a number of channel degradations, which can give rise to burst errors.

In contrast to AWGN channels that can generally cause statistically indepen-
dent random errors, impulse noise, produced by lightning and switching tran-

sients, can cause burst errors. Also, errors in wireless channels characterized by

multipath fading, in particular fast fading, are in burst, as signal fading due to
time-varying multipath propagation often causes the signal to fall below the

noise level. Another source of burst errors are magnetic recording channels
in which defects in the recording tape or disk may result in clusters of errors.

An effective technique, which only requires knowledge of the duration or

span of the channel memory, i.e., the burst length, and not its exact statistical
characterization, is interleaving. Interleaving before transmission and de-

interleaving after reception can cause channel-induced burst errors to be spread

out in time and thus could be handled as if they were random errors. Separating
the bits in time effectively transforms a channel with memory to a memoryless

channel, and thus enabling random-error-correcting codes to combat burst

errors.

There are several interleaving types, but only the block interleavers (better

matched with block codes) and convolutional interleavers (more suited to con-
volutional codes) are briefly discussed. In short, interleaving shuffles the

encoded data over a span of several block lengths (for block codes) or several
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FIGURE 10.11 Partitioning of 8-PSK constellation for Example 10.12.
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constraint lengths (for convolutional codes), where the length of span is deter-

mined by the burst duration. Block and convolutional interleavers have about
the same performance, but the delay and memory requirements for convolu-

tional interleaver are more modest. Nevertheless, perhaps due to its simple

structure, block interleavers are more common. The λ-way interleave of a
code—where λ represents the depth of the array used in block interleaving

or the number of registers in convolutional interleaving—multiplies the burst

error-correcting capability by λ.

Before embarking on the introduction of classical block and convolutional

interleaving, it is important to note that there is also another type of interleav-
ing, known as random interleaving. A random interleaver, which has a partic-

ular application in the construction of turbo codes, pseudo-randomly reads out

the bits in an order known to both the transmitter and receiver. Random inter-
leaving is an effective manner to combat both random and burst errors, as the

output bits are not produced in a fixed order.

Figure 10.12 shows the block diagram for block interleaving. The block inter-

leaver is an array that is filled row by row. A row has n columns corresponding
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with the n bits in a codeword, where the first k bits in each row are the infor-

mation bits and the remaining n� k bits are the parity bits. The choice of n, the
number of columns, is dependent on the block-coding scheme. The array has λ
rows, which corresponds either to the expected burst length or the worst burst

length. The parameter λ is called the interleaver degree or depth. These λ code-
words of n bits are then transmitted column by column until the interleaver is

emptied. Then the interleaver is loaded again and the cycle repeats. At the

receiver, the inverse operation is performed; the bits are entered into the dein-
terleaver array by columns, and removed by rows. Any burst of less than λ errors
results in isolated errors at the deinterleaver output that are separated from each

other by n bits.

If the code has single error-correcting capability, then the process of block inter-

leaving permits the correction of a burst of λ bits. The interleaver/deinterleaver
end-to-end delay is approximately 2nλ bits. Since the n� λ array needs to be

filled before it can be read out, a memory of 2nλ bits is generally implemented

at each location to allow the emptying of one array while the other is being
filled, and vice versa.

Figure 10.13 shows the block diagram for convolutional interleaving. In a
convolutional interleaving, the bits are sequentially shifted into the bank of λ
registers. Each successive register providesM bits more storage than did the pre-

ceding one. The first register provides no storage (the bit is transmitted imme-
diately). The four switches operate in step and move from line-to-line at the bit

rate of the input bit stream. Thus, each switch makes contact with line 1 at the

same time, and thenmoves to line 2 together, etc., returning to line 1 after line λ.
With each new bit, the commutator switches to a new register, and the new bit

is shifted in while the oldest bit in that register is shifted out to the transmitter.

The deinterleaver performs the inverse operation. The input and output
commutators for both interleaving and deinterleaving must be synchronized.

. .
 .

. .
 .

(a) (b)

FIGURE 10.13 Convolutional interleaving: (a) interleaver and (b) deinterleaver.
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With convolutional interleaving, the end-to-end delay is M λ�1ð Þ bits and the

memory isM λ�1ð Þ=2 at both ends of the channel, which in turn are one half of
the corresponding values in a block interleaving for a similar level of interleav-

ing. The convolutional interleaving structure can be changed easily and conve-

niently by changing the number of lines λ and the incremental number of
elements per line M.

10.6.2 Simple Combining Codes

Simple combining codes, such as product codes and concatenated codes, allow

the creation of codes which are quite powerful, yet have relatively low complex-

ity. These codes are used when a single code cannot correct all types of errors
encountered on the channel.

Codes with higher block length can offer higher error correction capability, and

in turn increase the decoding complexity. One approach to design block codes
with long block lengths and rather low complexity is to begin with two or more

simple codes with short block lengths. These codes, in combination, can give

rise to codes with longer block lengths and improved capabilities.

A two-dimensional parity-check code discussed earlier as an error-detection

scheme with very limited capabilities is an extremely simple case of powerful
product codes. A product code combines two block codes into a single more

powerful code. A product code can be formed from two systematic linear block

codes (n1, k1) and (n2, k2) with minimum distances of dmin_1 and dmin_2,
respectively. The resulting product code is an (n1n2, k1k2) linear block code,

whose bits are arranged in an n2�n1 matrix, with the minimum distance

dmin¼dmin_1 dmin_2. The product code has thus the error-correcting capability

of t, where t is is the largest integer no greater than
dmin�1

2

� �
.

Encoder 1 takes k2 message blocks of k1 bits and provides k2 codewords of

length n1 at the input of the block interleaver. Encoder 2 takes n1 codewords
of length k2 at the output of the block interleaver and sends the channel n1
codewords of length n2. Figure 10.14 shows the structure of a product code.

In each of the first k2 rows of the matrix, there are k1 information bits in the
first k1 columns followed by n1�k1 parity bits in the remaining n1�k1
columns. In each of the first k1 columns of the matrix, there are k2 information

bits in the first k2 rows followed by n2�k2 parity bits in the remaining n2�k2
rows. The remaining n1�k1ð Þ� n2�k2ð Þ bits in the last n2� k2ð Þ rows of the
last n1�k1ð Þ columns are either code 2 parity-check bits to check code 1

parity-check bits or code 1 parity-check bits to check code 2 parity-check bits.
In a product code, every bit in the matrix is constrained by two sets of parities,

one from each of the two codes.
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As the old adage suggests that the whole is greater than the sum of its parts, sim-

ple codes can be combined to provide a high-performance low-rate code to

combat channel errors, especially of burst types. A concatenated code is one that
uses two levels of coding to achieve the desired error performance, where the

codes are in series. The additional decoding complexity associated with a

concatenated code is justified for poor communication channels, such as fad-
ing channels, and power-limited communication channels, such as satellite

channels.

Figure 10.15 shows the block diagram for concatenated coding. In a
concatenated code, the two codes are as follows: i) an inner code, which is usu-

ally a low-rate binary convolutional code with soft-decision decoding, can
correct most of the random errors, and ii) an outer code, which is usually a
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high-rate non-binary block code, such as Reed-Solomon code, with hard deci-

sion decoding, can correct burst errors. The minimum distance of the

concatenated code is the product of the minimum distances of the inner coder
and the outer code. The primary reason to use a concatenated code is thus to

achieve a low bit error rate with an overall complexity that is less than that
which would be required by a single coding operation. Interleaving is usually

used in conjunction with a concatenated code to construct a code with very

long codewords. The interleaver at the transmitter is between the encoders
and the deinterleaver at the receiver is between the decoders.

10.6.3 Turbo Codes

Turbo codes, developed in the early 1990s, with their random-like properties

and iterative decoding require a long interleaver and possess simple encoding
and complex decoding. Shannon’s theorem for channel capacity assumes ran-

dom coding with the bit error rate approaching zero as the code’s block or con-

straint length approaches infinity. Since increases in block or constraint length
require exponential increases in decoding complexity, it is not possible to

decode a truly random code. Turbo codes can be made sufficiently random

to approach the Shannon limit and, by using iterative techniques, they can
be efficiently decoded in a computationally feasible manner. The mechanism

that made turbo codes possible is its simplified decoder, as the term turbo in

turbo codes is more about the decoding process rather than the encoding pro-
cess. Figure 10.16 shows the block diagrams of a turbo encoder and decoder.

Turbo codes can be viewed as linear block codes, where the block size being

determined by the size of the interleaver. Turbo codes are employed in UMTS,
cdma2000 and IEEE802.16 WiMAX wireless systems.

A turbo encoder employs two generally identical recursive systematic short
constraint-length linear convolutional encoders in parallel, where one of the

encoders is preceded by a large-size pseudo-random interleaver. In a recursive
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FIGURE 10.15 Block diagram for concatenated coding.
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systematic convolutional encoder, the information bits appear directly as part

of the encoded bits and the parity-check bits by each encoder are generated by a
recursive feedback shift register. The output of the turbo encoder contains the

information bits and two sets of parity-check bits. The pseudo-random interlea-
ver has a large size in the order of tens of thousands of bits. The pseudo-random

interleaver takes the information bits at the input and produces bits at the out-

put in a different temporal manner. The interleaver can provide a robust per-
formance regardless of the channel statistics, while tying channel errors

together to improve performance.

The optimal decoding of turbo codes is an impossible task, for the number of
states in the code trellis is quite large. However, the sub-optimal iterative turbo

decoding algorithm can provide excellent performance. The unique feature of

turbo codes lies in iterative decoding, that is the concept of allowing the two
decoders with low-complexity to exchange information iteratively. The turbo

decoder forms a closed-loop feedback system. The use of feedback in a turbo

decoder highlights the fact some information from one decoder to the next
is sent in an iterative manner, where decoders have soft-input and soft-output

(SISO) values. In other words, each decoder uses a soft-decoding algorithm

(i.e., a decoder accepts soft input values and generates soft output values for
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the other). This closed-loop iteration will repeat multiple times until no signif-

icant adjustment is required, that is until a point at which no further improve-
ment in performance is attainable. Once convergence is reached, the decoding

process stops and the output of the second decoder is passed through a dein-

terleaver and hard-limited to produce an estimate of the information bit.

Each decoder operates on three different inputs: i) the received (noisy) system-

atic information (message) bits, ii) the received (noisy) parity-check bits pro-
duced by the corresponding encoder, and iii) the a priori information

produced by the other decoder. Each decoder uses an algorithm called themax-

imum a posteriori probability (MAP) decoding algorithm to minimize the
bit error rate. The MAP decoders, also known as SISO decoders, operate with

unquantized signals throughout the iterative decoding process. Each decoder

removes any redundant information to generate its extrinsic information to
pass to the other decoder. The extrinsic information is the difference between

the log-likelihood ratio computed at the output of the MAP decoder and

the intrinsic information computed at its input. The key innovation of turbo
codes is how they use the likelihood data to reconcile differences between

the two decoders. Each of the two decoders generates a hypothesis and

these hypotheses are compared, and if they differ, the decoders exchange the
derived likelihoods they have for each bit in the hypothesis. Each decoder

incorporates the derived likelihood estimates from the other decoder to gener-

ate a new hypothesis for the bits. Then, they compare these new hypotheses.
This iterative process continues until the two decoders come up with the same

hypothesis. The following general observations regarding the performance of

turbo codes can be made:

n To achieve high performance, the length of the interleaver should be very

large, and the performance improves as the length of the interleaver
increases.

n The performance significantly improves as the number of iterations

increases, but the rate of increase diminishes.
n An increase in the number of iterations results in an increase in the

decoder latency.

n A change in the constraint length of either of the two convolutional codes
can impact the performance, and consequently the decoder complexity.

n At low very Eb/N0, the BER for the turbo-coded transmission is even

higher than that for uncoded transmission.
n The BER for turbo-coded transmission falls quite rapidly (i.e., its negative

slope is quite significant) as soon as certain threshold for Eb/N0 has been

reached.
n At a BER of about 10�5, the turbo code is only about 0.5 dB from the

Shannon’s theoretical limit.
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n There exists an error floor, in the sense that once it is reached, an increase

in Eb/N0—when it is in the range of medium to large values—does

not bring any substantial improvement in BER. The error floor is affected
by the choice of interleaver.

10.6.4 Low-Density Parity-Check Codes

Low-density parity-check (LDPC) codes, developed in the early sixties and revived
in the nineties, are linear non-cyclic block codes and characterized by a sparse

parity-checkmatrix, require a long codeword, and possess rather complex encod-

ing and simple decoding. LDPC codes can perform as well as turbo codes with
comparable code lengths, code rates, and decoding complexity. An LDPC code is

characterized by a sparse parity-checkmatrix consistingmostly of 0s and very few

1s, where the number of 1s in a row or in a column are both much smaller than
the code length.When all rows have the samenumber of 1s and all columns have

the same number of 0s, the LDPC code is called regular; otherwise, it is irregular.

Regular codes are easier to generate, but the irregular codes, with its inherent flex-
ible structure, can have a performance well within a fraction of dB from the Shan-

non’s channel capacity. There are two decoding schemes for decoding LDPC

codes: the hard-decision bit-flipping scheme with low-complexity and the
soft-decision sum-product scheme with high-complexity.

Summary and Sources

Although error-control coding is an advanced area in digital communications,

it was presented at a level consistent with how other major areas in digital com-

munications are covered in this book. Error-detection schemes and ARQ tech-
niques were discussed in detail. We provided also basic fundamentals of

classical block and convolutional codes, as well as brief discussions aboutmod-

ern and high performance coding techniques, such as trellis-coded modulation
and turbo coding.

Shannon showed that error free transmission could be achieved if in an AWGN
environment with infinite bandwidth, the signal-to-noise ratio per bit exceeds

the Shannon limit of�1.6 dB [1]. He did not, however, indicate how this could

be achieved. This thus led to a significant amount of research, over many
decades, to develop a number of techniques that introduce redundancy to

allow for correction of errors.

There are a number of excellent sources on error-control coding including
the book by Lin and Costello [2]. The topic of error-control coding is also

discussed extensively in some graduate textbooks [3–6]. There are also

papers by which high-performance coding schemes have been introduced,
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such as the trellis-coded modulation by Ungerboeck [7,8], turbo coding by

Berrou, et al. [9], and LDPC developed by Gallager [10] and revived by Mackay
and Neal [11]. An excellent survey on channel coding has been captured in [12].
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Problems
10.1 Determine the probability of error for a repetition code, where for decoding,

a majority rule is employed and the bit error rate is p and a bit is repeated

n¼ 2t + 1 times, where t is the error-correcting capability.

10.2 In a single parity-check code, compute the probability of an undetected

bit error if a single parity-check bit is appended to a block of seven bits.

10.3 Show that the code consisting of 000, 111, and 101 codewords is not linear.

10.4 Consider a rate of
1

3
convolutional encoder, where the three generator

polynomials are as follows: 1 + x + x2, 1, and 1 + x. Assuming the input

sequence is 101001, determine the encoded sequence, present the state

transition, tree, and trellis diagrams, and employ the Viterbi algorithm to

decode the received sequence.

10.5 Consider a (2, 1, 2) convolutional encoder whose two generator polynomials

are as follows: 1 + x + x2 and 1 + x2. Assuming the message sequence to the

convolutional encoder is 110111001000, determine the encoded sequence.
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10.6 Consider g xð Þ¼ x3 + x + 1, with 1001 as the information sequence. Determine

the transmitted codeword. With the first received bit in error, how the error

checking is done at the receiver?

10.7 A repetition code is an (n, 1) code in which the n�1 parity bits are repetitions

of the information bit. Is the repetition code a linear code? What is the

minimum distance of the code?

10.8 Consider a (5, 1) repetition code. Determine the syndrome for all 10 possible

double-error patterns.

10.9 An error-detecting code takes k information bits and generates a codeword

with n¼ 2k + 1 encoded bits whose first k bits and second k bits are identical to

the k information bits and the last bit of the codeword is the exclusive-or (XOR)

of the first k bits. Determine the parity-check matrix and the minimum

distance of this code.

10.10 Find the set of all codewords for a (6, 3) linear systematic code whose check

bits are as follows: c4 ¼ c1 + c2, c5 ¼ c1 + c3 and c6 ¼ c2 + c3.

10.11 Assuming the information bits are 111000101 and the generator polynomial is

x8 + x2 + x + 1, determine the transmitted bit sequence consisting of the

information bits and the CRC bits.

10.12 Consider the input bit sequence is as follows:

010010011101100110111101101100111011001101101101.

Assuming the bit sequence is divided into 16-bit segments, determine the

checksum sent along with data, and show how the checksum checker

operates on the received bit stream.

10.13 The generator polynomial for a (15, 7) cyclic code is g xð Þ¼ 1 + x4 + x6 + x7 + x8.

Find the codeword (in the systematic form) for the message polynomial

m xð Þ¼ x2 + x3 + x4. Assuming the first and the last bits of the codeword are in

error, determine the corresponding syndrome.

10.14 Show that in a (7, 4) Hamming code with generator matrix G and the parity-

check matrix H, we have HGT ¼ 0.

10.15 The parity-check bits of a (8, 4) linear systematic code are generated by

c5 ¼ c1 + c2 + c4, c6 ¼ c1 + c2 + c3, c7 ¼ c1 + c3 + c4, and c8 ¼ c2 + c3 + c4.

Determine the generator matrix and the parity-check matrix for this code, as

well as its minimum weight and error detecting and correcting capabilities.

Computer Exercises

10.16 Determineall thecodewordsofa (15,11)Hammingcodeandverify theminimum

distance is 3. Show how a hard-decision syndrome-based decoding works.

10.17 In a (7, 4) Hamming code with a generator polynomial g(x) ¼ x3 + x + 1,

determine the generatormatrix. Noting the received codeword is (1 0 1 0 1 1 1),

determine the corrected codeword.
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CHAPTER 11

Communication Networks

INTRODUCTION

We first expand on multiplexing, duplexing, and multiple access schemes

along with their merits, drawbacks and applications. Various random-
access and controlled-access schemes are briefly discussed. The focus then

turns mainly towards some aspects of wired communication networks, such

as circuit-switched and packet-switched networks, and telephone and cable
networks. We then briefly introduce cryptography and network security,

mainly the fundamentals of private-key and public-key cryptography and

digital signature. After studying this chapter and understanding all relevant
concepts, students should be able to achieve the following learning

objectives:

1. Define multiplexing and characterize its applications.

2. Identify differentiating aspects of FDM and TDM techniques.

3. Distinguish the difference between synchronous TDM and
asynchronous TDM.

4. Understand communication modes.
5. Know the difference between the duplexing methods FDD and TDD

methods.

6. Elaborate on the need for multiple access schemes.
7. Assess FDMA, TDMA, and CDMA schemes and compare them.

8. Analyze unslotted and slotted ALOHA random-access methods.

9. Detail the differences among various CSMA schemes.
10. Portray how controlled-access methods work.

11. Provide basic descriptions of circuit-switched and packet-switched

networks.
12. Expand on various forms of network topologies.

13. Discuss routing and flow-control functions.

14. Appreciate the evolution and current status of wired LANs.
15. Grasp how digital data transmission over telephone networks operates.

16. Explain how digital data transmission over cable networks works.
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17. List the network security requirements.

18. Differentiate between private-key cryptography and public-key

cryptography.
19. Understand the need for digital signatures and how they work.

20. Connect various aspects of multiuser communications.

11.1 MULTIPLEXING

Multiplexing is a technique in the physical layer, whereby the simultaneous
transmission of several independent signals from different sources is carried

out. With multiplexing, there generally exists a priori resource allocation,

and the resource sharing is usually done within the confines of a local site,
but over a single common communication channel. Multiplexing is done

when the bandwidth of the channel is higher than those of individual

sources. At the transmitter, signals are combined (multiplexed) together,
while keeping them apart enough to avoid interference, so at the receiver,

they can be separated (demultiplexed). Multiplexing is thus done by a

multiplexer in the transmitter and a demultiplexer in the receiver. There
are three common types of multiplexing, namely, frequency-division

multiplexing, time-division multiplexing, and wavelength-division

multiplexing.

11.1.1 Frequency-Division Multiplexing

Frequency-division multiplexing (FDM) is a multiplexing technique that com-

bines many signals into a single, high-bandwidth signal. In FDM, the band-
width of a link is greater than the combined bandwidths of the signals to be

transmitted, and the available transmission channel bandwidth is thus

divided into a number of nonoverlapping frequency bands. In FDM, signals
from all sources are transmitted simultaneously, but each occupying a differ-

ent frequency band. FDM has generally been viewed as an analog

multiplexing technique. FM stereo broadcasting represents a typical applica-
tion of FDM. However, in principle, a digital system can employ FDM as well,

such as cable telephony, data upstream and downstream, and TV channels

over co-axial cable, and DSL telephony and data upstream and downstream
over twisted-wire pair. A block diagram of a typical FDM system is shown in

Figure 11.1a.

In FDM, the incoming lowpass signals all filtered to make them frequency lim-

ited. The removed high-frequency components do not significantly contribute

to signal representation, but they are capable of interfering with other signals.
The band-limited signals individually modulate carriers to shift their frequency

ranges to occupy mutually exclusive frequency bands and guard bands separate
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adjacent channels. The larger the guard band, the easier it is to design the filters

to separate the signals, but the price being paid is the reduction in the number
of channels. The SSBmodulation is a good choice for FDM. The modulated sig-

nals are bandpass filtered to restrict the modulated signals to prescribed range.

The resulting signals are combined to produce a composite multiplexed signal
to be transmitted over the channel. At the receiver, a bank of bandpass filters

separates the individual modulated signals. Individual demodulators recover

the original baseband signals.
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FIGURE 11.1 Multiplexing: (a) frequency-division multiplexing, (b) synchronous time-division

multiplexing, (c) asynchronous time-division multiplexing, and d) wavelength-division multiplexing.
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11.1.2 Time-Division Multiplexing

Time-division multiplexing (TDM) is a digital multiplexing technique for com-
bining several low-data-rate signals into one high-data-rate signal. In TDM, the

available transmission channel is time-shared by a number of different sources.

In TDM, the digital data or the digitized data from different sources are inter-
leaved in time into a single digital data signal to be transmitted over the chan-

nel. A prime application of TDM is T1 carrier transmitting 24 digitized voice

signals at 1.544 Mbps.

There are two types of TDM: synchronous TDM and statistical TDM. Block dia-

grams of a synchronous TDM and a statistical TDM are shown in Figures 11.1b
and 11.1c, respectively. In synchronous TDM, each source has an allotment in

the output even if it does not have data to transmit. In statistical TDM, a source

is given access to the multiplexer only during periods of activity, this in turn
can greatly enhance channel efficiency, and statistical TDM is suited for appli-

cations, such as speech communications.

In synchronous TDM, each source is timed by the same clock that provides
timing within the TDM. Each input signal is first band-limited to avoid alias-

ing. The LPF outputs are then sequentially sampled at the transmitter by a
rotary switch, known as a commutator, to form a signal consisting of samples

of the input signals periodically interlaced in time. The multiplexed signal is

then transmitted. At the receiver, the samples from individual sources are sep-
arated and distributed by a rotary switch called a decommutator, which oper-

ates in full synchronization with the commutator at the transmitter. In

synchronous TDM, the data flow of each source is divided into units of several
bits, where each unit occupies one input time slot. A round of data units from

each source is collected into a frame (i.e., a frame consists of many slots),

where each slot corresponds to a source. Frame synchronization in TDM is
a major requirement. Either a synchronizing signal is transmitted as one of

the multiplexed signals or it can be an additional bit, known as a framing

bit, through which synchronization is done. In the case of T1 carrier, we have
a frame consisting of a framing bit and 192 information bits (¼24 slots �
8 bits per slot) and a transmission rate of 1.544 Mbps (¼193 bits per frame

� 8000 frames per second).

11.1.3 Wavelength-Division Multiplexing

Wavelength-division multiplexing (WDM) is a multiplexing technique to

combine optical signals. In WDM, the available fiber-optic transmission chan-

nel is shared by a number of different light sources. WDM is conceptually quite
similar to FDM. The advantage of WDM is to exploit the full capacity of the

fiber-optic cable by allowing multiple beams of light at different frequencies
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to be transmitted on the same fiber-optic cable. A prime application of WDM

is the SONET (Synchronous Optical Network) standard developed in North
America. A block diagram of a synchronous WDM system is shown in

Figure 11.1d.

Optical signals at different optical wavelengths (colors) are combined by

the multiplexer at the transmitter to form a single light to be transmitted

through the high-speed fiber-optic cable, and the splitting of the light
sources is done by demultiplexer at the receiver. The combining and splitting

of light sources are done by various optical devices, such as prism and dif-

fraction gratings. The channel spacing in WDM systems must be large
enough to prevent interference between adjacent channels. Most WDM

systems use 50-GHz channel spacing, such as ITU-G.692 that accommodates

80 channels over 4 THz.

11.2 DUPLEXING

Before we introduce the duplexingmethods, it is important to highlight various
communication modes. Communication modes can be categories into three

distinct types: simplex, half-duplex, and full-duplex (also known as duplex),

as shown in Figure 11.2.

In simplex mode, transmission is unidirectional (i.e., transmission always occurs

only in one direction). The simplex mode uses the entire capacity of the chan-
nel to send data in one direction. Examples of simplex communication are baby

monitoring, public address, and commercial broadcasting.

(a)

Transmitter Receiver

(b)

orTransmitter Receiver

Transmitter

(c)

Receiverboth

FIGURE 11.2 Communication modes: (a) simplex communication, (b) half-duplex communication,

and (c) full-duplex communication.
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In half-duplex mode, transmission is bi-directional, but only in one direction at

a time. The end devices can both transmit and receive, but not at the same time.
In half-duplex mode, the entire capacity of the channel is taken over by which-

ever of the two devices is transmitting at the time. Examples of half-duplex com-

munication are walkie-talkies and CB radios as well as dial-up fax machines.

In full-duplex mode, transmission is simultaneously bi-directional. The end

devices can transmit and receive simultaneously. A prime example of full-
duplex communications is the PSTN that provides two-way communications.

ITU-T voice-band dial-up data modems can also provide full-duplex commu-

nications in one of the following three ways:

n Using four telephone wires, with a pair for each direction, such as

V.26 modem.
n Dividing up the bandpass spectrum of a telephone channel into two

disjoint frequency bands, with an exclusive band for each direction,

such as V.22 bis modem.
n Employing echo cancellation (i.e., subtraction of the echo of its own

transmission from the incoming signal to recover the signal sent by the

other side), while allocating the entire spectrum to both ends, such as
V.32 modem.

The means to provide two independent channels for two-way communica-

tions is called duplexing. A duplexing scheme is a crucial element of a wireless

communication system, and thus needs to be carefully defined from outset
in a system design. There are two distinct methods to achieve duplexing:

frequency-division duplexing (FDD) and time-division duplexing (TDD),

where each has its own merits. FDD is a legacy method, and has been used
in both analog and digital communication systems. FDD examples include

all communication satellite systems, many cellular mobile systems, such as

AMPS and GSM, as well as public safety standards, such as TETRA. TDD is
exclusively used in digital communication systems. TDD examples include

digital cordless phones, such as DECT, wireless Bluetooth devices, and

IEEE802.11 WLAN (Wi-Fi). Some 4G mobile systems, such as IEEE802.16
WiMAX and LTE, can employ both FDD and TDD.

11.2.1 Frequency-Division Duplexing

In frequency-division duplexing (FDD), two disjoint bands of frequency are pro-
vided to users. With FDD, two different carrier frequencies, one from each

band, are assigned to a user; one carrier frequency for transmission from the

user (also known as upstream, return link, or uplink) and one carrier frequency
for reception by the user (also known as downstream, forward link, or down-

link), as shown in Figure 11.3a. A guard band is required between the two
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bands. The difference between the two assigned frequencies, also known as the

frequency split, remains constant, and must be large enough to allow the use of

low-cost techniques to separate the two signals; otherwise, the transmit and
receive signals may be adversely affected by one another.

Since the same antenna is generally employed for both transmission and

reception, a duplexer is needed to separate the transmitted and received sig-
nals. This additional hardware complexity in the handheld transceivers can

be a cost-driving factor. The frequency plan for FDD, as set by a regulatory

body or limited by the functionality of the available equipment, warrants
fixed equal bandwidths, simply because it is not normally possible to reallo-

cate spectrum from one direction to another. This thus makes it ideal for sym-

metric communications, such as voice applications, with almost identical
information flows in both directions. Although FDD provides true simulta-

neous transmission and reception, it is not always spectrally efficient, since

the traffic may be asymmetric.

Time

Frequency

Transmit

Receive

Channel
spacing

(a)

(b)
Time

Frequency

Guard
time

Transmit Receive ReceiveTransmit

FIGURE 11.3 Duplexing: (a) frequency-division duplexing and (b) time-division duplexing.
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11.2.2 Time-Division Duplexing

In time-division duplexing (TDD), time rather than frequency is used to separate
the transmission and reception of the signals, and thus a single frequency is

assigned to a user for both directions. TDD provides quasi-simultaneous bidi-

rectional flow of information. Duplexers are therefore not required, and the
cost of a TDD system is not very high, the reason lies in the fact that the trans-

mitter and receiver use the same components, such as filters and mixers. With

TDD, two time slots, one for upstream (transmission) and one for downstream
(reception), are assigned to a user, with a short data burst in each direction, as

shown in Figure 11.3b. A guard time between transmit and receive streams is

required.

Time split between the forward and reverse channels is so small that the trans-

mission and reception appear to be simultaneous and continuous to users. The
guard time is intended for a time allowance for the round-trip propagation

delay (i.e., the time that it takes the signal to travel the geographical distance

between the transmitter and receiver and back). This time interval must be suf-
ficiently long so the transmit and receive signals do not clash. TDD is thus

employed where generally the distance between the transmitter and receiver

is small; otherwise, the channel efficiency drops as the time guard then needs
to be rather long. TDD can increase the number of time slots in favor of one

direction over the other. This capability to increase capacity in one direction

(i.e., to dynamically handle asymmetric traffic) is an advantage, since it can effi-
ciently accommodate the Internet applications.

11.3 MULTIPLE ACCESS

Multiple access, also known as channelization, allows remote sharing of a com-

mon transmission medium by many users, in which the medium is partitioned
into separate communication channels and then dedicated to particular users

upon their requests. Multiple access techniques can be classified into three
broad categories: frequency-division multiple access (FDMA), time-division

multiple access (TDMA), and code-division multiple access (CDMA). These

major access techniques are used to share the available bandwidth in a wireless
communication system. In general, channelization techniques are not suitable

for the transmission of bursty data traffic, and instead lend themselves to con-

tinuous, steady traffic data flow. Since a fixed assignment strategy would be
wasteful of resources and degradation to capacity, access channels are not

assigned on a permanent basis. Initial channel assignment is generally done

by a random-access channel. FDMA, TDMA, and CDMA are access methods
in the data-link layer.
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11.3.1 Frequency-Division Multiple Access

Frequency-division multiple access is the oldest of all multiple access schemes,
and was used in the first demand assignment system for satellites (i.e., single

channel per carrier (SCPC)) and the first-generation of cellular mobile systems

(i.e., the advanced mobile phone system (AMPS)). In frequency-division

multiple access (FDMA), the available channel bandwidth is divided into many

nonoverlapping frequency bands, where each band is dynamically assigned to

a specific user to transmit data. In an FDMA system, signals, while occupying
their assigned frequency bands, can be transmitted simultaneously and contin-

uously without interfering with each other. In FDMA, there is a central control-

ler that allocates the frequency band to users, solely based on their needs. This is
usually done during the call set up. Once a band is allocated to a user, it then

belongs to the user exclusively for the continuous flow of information during

the call. To prevent interference, the allocated bands are separated from one
another by small guard bands. In other words, FDMA allows the users to trans-

mit simultaneously, but over disjoint frequency bands, a user exploits a fixed

portion of the band all the time, as shown in Figure 11.4a. FDMA is best suited
for connection-oriented applications; it is, however, inefficient in terms of

utilization of power and bandwidth. If an FDMA channel is not in use by
the user, then it sits idle and cannot be used by other users. It has poor spectral

efficiency, since guard bands must be employed to avoid overlapping of the

adjacent channels, and this in turn reduces the channel capacity.

Bandpass filters are used to confine the transmitted energy within the assigned

band and tight RF filtering is required to minimize adjacent channel interference.

Duplexers must be employed since both the transmitter and receiver operate at
the same time. FDMA is a low-cost technology to implement, and has low trans-

mission overhead. Synchronization in FDMA is simple, once it is established

during the call set up, it can be easily maintained, as transmission occurs contin-
uously. At the hub or base station, due to the significant susceptibility to

nonlinear effects of power amplifiers, such as signal spreading and intermodula-

tion, either each FDMA channel must employ its own amplifier or a highly-linear
amplifier with a significant back-off power is required for the transmission of the

composite signal. FDMA is generally used in combination with other multiple

access schemes, where the spectrum is divided into large sub-bands. Each sub-
band serves a large group of users, where within a group, another multiple access

method can be employed. Examples include employing FDMA/TDMA in the

GSM cellular mobile systems or in satellite systems offering VSAT applications.

11.3.2 Time-Division Multiple Access

Time-division multiple access is a multiple access scheme, which is widely used

in VSAT and broadband satellite systems and the GSM cellular mobile systems.
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In time-division multiple access (TDMA), the available channel bandwidth in its

entirety is used by every user, but the users take turns inmaking use of the chan-

nel in a timely manner. In other words, the channel is sequentially time-shared
among many users through nonoverlapping time slots in a circular manner

(i.e., one after the other). Auser is allowed to transmit inabuffer-and-burstmode

only in its allocated time slot. The transmission for any user is thus non-
continuous, and that in turn requires transmission to be in digital form. The

noncontinuous transmission also results in low battery consumption, since the

transmitter can be turned off when not in use, which ismost of the time. All users

(a) (b)

(c)

FIGURE 11.4 Multiple access: (a) frequency-division multiple access, (b) time-division multiple access, and (c) code-division multiple

access.
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employ the same frequency band to transmit their signals, as shown in

Figure11.4b. InTDMA/FDDsystems, the framestructure for forwardtransmission
is the sameas that for reverse transmission.However, inTDMA/FDDsystems, such

as GSM, for a given user, there are several time slots of delay between the forward

and reverse time slots, a duplexer is thus not needed in a transceiver.

Synchronization in TDMA is a critical requirement. To accomplish synchroni-

zation for geographically-dispersed users with different propagation delays,
guard times are required to ensure transmissions do not overlap. Another

source of overhead is a preamble consisting of pre-determined bits to allow

the receiver to synchronize to the transmitted bit stream. In TDMA, a central
controller sends a certain bit stream to all users with which all transmitters syn-

chronize their clocks. Because of the higher data rate and subsequently the

shorter symbol duration, adaptive equalization is usually required. In TDMA,
it is possible to allocate different numbers of time slots per frame to different

users for their different traffic patterns (i.e., the bandwidth-on-demand feature

can be accommodated). In amobile environment, TDMA yields a lower level of
co-channel interference, as only a small percentage of users are transmitting,

and the hand-off process is more efficient, since the transmission is not contin-

uous. Since the burst transmission rate is quite high, a frequency band with a
large bandwidth is required. In general, the spectrum is divided into many dis-

joint bands (i.e., FDMA) and then in a given band, TDMA is employed. A prime

example of FDMA/TDMA is the GSM cellular mobile system, in which a fre-
quency band of 200 kHz is allocated to eight TDMA users, where the burst rate

is about 271 kbps.

11.3.3 Code-Division Multiple Access

Spread spectrum is a multiple access through which a transmission bandwidth

several orders of magnitude greater than the minimum required RF bandwidth
is used. This is achieved by using a pseudorandom noise-like spreading code in

the transmitter to spread the bandwidth (i.e., to make it into a wideband sig-

nal), and employing the same code in the receiver to despread the received sig-
nal so as to recover the original message signal. Spread spectrum is not very

efficient when used by a single user, but when there are many users sharing

the same bandwidth without interfering with one another, spread spectrum
systems become bandwidth efficient. Spread spectrum provides a high degree

of immunity tomultipath interference. Two forms of spread spectrum are used:

frequency-hopping spread spectrum (FHSS) and direct-sequence spread spectrum

(DSSS), also known as code-division multiple access (CDMA). In FHSS, the spec-

trum is widened by changing the carrier frequency in a pseudorandommanner.

FHSS is used in Bluetooth wireless devices. Frequency hopping does not cover
the entire spread spectrum at any time, as such we can select the rates at which
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hopping can occur. In the slow-frequency hopping, the symbol rate is an integer

multiple of the hop rate, whereas in the fast-frequency hopping, the hop rate is
an integer multiple of the symbol rate. An FHSS system provides a level of

security.

In DDSS, the baseband modulated signal is created by multiplying the modu-

lating signal, which consists of information bits, by a pseudorandom sequence,

whose bandwidth is much larger than that of the signal itself, thereby spreading
the bandwidth. In CDMA, all users employ the same frequency band to simul-

taneously transmit (i.e., there is no clear separation in time or frequency). In

CDMA, each user is assigned a unique randomized code sequence, which is dif-
ferent from and orthogonal to (i.e., uncorrelated with) all other codes. A code is

used to generate the randomized noise-like high-bit-rate signal that is mixed

with the information signal to spread the spectrum and the receiver uses the
code to recover the desired signal. As shown in Figure 11.4c, users transmit over

the entire frequency band at the same time, while using their own distinct

codes. Because of bandwidth re-use, CDMA is bandwidth efficient, and delivers
gradual degradation in performance as the number of users is increased. In a

CDMA system, there is a near-far problem that occurs when the received power

levels from different users do not appear to be equal. It is thus a critical require-
ment to provide a precise automatic power control mechanism. Power control

is implemented by rapidly sampling the radio signal strength indicator levels

and then sending a power change command over the forward link. As channel
data rates are very high, the symbol (chip) duration is very short and much less

than the channel delay spread. The reception can be improved by collecting the

time-delayed versions of the signal. CDMA is employed in cellular mobile
systems, such as CDMA-2000.

11.4 RANDOM ACCESS

Random access involves dynamic sharing of the transmission medium among
many users so as to better match bursty data traffic. Transmission is random

among users and since there is no scheduled time, access to the medium is

based on contention. Users access the channel when they have one packet or
more to transmit. Simultaneous transmissions frommultiple users result in col-

lision. The resulting conflict must thus be resolved by some channel protocol

for retransmission of the packets. The random-access schemes are simple to
implement and under light traffic can provide low-delay packet transfer. Under

heavy traffic, the throughput and packet delays both can suffer.

11.4.1 ALOHA

The unslotted ALOHA protocol, also called pure ALOHA or original ALOHA, is

a simple random-access scheme, which was designed for a radio (wireless) LAN
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in the early seventies. In unslotted ALOHA scheme, whenever a user has a

packet, it is transmitted. However, because there is only one communication
channel, there is the possibility of collision among packets from different users.

When the data from two ormore users collide, they become garbled and are lost

to the system. The unslotted ALOHA scheme relies on acknowledgments, if the
acknowledgement does not arrive after a time-out period, the user then

assumes that the packet or the acknowledgement has been destroyed and

retransmits the packet. When the time-out period passes, each transmitter waits
a random amount of time before resending its packet. In other words, the

unslotted ALOHA scheme requires the transmitter to use a back-off algorithm,

which chooses a random number in a certain retransmission time interval. The
randomness can help spread out the transmissions and thus reduce the likeli-

hood of additional collision among transmitters. In principle, when traffic is

very light, the probability of collision is very small and retransmissions are thus
hardly required.

In an unslotted ALOHA, there are two distinct modes. In one mode, collision
occurs occasionally, this occurs when the traffic load is light. In the othermode,

when the traffic is heavy, there is a surge of collisions and this in turn results in a

snowball effect (i.e., the increased number of backlogged transmitters increases
the likelihood of additional collisions). As shown in Figure 11.5a, the vulnerable
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FIGURE 11.5 Vulnerable time: (a) unslotted ALOHA and (b) slotted ALOHA.
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time that is the length of time in which there is a possibility of collision is twice as

long as the time required for the transmission of a packet. In other words, for a
transmitter to send its packet collision free, no other transmitter should transmit

less than half of the vulnerable time before this transmitter starts transmission

and no transmitter should start sending during half of the vulnerable time after
this transmitter has sent its packet.

Noting that the probability of a successful transmission (i.e., the probability of
no collision) is the same as the probability of no transmissions during the vul-

nerable time, the throughput S (i.e., the average number of successfully trans-

mitted packets) is as follows:

S¼Ge�2G (11.1)

where G is the average number of packets generated during one packet trans-

mission time. The maximum value of the throughput S is
1

2e
ffi 18:4% that

occurs at G¼ 0:5 and corresponds to a total arrival rate of exactly one packet

per vulnerable period. This is a reflection of the fact that two or more arrivals
in a vulnerable period result in a collision.

For a given value of the throughput S, there are two different values of the load

G corresponding to the two possible modes. One mode is when the arrival rate
G is modest (i.e., G� S); in other words, when the traffic is considered to be on

the light side, and the other is when the traffic is regarded to be on the heavy

side (i.e., G� S); in other words, when many transmitters are backlogged. It is,
however, important to note that there is no clear demarcation between the two

modes. In unslotted ALOHA, there is no rule that defines when the transmitter

can transmit, as such it has a vulnerable time twice the packet transmission time
and its performance is thus rather poor.

The slotted ALOHA scheme can improve the ALOHA performance by reducing
the probability of collisions. This is achieved by constraining the transmitters to

send their packets in synchronized fashion. In slotted ALOHA, the time is

divided into equal time slots, where each time slot is equal to the packet trans-
mission time. In slotted ALOHA, the transmitters keep track of transmission

time slots and are forced to send their packets only at the beginning of a time

slot. This means that if a transmitter misses the beginning of a time slot, it must
wait until the beginning of the next time slot. Of course, there is still the pos-

sibility of collision if two transmitters try to send at the beginning of the same

time slot. However, as shown in Figure 11.5b, the vulnerable time that is the
length of time in which there is a possibility of collision is then equal to the

time required to send a packet.

Noting that the probability of a successful transmission, that is the probability

of no collision, is the same as the probability of no transmissions during the
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vulnerable time, the throughput S (i.e., the average number of successfully

transmitted packets) is as follows:

S¼Ge�G (11.2)

where G is the average number of packets generated during one packet trans-

mission time. The slotted ALOHA scheme, similar to the unslotted ALOHA

scheme, may display a bimodal behavior. The maximum value of the through-
put S is 1

e ffi 36:8% that occurs at G¼ 1 and corresponds to a total arrival rate of

exactly one packet per vulnerable period. This is a reflection of the fact that two

or more arrivals in a vulnerable period result in a collision and if one packet is
generated during one packet transmission time, then 36.8% of these packets

reach their destination successfully.

11.4.2 CSMA

An ALOHA scheme with an essentially uncoordinated access to transmission

medium has a lowmaximum throughput, which is primarily due to packet col-
lisions. In carrier sense multiple access (CSMA), the chance of collision is min-

imized by sensing the medium for the presence of a carrier signal from other

transmitters. CSMA is based on the principle of sense before transmit, that
is, each transmitter in the network must first check the state of the medium

(i.e., determine whether there is an ongoing transmission) before sending a

packet. However, because of the propagation delay (i.e., the time needed for
a signal to go from one end of the medium to the other), it is still possible

for a collision to occur. When a transmitter sends a packet, it takes time to reach

every other transmitter and for every transmitter to sense it. A transmitter may
sense the medium and find it idle, only because the packet sent by another

transmitter has not yet been received. Thus, the vulnerable period consists of
one propagation delay, and if no other transmitter sends a packet during this

period, the transmitter will in effect have the channel for its transmission sim-

ply because no other transmitter will transmit thereafter.

As shown in Figure 11.6, when a transmitter finds the channel busy in CSMA,

there are three different methods that it can employ to portray its behavior: 1-

persisitent method, nonpersistent method, and p-persistent method. All three
approaches are sensitive to the end-to-end propagation delay of the medium.

In 1-persistent CSMA, if the channel is busy, the transmitter with a packet to send
continuously senses the channel until the channel becomes idle. As soon as the

channel is sensed idle, the transmitter sends its packet (with probability 1). This

method has the highest chance of collision, for two or more transmitters with
ready packets may find the channel idle and send their packets immediately.

Transmitters that are involved in a collision perform the back-off algorithm to
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schedule a future time to resense the channel. Since the transmitters behave in a
greedy fashion, 1-persistent CSMA has a relatively high collision rate.

In nonpersistent CSMA, if the channel is busy, the transmitter with a packet to

send immediately runs the back-off algorithm, and reschedules a future resensing
time. By immediately rescheduling a resensing time and not persisting, the

chance of collision is reduced relative to 1-persistent CSMA. This is due to the
fact that it is unlikely that two or more transmitters will wait the same amount

of time and retry to send immediately. This method, vis-à-vis 1-persientent

CSMA, yields a longer delay and lower network efficiency. The reason lies in
the fact that the channel may remain idle when there may be transmitters with

packets to send.

Suppose the channel has time slots with a slot duration equal to the round-trip
propagation time. In p-persistent CSMA, a transmitter with a packet to send

senses the channel, if the channel is busy, it persists with sensing until the chan-

nel becomes idle, if the channel is idle, with probability p, the transmitter sends
its packet, and with probability of 1� p, it decides to wait for the beginning of

the next time slot and senses the channel again. If the channel is then idle, with

probability p, it transmits, and if the channel is busy, the transmitter waits for a
random period of time (i.e., a back-off period) as if a collision has occurred.

This approach combines the advantages of the other twomethods. Thismethod

spreads out the transmission attempts by the transmitters that have been
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FIGURE 11.6 Behavior of persistence methods: (a) 1-persistent, (b) nonpersistent, and (c) p-persistent.
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waiting for transmission to be completed and hence to increase the likelihood

that a transmitter with a packet successfully seizes the channel.

In CSMA, if two transmitters with packets to send begin sending at the same

time, each will transmit its complete packet, even though they collide. In the
carrier sense multiple access with collision detection (CSMA/CD) scheme, the

amount of wasted bandwidth can be reduced by terminating its transmission

as soon as a collision is detected and the transmitter then attempts to transmit
later after waiting for a random amount of time. CSMA/CD, which is com-

monly used in wired LANs, such as Ethernet, yields a throughput that is greater

than those of the ALOHA schemes.

In a wireless environment, either transmission or sensing is done, that is both

simultaneous transmission and sensing is not possible and the collision detec-

tion time is twice the end-to-end propagation delay. CSMA/CD cannot be used
in a wireless environment of a shared channel. In wireless networks, the colli-

sion detection of CSMA/CD is unreliable due to the hidden-node problem, i.e.,
when a node is visible from a wireless access point, but not from other nodes

communicating with that access point. In carrier-sense multiple access collision

avoidance (CSMA/CA), before a transmitter sends its packet, it has to broadcast
a signal onto the network in order to listen for collision scenarios and to tell

other devices not to broadcast. Collisions are avoided by forcing transmitters

to send reservation messages when they find the channel is idle. When a packet
is transmitted, it is then done in its entirety.

11.5 CONTROLLED ACCESS

To achieve high throughputs in medium access control, some form of coordi-
nation is required. In controlled access, sharing a transmission medium is based

on scheduling, i.e., a transmitter cannot send unless it has been authorized to

do so. The systems employing controlled-access schemes are sensitive to the
reaction time in the form of propagation delay and network latency.

11.5.1 Reservation

In a reservation system, a transmitter needs to make a reservation before send-
ing data. Time is divided into cycles that can be variable in length. Each cycle

consists first of a reservation interval and then an interval during which the

transmitters with reservations send data. The number of mini-slots in a reser-
vation interval corresponds to the number of transmitters in the system. Trans-

mitters use their corresponding mini-slots in the reservation interval to

broadcast that they have a packet to transmit in a corresponding cycle. By lis-
tening to the reservation interval, the transmitters can determine the order of

transmissions in the corresponding cycle.
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If the number of transmitters in a network is very large, then the overhead asso-

ciated with the reservation interval becomes significant. To alleviate this prob-
lem, a mini-slot is not allocated to each transmitter. Instead, transmitters

contend for a reservation mini-slot by using a random-access technique, such

as slotted ALOHA. In fact, this is the way packet service is provided over GSM
cellular telephone networks.

11.5.2 Polling

In polling, transmitters take turns accessing themedium. At any given time, only

one transmitter can send data, after it is done, the right to transmit is passed to
another transmitter. There are various methods for passing the right to transmit

from one transmitter to another. In one method, a central controller

periodically polls the transmitters to determine their service request. The central
controller polls the transmitters sequentially in a circular fashion or another

polling order. Polling can also be implemented in a distributed fashion on

networks with a ring topology, which is known as token passing method.
A token goes around the ring; once a transmitter has it, then the transmitter

has the right to access channel and send its packet data. In a way, receiving a

token corresponds to receiving a polling message. When the transmitter has
no more data to send, it releases the token, thus passing it to the next transmit-

ter in the ring.

If the numbers of transmitters is very large and the traffic is bursty, the time
required to poll all transmitters in the network can be an excessive overhead

burden. One efficient way for rapidly polling a large number of transmitters
with light traffic is called probing or tree search. In that, rather than polling indi-

vidual transmitters, groups of transmitters are polled. A group polling message

is broadcast to all transmitters in a group, all transmitters in the group that have
packets to send then respond, if multiple transmitters respond, a collision will

occur. Subsequently, that group is sub-divided into two sub-groups, the process

of probing will then proceed, until the transmitter with a packet is isolated, and
then it transmits its packet.

11.6 WIRED COMMUNICATION NETWORKS

A network is a set of devices connected by a number of communication links to

provide information transfer among users located at different places. In asses-

sing data-communication networks, there are a number of measures to con-
sider. Performance is an important measure that can be evaluated by several

networking metrics, including:

n Throughput: The actual rate at which information, in the form of bits

and packets, is successfully transmitted over the network.
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n Delay: It consists of processing, buffer, transmission, and propagation

delays associated with transfer of data packets.

n Jitter: It represents the delay variation experienced by received data
packets.

n Accuracy: It is primarily measured by bit error rates and packet-loss rates.

There are of course other measures of high importance, such as network reli-

ability, availability, and security, to name just few.

11.6.1 Circuit-Switched and Packet-Switched Networks

A switched network consists of a series of interlinked nodes by which temporary
connections among nodes, including the intermediate switches and the end

devices, can be made. There are two distinct methods of switching. One is cir-

cuit switching that occurs at the physical layer. The other one is packet switch-
ing, which in turn is divided into two sub-categories. One is the virtual-circuit

packet switching that is normally done at the data link layer, and the other one

is the datagram packet switching that normally occurs at the network layer. It is
not necessary for the layers to operate in the same switching method.

A circuit-switched network is made of a set of switches connected by physical

links, in which each link is divided into multiple channels. Communication
via circuit switching involves three phases: setup phase, data transfer phase,

and teardown phase. In circuit switching, the resources need to be reserved dur-

ing the setup phase, and the resources remain dedicated, without interruption,
for the entire duration of data transfer until the teardown phase.

Since the link is exclusively dedicated to the communicating pair, even during
intervals when the communication path happens to be idle, circuit switching

is not efficient. Despite its low efficiency, a circuit-switched network hasminimal

delay, as during data transfer the data are not delayed at each switch. Also, in a
circuit-switched network, data rate is guaranteed. The PSTN is a prominent appli-

cation of circuit switching, as it can provide interconnection for voice signal

exchange between telephones, data transfer between dial-upmodems, and image
transfer between fax machines.

In a packet-switched network, there is no resource reservation and resources are
allocated on demand. The allocation is done on a first-come, first-served basis.

Packet switching is a method of transmitting data in which long messages are

sub-divided into packets. The size of the packet is determined by the network
and the governing protocol. Each packet is passed from source to destination

through intermediate nodes. When a switch receives a packet, the packet must

wait (i.e., be stored) if there are other packets being processed. There are two
categories of packet-switching; one is datagram, also known as connectionless

packet switching, and the other is the virtual-circuit packet switching, also

known as connection-oriented packet switching.
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In a datagram network, each packet, referred to as a datagram, is routed inde-

pendently of all others. It is normally done at the network layer. In a datagram
network, the destination address in the header of a packet remains the same

during the entire transmission of the packet, and a switch uses a routing table

that is based on the destination address to route each packet. Although call
setup time is avoided, which is an advantage for short messages, each packet

may experience a wait at a switch before it is forwarded. Since not all packets

in a message necessarily travel through the same switches (i.e., the same path)
the delay is not uniform for the packets of amessage. The packetsmay arrive out

of order and resequencing may be required at the destination. By sharing the

transmission line among multiple packets, a high utilization, at the expense
of queuing delays, can be achieved. The Internet Protocol (IP) and the User

Datagram Protocol (UDP), which are the core members of the Internet proto-

col suite, both employ connectionless packet switching.

A virtual-circuit packet-switched network is a cross between a circuit-switched

network and a datagram network. On the one hand, as in a circuit-switched net-
work, there are call setup and teardown phases in addition to the data transfer

phase, and on the other hand, as in a datagram network, data are packetized.

However, the address in a header defines what the next switch should be and
not the final destination. In a virtual-circuit packet switched network, all

packets follow the same path established during the connection, and arrive

in sequence. Due to not requiring routing decisions for each packet, packet
transmission and delivery may take less time. For sustained packet flows, such

as long file transfers, the Internet downloads, audio and video streaming,

virtual-circuit packet switching is appropriate. Transmission Control Protocol
(TCP), used in the Internet protocol suite, provides reliable connection-

oriented packet switching.

11.6.2 Topology

In the context of communication networks, topology refers to the way in which a

network is physically laid out, that is, how the end-point devices, also known as
network nodes, attached to the network are inter-linked. Topologies can be

broadly categorized as follows: star, mesh, bus, ring, and tree. As each of them

possesses its own merits and drawbacks, a hybrid topology may be implemen-
ted in a communication network, such as star clusters used with both ring and

bus topologies to create the star-ring and the star-bus hybrid topologies. The

focus of topologies discussed here is on wired networks, as it is easy to imple-
ment any type of topology in a wireless network.

In a star topology, network nodes are directly connected by point-to-point links
to a central node, usually called a hub, as shown in Figure 11.7a. Typically, each

node requires two links to connect to a central hub, one for transmission and
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one for reception. In a star topology, there is no direct link between the nodes.

In case of node-to-node communications requirement, a node must send the

data to the hub, which then relays to another node, hence double-hub commu-
nications. Applications of the star topology may include the local loops in the

PSTN, satellite VSAT networks, and 1-Gbps Ethernet LANs.

A star topology has the benefit of easy installation and reconfiguration of access
nodes. This reduces the overall network costs and makes network management

much easier. It also has the advantage of being robust, when one link fails, all
other links remain active, which in turn brings about easy fault identification

and isolation. In a star topology, a variety of network media can be used, mak-

ing it easier tomerge legacy and new networks. In a star topology, transmissions
are virtually collision free. The huge drawback of star is its vulnerability to the

hub failure that can cause a complete suspension of network operation. To

enhance reliability, hub redundancy is an important consideration for this
topology. Also, in a wired network environment, cable costs can be higher than

they would be in some other topologies.

In amesh topology, network nodes are all connected by dedicated point-to-point
links to one another. In a mesh network of n nodes, n n�1ð Þ=2 two-way con-

nections are required, as shown in Figure 11.7b. Each device must have n�1

input/output ports. Applications of the mesh topology may include the con-
nection of regional offices in the PSTN, satellite telephone networks using

SCPC to provide telephony in remote and isolated areas, and connecting main

computers of a hybrid network consisting of other topologies.
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FIGURE 11.7 Topology: (a) star, (b) mesh, (c) bus, (d) ring, and (e) tree.
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Dedicated links in a mesh topology avoids the sharing problems. Mesh topol-

ogy is very resilient to failure, for there are always many alternative routes in
case a link becomes unavailable. Dedicated lines between any two nodes can

bring about privacy and security. Point-to-point links make fault identification

and isolation easy, as traffic can be re-routed to avoid links with problems.
Despite its many benefits, mesh topology is implemented in a limited scope.

This is due to the fact that the amount of cabling and the number of

input/output ports is quite significant, and the installation and reconfiguration
are quite difficult. Implementation of ameshwired network is thus quite costly,

whereas a wireless mesh network is virtually cost free.

In a bus topology, network nodes are all connected to a long cable called bus.

A transmission from a node propagates along the length of the bus in both

directions and can be received by all other nodes, as shown in Figure 11.7c.
A bus topology can provide point-to-multipoint connections. To avoid trans-

mission collision andmonopolization of transmission by a node, amechanism

to regulate transmission is thus required. An application is early low-speed
Ethernet LANs.

As the signal travels along the backbone bus, it becomes weaker, and that can
limit the number of nodes and appropriate hardware interfacing. In a bus

topology, the problem of ringing (i.e., signal reflection from the cable ends)

needs to be resolved, for they can cause degradation in signal quality. In a
bus topology, installation is easy withmodest cabling. Additional nodes, which

can be easily added by more taps to the network backbone, can slow the net-

work for all nodes. Moreover, a fault in the bus cable stops all transmission, and
reconfiguration is difficult, simply because new nodes may require modifica-

tion of the backbone bus. Privacy and security is poor, for the signal from a

node is broadcast to all.

In a ring topology, each node is allowed to have dedicated point-to-point con-

nections with only two neighboring nodes in a closed loop, as shown in

Figure 11.7d. The links are unidirectional (i.e., the data is passed along the ring
in one direction, from one node to another, until it reaches its destination).

When a node receives a signal from a neighboring node that is intended for

another node, it regenerates the bits and passes them along the ring. The
IBM Token Ring local area network employs ring topology.

In a ring topology, a single node cannot monopolize the network and its
resources. Since in a ring topology, adding or removing a node requires chang-

ing only two connections, installation reconfiguration, and fault isolation are

all easy. In fault isolation, an alarm is issued once a signal is not received by a
node within a specified period. A break in the ring, such as a disabled node, can

bring the network down. This is viewed as a significant drawback, and a dual

ringmay thus be used. Also, adding nodes to the ring can disrupt the entire ring.
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Tree topology is a general form of bus topology. The tree layout begins at a point

known as the head-end. Each cable starting at the head-endmay have branches,
and branches in turn may have branches, as shown in Figure 11.7e. The struc-

ture is hierarchical, and the nodes at higher levels are thus more important.

Applications may include cable television network and some lightly-
loaded LANs.

A tree topology is not robust to failure, because there is only one path between
any pair of nodes. A transmission from a node is broadcast to all, i.e., it is

received by all other nodes; it is therefore not very secure. To resolve this issue

and also prevent a node to transmit continuously, nodes must transmit data in
blocks, known as frames, where each frame has its own destination address and

control information.

11.6.3 Routing and Flow Control

Routing is concerned with the paths travelled by packets through the network.

The objective is to determine the best paths in a network for packets to follow
from a source to a destination. Flow control is concerned with the timing and

rate of packet transmissions, and its objective is to ensure that the source does

not overwhelm the destination with packets. We briefly outline some aspects of
routing and flow control from a high-level perspective, and the details of var-

ious algorithms implementing these two major network functions are beyond

the scope of this chapter.

The criteria to find the best path connecting a source and a destination may

include the minimum number of links (hops), the minimum overall end-to-

end delay, the highest user or network throughput, the lowest overall cost,
the highest overall reliability, the lowest packet loss rate, the minimum buffer

requirements, the maximum number of users that can be supported, and net-
work fairness (i.e., users are receiving a fair share of system resources). How-

ever, minimum-delay routing is often used and routers thus exchange

information to get a picture of the delays throughout the network. This in turn
helps to balance loads, thus decreasing local congestion.

In order to identify the set of links that lead to the best path, a routing algorithm

with global knowledge about the state of the network is required. Overall, an
effective routing algorithm is to accommodate as many goals as possible. They

may include rapid and accurate delivery of packets, adaptability to node or link

failure as well as to varying traffic loads, ability to avoid congested links, and
low overhead.

Flow control in datagram and virtual-circuit packet networks is done differ-
ently. In connectionless networks, sources do not interact with the network

prior to the transmission of data. It is thus possible that sources overload the
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network, causing buffer overload and packet loss. The sources with packet loss

retransmit the lost packets, and that in turn will cause more buffers to overflow
and require further retransmissions. This leads to a decrease in the network

throughput to an unacceptable level. There are various techniques for flow

control, and we briefly describe the one implemented in the Internet. The net-
work nodes that experience congestion, that is, buffer overflow, send the

network nodes causing the congestion special control packets requesting the

transmit nodes to decrease the rate at which packets are injected into the
network. However, for this scheme, there is no standard to specify under what

conditions control packets should be sent and how the receiving nodes must

react to control packets.

Flow control in connection-oriented networks may be done at two levels. The

first level is when a connection request is made, and the network responds
whether it has the required resources to provide the connection. The second

level is when a connection is made, in that the packet rate and the burstiness

of sources are controlled by the network.

11.6.4 Local Area Networks

A local area network (LAN) links a number of telecommunications equipment,
while spanning a relatively small area. LANs are capable of transmitting at

very high rates with limited distances. Wired LANs of various types have

been in operation for the past several decades. Today’s wired LANs are several
orders of magnitude faster than the earlier ones. Today, a LAN not only con-

nects computers and smart phones and allows sharing of resources in a small

geographical area, but more importantly, a wired LAN is now connected to the
Internet.

Of all wired LANs, which existed over many years, the only survival is Ethernet.

As such, our discussion of wired LANs is limited to Ethernet. The IEEE 802.3
standard, known as Ethernet, comprises four generations of Ethernet: i) stan-

dard (traditional) Ethernet at 10 Mbps, ii) fast Ethernet at 100 Mbps, iii)
1-Gigabit Ethernet at 1 Gbps, and iv) 10-Gigabit Ethernet at 10 Gbps.

All IEEE LANs sub-divide the data link layer, i.e., the second layer of the com-

munication network protocol, into two sub-layers: logical link control (LLC)
and medium access control (MAC). The MAC sub-layer, the lower portion of

the data-link layer which interfaces with the physical layer and performs part

of framing function, defines the specific access method for each type of LAN.
For instance, it defines CSMA/CD for Ethernet LANs and the token-passing

for Token Ring LANs. The LLC sub-layer, the upper part of the data-link layer

which interfaces with the network layer, handles flow control and error control
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and part of framing tasks. This allows interconnectivity between different LANs,

as it makes the MAC sub-layer transparent.

Table 11.1 presents some of the main characteristics associated with various

Ethernet LANs. All Ethernet LANs employ baseband signaling, in that, the bits
employ a line code to send the digital signal on the line. In 10-Mbps and 100-

Mbps Ethernet LANs, the control access method to the sharing medium is

CSMA/CD with 1-persistent method. 1-Gbps and 10-Gbps Ethernet LANs,
however, operate in a switched full-duplex mode, in that there is no need

for CSMA/CDmethod, as each node is connected to the switch via two separate

links and there is no need for collision detection.

Table 11.1 Ethernet LANs

LAN types Transmission medium Maximum
length

LAN
topology

Line coding

10-Mbps
Ethernet LAN

10Base5 Thick coaxial 500 m Bus Manchester

10Base2 Thin coaxial 185 m Bus Manchester

10Base-T Twisted pair 100 m Star Manchester

10Base-F Optical fiber 2 km Point-to-point Manchester

100-Mbps
Ethernet LAN

100Base-TX Two unshielded twisted pairs 100 m Star 4B5B+MLT-3

100Base-FX Two optical fiber multimode 2 km Star 4B5B+NRZ-I

100Base-T4 Four unshielded
twisted pairs

100 m Star Two 8B-6 T

1-Gbps
Ethernet LAN

1000BaseSX Two optical fiber multimode 550 m Star 8B-10B+NRZ

1000BaseLX Two optical fiber single-mode 5 km Star 8B-10B+NRZ

1000BaseCX Two shielded twisted pairs 25 m Star 8B-10B+NRZ

1000BaseT Four unshielded twisted pairs 100 m Star 4D-PAM5

10-Gbps
Ethernet LAN

10GBase-SR Two optical fibers multimode at 850 nm 300 m Point-to-point 64B-66B

10GBase-LR Two optical fibers single-mode at 1310 nm 10 km Point-to-point 64B-66B

10GBase-EW Two optical fibers single-mode at 1550 nm 40 km Point-to-point SONET

10Gbase-X4 Two optical fibers multimode at 1310 nm 0.3 - 10 km Point-to-point 8B-10B
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11.6.5 Telephone and Cable Networks

Plain Old Telephone Service (POTS), developed over a century ago, is the voice-
grade telephone service that is based on analog signal transmission over a pair

of twisted-wire connecting the user’s telephone set and the central office. In the

PSTN, the communication link between the customer’s premises and the cen-
tral office is known as the last mile or the local loop providing access to the end

user. During the past half century, the PSTN has also been used, at a growing

rate, for the transmission and reception of digital data, such as e-mail, fax, and
data file transfer. The device that performs the conversion between the digital

signal and a standard form suitable for transmission over a telephone channel

in the PSTN is known as a voice-band dial-up modem. The fundamental role of
such a modem is to transmit digital data over the telephone network in a trans-

parent fashion, as the PSTN treats the transmitted digital data like the

analog voice.

A large array of voice-band dial-up modems, including the ITU-T V-series

modems over the telephone network, was developed between the early sixties
and the late nineties. There are still millions of them being used in rural and

remote areas to provide connectivity to the Internet. The ITU-T V-series recom-

mendations on data communication over the telephone network specify the
protocols that govern approved modem communication standards and inter-

faces. These standard modems were designed to have different capabilities,

such as half-duplex and full-duplex communications, symmetric and asymmet-
ric configurations, as well as adaptive bit rates. Their evolution started with the

introduction of V.21 modem standard employing binary FSK operating at

300 bps and ended up with the development of V.34modem standard employ-
ing 240-QAM with trellis-coding operating at 33.6 kbps, over a hundred times

faster than the first generation of dial-up modems.

As discussed in Chapter 2, Shannon stated that the channel capacity for a band-

limited, power-limited channel with additive white Gaussian noise (AWGN) is

given by the following formula:

C¼W log2 1 +
S

N

� �
(11.3)

Note that the channel bandwidthW is measured in Hz and the signal-to-noise
ratio at the receiver input in linear scale (not in dB). In a typical telephone line,

the bandwidthW is roughly 3.4 kHz and the line signal-to-noise ratio is about

30 dB. Using (11.3), the capacity of a typical telephone network then turns out
to be around 34 kbps. It is thus fair to say that V.34 modem approached the

capacity that Shannon promises for a typical telephone channel.

In response to providing faster modems over the PSTN, the V.90 modem

standard was developed in the late nineties. V.90 modem, also known as
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56K modem, may be used only if the other end is using digital signaling, such as

the digital modem at the Internet service provider (ISP). This higher data rate is
due to the higher SNR, which in turn is due to no quantization noise, for there

is no sampling involved in downlink. To arrive at the 56-kbps figure, there are

8000 samples per second and 8 bits per sample; however, one of the bits in each
sample is used for control purposes, hence 56 kbps. The analog modem at the

user’s end for uplink is a V.34 modem standard. V.90 was anticipated to be the

last standard for modems operating near the channel capacity of POTS lines to
be developed. V.90 is generally used in concert with the V.42bis compression

standard.

Digital subscriber line (DSL) refers to a group of digital technologies that can

provide high-speed digital signal transmission over the existing twisted-wire

pair in local loops. The term DSL is primarily a set of standards that define
the central office interface. Through the central office, the user is connected

directly to the broadband backbone network. The twisted-wire pair used in

the local loop, originally designed for voice analog signals, is intentionally
loaded, at regular intervals across the local loop, with coils. The extra induc-

tance makes the frequency response fairly flat across the effective voice band.

This helps to improve the voice quality, but at the expense of significant atten-
uation beyond 3.4 kHz. DSL uses an adaptive technology, in that it uses a bit

rate based on the condition of the local loop. Factors such as the distance

between the user location and the switching office, the size of the wire, the sig-
naling type, the level of crosstalk interference from other lines, and the level of

signal-to-noise ratio can all affect the available bandwidth.

DSL, which includes the family of ADSL, VDSL, HDSL, and SDSL, is often

referred to as xDSL. A widely-used DSL technology offered by a number of ser-

vice providers is the ADSL. ADSL stands for asymmetric DSL, in that, the speed
in the downstream direction is higher than the speed in the upstream direction.

The twisted-wire pair in the local loop potentially has a bandwidth of about

1.1 MHz, but the filter used at the end office where each local loop terminates
limits the bandwidth to 4 kHz. Once the filter is removed, the entire 1.1 MHz

bandwidth can be utilized for data transmission and voice communications.

ADSL allows the subscriber to use voice and high-speed data at the same time,
as shown in Figure 11.8a. This is achieved by using frequency division

multiplexing to divide the bandwidth into a voice channel, an upstream chan-

nel (25–138 kHz), and a downstream channel (138–1104 kHz). The lowest
part of the band up to 25 kHz is reserved for POTS, which nominally requires

a bandwidth of 4 kHz. The ADSL bandwidth is separated by a LPF for voice and

a HPF for data, where both have cutoff frequencies of 25 kHz.

The ADSL uses discrete multitone (DMT) modulation, similar to OFDM. In that,

multiple carrier signals at different frequencies are employed. The available
bandwidth is divided into 256 parallel DMT channels, each consisting of

48311.6 Wired Communication Networks



4.3125 kHz and capable of carrying about 60 kbps. It would be possible to have

an upstream data rate of 1.44 Mbps and a downstream data rate of 13.4 Mbps.

In practice, however, transmission impairments prevent attainment of these
data rates. Current implementations of ADSL operate at from 1.5 to 9 Mbps

downstream and at from 16 to 640 kbps downstream in a bandwidth of up

to 1.1 MHz and over a distance of 2.7 to 5.5 km. VDSL does even better, as
it can support data rates of 13 to 52 Mbps downstream and 1.5 to 2.3 Mbps

upstream in an aggregate bandwidth up to 30 MHz and over a distance of

0.3 to 1.5 km.

Many decades ago, cable TV started to distribute broadcast TV signals to loca-

tions where reception was poor, and it was called Community Antenna Televi-
sion (CATV). CATV used coaxial cable and due to signal attenuation and thus

use of dozens of amplifiers, the cable network was unidirectional. During the

past couple of decades, the second generation of cable network, called a hybrid
fiber-coaxial (HFC) network, was developed. The use of fiber-optic cable

reduces the need for amplifiers down to very few. This move from traditional

to hybrid infrastructure made the cable network bi-directional. Yet, the last part
of the HFC network, from the fiber node to the subscriber is still a coaxial cable.

As shown in Figure 11.8b, the coaxial cable part of HFC has a bandwidth rang-

ing from 5 MHz to 750 MHz, consisting of 6-MHz channels. To provide bidi-
rectional connectivity, the bandwidth is divided into three bands: video,

upstream data and cable telephony, and downstream data. The video band

occupies frequencies from 54 MHz to 550 MHz, thus accommodating more
than 80 channels. The downstream-data band occupies the upper band from

550 MHz to 750 MHz, consisting of 33 channels. The upstream-data band

occupies the lower band from 5 to 42 MHz, comprising 6 channels.

(b)
42 75055054

(MHz)
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Telephony
& data

upstream
band

(6 × 6 MHz)

Video
band

(80 × 6 MHz)

Data
downstream

band
(33 × 6 MHz)

(a)
4 110413825

(kHz)
0

POTS
band

Data
upstream

band
(25 × 4.3125 kHz)

Data
downstream

band
(224 × 4.3125 kHz)

FIGURE 11.8 Spectrum allocation: (a) ADSL and (b) CATV.
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Both upstream and downstream bands are time shared by many subscribers.

The channels are shared, statically or dynamically, by a group of subscribers.
In short, a subscriber with data must contend for the channel with others.

The same situation exists for downstream, the channel must be shared among

a group of users using multicasting concept. The throughput per 6-MHz chan-
nel is about 10 to 30 Mbps for the upstream and about 42 Mbps for the

downstream.

11.7 NETWORK SECURITY AND CRYPTOGRAPHY

Private, dedicated communication links among users are quite rare; instead,

there are always public communication networks shared by many users. The

security threats that can arise in public networks are numerous, the array of
attacks is constantly widening, and network security is continually becoming

more challenging. Cryptography is an effective means of combating network

threats, especially in e-commerce and m-commerce applications. Although
the area of cryptography is very mathematical, only a very brief and simple

introduction to this topic is made here.

Tomake a network secure, there are network security requirements that must be
met. They include:

n Confidentiality, i.e., ensuring the transmitted message is hidden from

unauthorized parties.

n Authentication, i.e., verifying the communicating parties are those they
claim to be.

n Integrity, i.e., confirming that the message content has not been

tampered with.
n Nonrepudiation, i.e., not being able to deny the transmission between the

two parties has taken place.

Cryptography is the science of making secret communication to make messages

secure. By encryption, an original message, called plaintext, is transformed into a

coded message, called ciphertext. The reverse process is called decryption. The
algorithm used for encryption and decryption is often called a cipher and

the process of encryption and decryption requires a secret key, without which

the unauthorized parties must not be able to recover the original message.

A key is a number (value) that the cipher operates on. To encrypt a message, an

encryption algorithm, an encryption key, and the plaintext are needed and to
decrypt it, a decryption algorithm, a decryption key, and the ciphertext are

required. The encryption and decryption algorithms are public, that is, anyone

can access them, but the keys are secret and thus need to be protected.
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There are two broad categories of cryptography: private-key cryptography, also

known as secret-key cryptography and symmetric-key cryptography, and public-

key cryptography, also referred to as asymmetric-key cryptography.

It is important to emphasize that there is a fundamental question as how secret
keys in symmetric-key cryptography and public keys in asymmetric-key cryp-

tography are efficiently and securely distributed and maintained. As the two

widely used ways to distribute keys, we will briefly discuss the key distribution
center (KDC) for symmetric-key cryptography and a certification authority

(CA) for asymmetric-key cryptography. It is important to note that it is also pos-

sible to create a session key between two users without using a KDC or a CA.
One such method is Diffie-Hellman key agreement, through which the two

users create a secret shared key by using a series of exchanges over a public

network.

11.7.1 Private-Key Cryptography

The private-key cryptography uses the same key for both the encryption at the

transmitter and the decryption at the receiver, as shown in Figure 11.9a. In
secret-key cryptography, decryption algorithm is the inverse of encryption algo-

rithm, and the number of symmetric keys forN users to communicate is N N�1ð Þ
2 ,

as each pair must have a unique symmetric key. The number of keys grows qua-

dratically, thus making these systems unfeasible for larger-scale use. The
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FIGURE 11.9 Private-key: (a) cryptography and (b) authentication.
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symmetric-key cryptography is more efficient and widely practiced than

asymmetric-key cryptography, and they are often used for long messages, for
they also require less time to encrypt. An example of asymmetric-key cryptog-

raphy is the Data Encryption Standard (DES). At the transmitter, a 64-bit plain-

text is created into a 64-bit ciphertext, and at the receiver, a 64-bit ciphertext is
converted back to a 64-bit plaintext, noting that in DES, the same 56-bit key is

used for both encryption and decryption.

Figure 11.9b shows a secret-key authentication. The transmitter first sends a

message identifying itself, the receiver, as a challenge, then sends back

a message containing a random number. The transmitter then sends, as a
response, an encrypted version of the random number. The receiver decrypts

it by using the shared key. If the encrypted number is the same random number

as the one sent earlier, then the receiver has authenticated the given transmitter.
Similarly, the transmitter can then authenticate the receiver, of course, using

another random number.

In symmetric-key distribution, a trusted third party, referred to as a key distribu-

tion center (KDC), is used. In symmetric-key cryptography, each user establishes a

shared secret key with the KDC. The secret keys, created by the KDC, are used
exclusively between the KDC and the users, and not among the users themselves.

When a user wants to transmit secretly with another one, the transmitter then

asks the KDC for a session (temporary) secret key to be used between the two
users. A session symmetric key between two parties is used only once.

11.7.2 Public-Key Cryptography

The public-key cryptography is based on personal secrecy rather than sharing
secrecy. In public-key cryptography, as shown in Figure 11.10a, two different

keys, a public key and a private key are used. It is a salient requirement that

it must not be possible to determine the private key from the public key. In gen-
eral, the public key is small and the private key is large. A pair of keys can be

used many times. The number of keys for N users to communicate is 2N.

The algorithm is complex and more efficient for short messages.

Figure 11.10b shows a public-key authentication. The transmitter first sends a

message identifying itself. The receiver, as a challenge, then sends back a mes-
sage containing a random number that has been encrypted by using the trans-

mitter’s public key. The transmitter then uses its own private key to determine

the random number, and then responds by sending that random number. To
develop a public-key cryptographic system is a complex task. A widely-used

public cryptographic system is RSA (named after its inventors, Rivert, Shamir,

and Adleman). The RSA algorithm is a block cipher based on modular arith-
metic and factorization of a number that is the product of two large prime

numbers.
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In asymmetric-key distribution, a federal or state organization, known as a cer-

tification authority (CA), is used. In asymmetric-key cryptography, public keys,
like secret keys, need to be distributed securely; the process can otherwise be

subject to forgery. The CA first checks the identification of a user, asks the user’s

public key and writes it on the certificate. To prevent the certificate itself from
being forged, the CA signs the certificate with its own private key, which is dif-

ficult to be forged. The user uploads the signed certificate. Anyone who wants a

user’s public key downloads the user’s signed certificate and then uses the CA’s
public key to obtain the user’s public key.

11.7.3 Digital Signatures

Message authentication protects two communicating parties from any third

party; it does not, however, protect the two parties against each other.

In situations where something more than authentication is needed, the digital
signature is the most attractive solution, in addition, it can also prevent denial

and forgery. Digital-signature signing and verification processes are shown in

Figure 11.11. Public-key cryptography can be used to provide nonrepudiation
by producing a digital signature. A digital signature uses a pair of private-public

keys belonging to the sender to provide message integrity and message

authentication.
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In a digital-signature system, on the one hand the messages are normally long,

but on the other hand we must use asymmetric-key cryptography systems that
are very inefficient when dealing with long messages. The solution is to create a

digest of a message through a hashing function (e.g., a checksum is produced

that is much smaller than the message). Therefore, the transmitter first pro-
duces a digest, then encrypts it using its own private key to produce the signa-

ture, and then sends the signature along with the message to the receiver. At the

receiver, the signer’s public key is applied to the signature to get the transmitted
digest, and the digest is also directly determined from the message. If both

digests are the same, then only the given transmitter could have issued the mes-

sage and the message has maintained its integrity.

It is important to highlight the distinction between how private and public keys

are used in digital signatures, vis-à-vis in public-key cryptography, for confiden-

tiality. In a digital signature, the signer (transmitter) signs the message digest
with the signer’s private key and the verifier (receiver) verifies with the signer’s

public key. In contrast, in cryptography, the public and private keys of the

receiver are used in the process.
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FIGURE 11.11 Digital-signature signing and verification processes.
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Summary and Sources

The area of communication networks is a broad area, and only few topics of

importance in this chapter were covered briefly. We first provided brief descrip-
tions of various forms of common multiplexing techniques, duplexing

methods, and multiple access schemes. We then presented random and

controlled-access schemes, along with their merits and drawbacks. The focus
then turned towards telephone and cable networks. The chapter ends with net-

work security and cryptography, in which security requirements are noted and

private and public cryptography are highlighted.

There is no single book to fully discuss all areas covered in this chapter.

However, there are excellent books on communications networks, such as
Leon-Garcia and Widjaja [1], Forouzan [2], and Stallings [3]. There are

also many references on various multiplexing, duplexing, and access

methods [4–14].

[1] Leon-Garcia and I. Widjaja, Communication Networks - Fundamental Concepts and Key Architec-

tures, second ed., McGraw-Hill, ISBN: 0-07-119848-2, 2004.

[2] A. Forouzan, Data Communications and Networking, fifth ed., McGraw-Hill, ISBN: 978-0-07-
337622-6, 2013.

[3] W. Stallings, Data and Computer Communications, ninth ed., Prentice-Hall, ISBN: 978-0-13-

139205-2, 2011.

[4] G.J. Mullett, Basic Telecommunications: The Physical Layer, Delmar, Cengage Learning, ISBN:

978-1-4018-4339-7, 2003.

[5] Gitlin, J.F. Hayes and S.B. Weinstein, Data Communications Principles, Plenum Press, ISBN:

0-306-43777-5, 1992.

[6] Sklar, Digital Communications, second ed., Prentice-Hall, ISBN: 0-13-084788-7, 2001.
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Problems
11.1 Suppose 1000-bit packets are transmitted on a shared channel of 10 Mbps.

Determine the throughput for the following two cases:

(a) The system is an unslotted ALOHA system with a packet rate of 1000

packets per second.

(b) The system is a slotted ALOHA system with a packet rate of 2000

packets per second.

11.2 Propose a strategy to improve the performance of probing algorithm.

11.3 Describe all major aspects of the TDMA used in GSM.

11.4 Describe all major aspects of the CDMA used in IS-95.

11.5 Describe all major aspects of the FDMA in AMPS.

11.6 Show bit rate equivalence of FDMA and TDMA.

11.7 Compare the message delay in FDMA and TDMA.
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CHAPTER 12

Wireless Communications

INTRODUCTION

We first discuss various sources of noise, loss, and interference, and then

focus on major aspects of radio-communications link. The frequency-reuse
and the cell concepts are presented. We highlight radio-propagation mech-

anisms, and describe various forms of channel fading. The descriptions of all

forms of diversity schemes along with the diversity-combining methods are
provided. Finally, our focus turns toward the next generation of wireless

communications systems. After studying this chapter and understanding

all relevant concepts, students should be able to achieve the following learn-
ing objectives:

1. Categorize various sources of loss and interference.
2. Know how to make a link budget for a radio-link analysis.

3. Explain how the EIRP is calculated.

4. Calculate the receive figure of merit.
5. Determine the carrier-to-noise ratio.

6. Explain the role of the link budget, margin, and threshold.
7. Understand the need for the frequency-reuse and cell concepts.

8. Describe the reuse distance and reuse factor in spatial separation.

9. Discuss the cell-splitting and cell-sectoring concepts.
10. Explain radio-propagation mechanisms.

11. Define the Doppler effect.

12. Understand the role of delay spread and coherence bandwidth.
13. Appreciate the role of Doppler spread and coherence time.

14. Provide the definitions of slow fading and fast fading.

15. Give the definitions of flat fading and frequency-selective fading.
16. Describe various methods of diversity.

17. List diversity-combing methods.

18. Detail TV white spaces and emerging applications.
19. Classify 0G, 1G, 2G, 3G, and 4G systems.

20. Expand on LTE-Advanced and its enabling technologies.
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12.1 RADIO-LINK ANALYSIS

In the design of a radio communication system, the link analysis, with its out-

put, the link budget, or more precisely, the link power budget, is a must. The
link comprises the entire communications path from the information source

to the information sink. The link budget is a balance sheet of all gains and

losses incurred in a radio communication link. The link budget outlines
the allocation of transmit and receive resources, sources and levels of interfer-

ence and noise, sources and amounts of losses, and effects of processes

throughout the link. The link budget is an estimation technique to assess
the performance of a radio link, such as the link availability, information rate,

and bit error rate, and is thus a basic tool to provide an overall system insight,

as it is a score sheet in considering system design trade-offs and configuration
changes.

12.1.1 Sources of Interference, Loss, and Noise

There are quite many sources of interference, loss, and noise, and these sources

and their contributions in one radio communication system may be different
from those in another system. For instance, in satellite broadcasting systems,

the link is generally noise-limited, and in cellular mobile systems, the interfer-

ence is usually more dominant than noise.

Interference is an unwanted signal, and there are various sources of interfer-

ence. In an ideal system, the interfering signals, if not eliminated, must be
significantly minimized. Not all sources of interference exist in all systems,

but what matters in a system is the aggregate interference level. We now

briefly identify four types of interference. Co-channel interference arises in
a system employing the frequency reuse concept. It occurs when the wanted

signal from within the cell arrives at the receiver along with the unwanted

signals from other cells, while all employing the same carrier frequency.
Adjacent carrier interference is caused by power from signals in adjacent car-

riers in the system. It occurs in multi-carrier channels with modest carrier

spacing and inadequate filtering in the transmitter and receiver. Adjacent sys-
tem interference is produced by signals belonging to another system using

the same frequency as the wanted signal. This type of interference exists

between two geostationary satellites operating in two adjacent orbital slots
while using the same frequency band and having the same footprints or

between a satellite and terrestrial system sharing the same frequency band

while covering the same geographical area. Intermodulation interference

is primarily due to the processing of the signal by a nonlinear device at or

close to saturation. It is of high importance to point out that intersymbol
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interference, however, is not included in the link budget simply because a

change in signal power cannot alter the degradation that intersymbol inter-
ference causes.

Loss represents signal attenuation, and there are various sources of loss, includ-
ing path loss (a decrease in the signal strength of an electromagnetic wave as a

nonlinear function of both distance and frequency), implementation loss (due

to imperfect equipment components and system operation), pointing loss (due
to imperfect pointing of transmit and receive antennas), atmospheric loss (pri-

marily due to rainfall), antenna loss (due to low antenna efficiency and increase

in antenna temperature), backoff-power loss (to ensure amplification in the
linear region), cross-polarization loss (as no antenna is perfectly polarized in

a single polarization mode), and depolarization loss (loss of polarization in

high-frequency antennas). It is important to note that fading and its impact
on the transmitted signal is included in the link budget by providing additional

link margin to account for it.

Noise is an unwanted, uncontrollable, ever-present random signal and there

are diverse sources of noise, including thermal noise (due to the randommotion

of electrons in a conductor) and shot noise (due to the discrete nature of current
flow in electronic devices). However, phase noise due to phase jitter in the local

oscillator is not included in the link budget because a change in signal power

cannot alter the degradation that phase noise causes.

12.1.2 Received Signal Power and Path Loss

A gain of an antenna reflects its directivity, and an isotropic (omni-directional)

antenna has thus unity (zero-dB) gain. A transmit antenna with a gain GT has
directivity in a particular direction, and is assumed to be pointed in the direc-

tion of the receive antenna with a gain GR. When the transmit antenna radiates

at a power level PT watts, then the product of the transmitting power and the
gain of the transmitting antenna (i.e., PTGT) is called effective isotropically radi-

ated power (EIRP), which is the radiated power relative to an isotropic (omni-
directional) antenna.

Assuming the distance between the transmit antenna and the receive antenna is

d meters, the signal power density at the receive antenna is thus PTGT/4πd
2

W/m2, where 4πd2 represents the surface area of a sphere with a radius of

d meters. The radiated power captured by the receive antenna is proportional

to its effective area A. From the basic electromagnetic theory, we have
A¼GRc

2=4πf 2, where c represents the speed of light in meters per second

and f is the frequency of the transmitted signal in Hertz. The received signal

power PR is thus as follows:
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PR ¼ PTGT

4πd2

� �
A¼ PTGT

4πd2

� �
GRc

2

4πf 2

� �
¼ PTGTGR

4πdf=cð Þ2 ¼
PTGTGR

Ls
(12.1a)

where Ls is called the free-space path loss (absolute units), and is proportional to

the square of both distance and frequency. Equation (12.1a), known as Friis

transmission formula, relates the received power to the transmitted power.
The received signal power in dB is thus as follows:

PR ¼ PT +GT +GR�Ls ¼ EIRP +GR�Ls dBð Þ (12.1b)

Note that other losses, such as absorption, pointing, and implementation

losses, can further reduce the received signal power dB for dB. The path loss

for a non-free-space wireless environment, such as a path with obstructions,
is difficult to model. For a free-space path, the path loss varies as the square

of the distance (i.e., n¼ 2), but because of the propagation characteristics of

mobile radio propagation, we have n> 2. Some rough values for the path-loss
exponent n is given in Table 12.1.

12.1.3 Noise Temperature and Receive Figure of Merit

The received signal power is important when compared to the noise present in
the system. The noise consists mainly of thermal noise. The available power

from a thermal noise source is dependent on the noise temperature of the

source, and noise power is given by:

N¼ kTsB¼N0B (12.2)

Table 12.1 Path-loss exponents for different environments

Environment n

Free space 2

Obstructed in a large closed-space 2.5

Flat rural 3

Hilly rural 3.5

Suburban 4

Downtown 4.5

Obstructed in building 5
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whereN is measured in watts, k¼ 1:38�10�23 joules/Kelvin is the Boltzmann’s

constant, Ts is the system noise temperature in Kelvin, B is the noise bandwidth

in Hertz, and N0 is the noise power spectral density in watts/Hertz. The system
noise temperature in turn is composed of several factors, such as antenna noise

temperature and receiver noise temperature.

The ratio of the receiving antenna gain GR to the system noise temperature Ts
(i.e., GR/Ts) is called the receive figure of merit, where it is given in dBi/K and

thus expressed inGR=Ts ¼GR�10logTs. For instance, when the receive antenna
gain is 30 dBi and the system-noise temperature is 100 degrees K, the figure of

merit is 10 (¼ 30�10log100Þ dBi/K.
Using (12.1a) and (12.2), the ratio of the received signal power to the noise

power over the bandwidth of interest, widely known as the carrier-to-noise ratio
C
N

� �
, is as follows:

C

N
¼ PR
kTsB

¼PTGTGR

LskTsB
(12.3a)

The carrier-to-noise ratio in dB is thus as follows:

C

N
¼ EIRP +

GR

Ts
�Ls�228:6�10 logB dBð Þ (12.3b)

Note that �228:6 ¼ 10log 1:38�10�23ð Þð Þ reflects the Boltzmann’s constant
in dB.

12.1.4 Link Margin and Link Threshold

As discussed earlier, in digital communications, Eb/N0, which is a normalized

version of average signal power to average noise power ratio, is the measure of
performance, as it can determine the average bit error rate for a given modula-

tion technique and channel coding scheme. Since Eb/N0 measures the bit

energy to the noise power spectral density, using (12.2), we have the following
at the detector input:

Eb
N0

¼
C
�
Rb

N
�
B

¼ C

N

� �
B

Rb

� �
(12.4a)

where Rb is the bit rate. The value of
Eb
N0

in dB is thus as follows:

Eb
N0

¼ C

N
+ 10 logB�10 logRb dBð Þ (12.4b)
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Using (12.3b), (12.4b) can be expresses as follows:

Eb
N0

¼ EIRP +
GR

Ts
�Ls�228:6�10 logRb dBð Þ (12.4c)

The value of
Eb
N0

in (12.4c) reflects the required value to yield the target bit error

rate. However, due to fade and the randomness associatedwith it, a link is always
designed to have a link margin. In other words, a link is designed so the received
Eb
N0

is always several dBs more than the required
Eb
N0

, and the difference between

these two values is known as the link margin. The link margin is set based on the
link-propagation characteristics and the target-link availability.

Another point of high importance is that in a radio link, the impact of various

types of interference must be included and the aggregate interference is then

taken into account. More specifically, we need to include C= N + Ið Þ in the link
budget. To do that, the aggregate interference, in absolute unit (i.e., not in dB),

is added to the noise level in absolute unit (i.e., not in dB). Then the C= N + Ið Þ
in dB is used in place of C/N in dB to determine the link margin. As an
example, suppose there are two types of interferences, one at 20 dB and the

other at 18.2 dB, and the noise level is at 17.1 dB, all with respect to the

carrier (signal) level. The aggregate level of interference is thus 16�
¼ 10log

�
10�20

10 + 10�18:2
10

��
dB, which in turn reduces the received signal

power to 13.5
�
¼ 10log

�
10�17:1

10 + 10�16
10

��
dB.

In a link budget, after including the impacts of noise, aggregate interference,

and combined losses, the link resources must be enough to help close the link
and deliver the following link threshold:

Link threshold ¼ Eb
N0

+ 10logRb + Linkmargin dBð Þ (12.5)

12.2 FREQUENCY REUSE

Radio spectrum is the scarcest resource in radio communications. Efficient use
of spectrum is of paramount importance, as it can bring about an increase in

system capacity, an improvement in system performance, and a reduction in

transmit power. It is thus imperative to employ any which method possible
to save spectrum, including bandwidth-efficient trellis-coded and adaptive

modulation schemes, efficient source coding and compression techniques,

high-performance channel coding schemes with modest coding rates, and
diversity techniques. These techniques, along with some others employed in

wireless communications, can save the amount of spectrum used, but of course

at the expense of complexity. However, in parallel with saving spectrum, we can
also increase the amount of spectrum by reusing the allocated raw spectrum.

This can be achieved through dual polarization and spatial separation.
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12.2.1 Dual Polarization

An antenna is a transducer that converts a radio-frequency electric current to an
electromagnetic wave that is then radiated into space. Polarization of

electromagnetic-wave propagation is the direction of its electric-field vector

in relationship to the surface of the earth. Dual polarization exploits orthogo-
nality, and thus allows frequency reuse.

There are two distinct types of polarization, linear polarization and circular
polarization, and each type can have dual polarization. A linear polarized

antenna radiates energy wholly in one plane containing the direction of prop-

agation, but a circular polarized antenna radiates energy in both the horizontal
and vertical planes and all planes in between. The polarization of the receive

antenna must be the same as that of the transmitted radio wave for best recep-

tion and the choice of polarization is sometimes dictated by the method of
propagation and the operating frequency band.

In linear polarization, the electric-field vector does not change its orientation

(i.e., it remains the same) with respect to an observer. Linear polarization
(LP), in turn, is of two types, horizontal and vertical. In horizontal polarization

(HP), the electric-field vector is parallel to the surface of the earth. Off-the-air
TV transmissions in the United States use HP. Man-made radio noise is pre-

dominantly vertically polarized and the use ofHPwould provide some discrim-

ination against interference from noise. In vertical polarization (VP), the
electric-field vector is perpendicular to the surface of the earth. Ground-wave

propagation requires VP, as such AM radio broadcast towers and the whip

antennas on cars have vertical antennas. Mobile communication systems usu-
ally use VP, as it is desirable to radiate a radio signal in all directions. Linear

polarization is also used in FSS C-band (6/4 GHz) and FSS Ku-band (14/

12 GHz) satellite communication systems providing fixed-satellite services.
For instance, due to dual polarization, the 500-MHz raw spectrum allocated

to fixed satellite services (FSS) in either C-band or Ku-band is reused to make

it into 1 GHz spectrum.

Circular polarization (CP), in turn, is of two types, right-hand and left-hand. In

right-hand circular polarization (RHCP), the electric wave rotates in a clockwise

direction as it travels, and in left-hand circular polarization (LHCP), it rotates in
a counter-clockwise direction. FM radio broadcasting commonly uses circular

polarization, producing a signal that can be received by either horizontal or ver-

tical antennas. Circular polarization is also used in satellite communications,
especially in TV broadcast satellites operating at BSS Ku-band (17/12 GHz)

and high-capacity broadband satellites operating at Ka-band (30/20 GHz).

The reason lies in the fact that circular polarization can keep the satellite signal
constant regardless of anomalies, such as Faraday rotation in the ionosphere or

geometric differences as the satellite may appear to move with respect to the
satellite dishes.
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It is important that for the line-of-sight communications the polarization be the

same at the two ends of a communication link, as any polarization mismatch
brings about a loss. A linearly polarized transmit antenna can work with a cir-

cularly polarized receive antenna and vice versa, and there can be about a 3-dB

loss in signal strength. If the transmit antenna has one form of linear polariza-
tion and the receive antenna has the other linear form or if the transmit antenna

is circularly polarized with one sense and the receive antenna is circularly polar-

ized with the other sense, a loss of about 20 dB can then be incurred.

Dual polarization is an effective technique in satellite communications to dou-

ble the amount of spectrum allocated to a geostationary satellite operating in an
orbital slot at a given frequency band. In fact, almost all geostationary commu-

nication and broadcast satellites employ dual polarization, whether that be lin-

ear (HP and VP) or circular (RHCP and LHCP). To this effect, onboard the
satellite, there are separate antennas, each with different polarization and fol-

lowed by separate receivers, all allowing simultaneous access of the satellite

from the same region of the earth. This in turn requires that each dish antenna
be polarized in the sameway as its counterpart antenna onboard the satellite. In

dual polarization, cross polarization is a consideration. It happens when

unwanted radiation is present from a polarization that is different from the
polarization in which the antenna was intended to radiate. For example, an

antenna with vertical polarization may radiate signal energy in horizontal

polarization, and vice versa.

12.2.2 Spatial Separation

Spatial separation can allow frequency reuse and the frequency-reuse principle
forms the basis for cellular mobile communications and high-capacity multi-

spot-beam satellite systems. When the wide service coverage, either provided

by a cellular wireless network or a satellite system, is divided into a number
of small geographical areas, it is possible to use the same frequency band in

more than one area, provided that the areas are sufficiently distanced apart.

In the context of cellular networks, such an area is called a cell where mobile
devices are in communications with a cell’s base station, and in the context

of satellite communications, it is called a spot beam where satellite dishes

are in communications with an onboard transceiver dedicated to the spot
beam. In short, the same frequency band in a cell (beam) can be reused in

another cell (beam) as long as the cells (beams) are far apart and the signals

in cells (beams) using the same frequency do not interfere with one another.

The most natural shape for a cell to take on is a circle, as it can provide constant

power at the cell boundary. However, circles cannot fill a plane without either
gaps or overlaps. Hexagons, on the other hand, have shapes similar to circles,

and can fill up a plane, while avoiding overlaps. Hexagons are thus considered
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the basic cell shape in cellular networks, especially for theoretical consider-

ations. In practice, however, due to propagation irregularities, cells do not hap-
pen to be hexagonal.

The key characteristic of a cellular network is the ability to re-use frequencies to
increase both service coverage and system capacity. In a cellular system, adja-

cent cells do not use the same frequency band. A group of contiguous cells

where the frequency band in each cell is different is called a cluster of cells.
Therefore, there can be no co-channel interference within a cluster of cells.

The number of cells in a cluster is called the cluster sizeN. The total service cov-

erage is divided into such clusters. Since we have N¼ i2 + j2 + ij; where i and j
take on nonnegative integer values, N can be 1, 3, 4, 7, 9, 12, 13, 16, 19, etc.

We have N¼ 1 in the CDMA system (3G), N¼ 7 in the AMPS system (1G),

and N¼ 12 in the GSM system (2G). Figure 12.1 shows clusters of three cells
and seven cells. Maximization of system capacity requires minimization of clus-

ter size, and that can increase the interference level.

Cells with the same frequency band must have a minimum distance from each

other, known as the reuse distance D:
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FIGURE 12.1 Frequency reuse pattern of hexagonal cells: (a) three-cell clusters and (b) seven-cell

clusters.
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D¼
ffiffiffiffiffiffiffi
3N

p
R (12.6)

where R is the distance between the center of hexagon and one of its vertices, the

so-called cell radius. Therefore, the reuse factor q, which is the reuse distance

normalized to the radius of a cell, is as follows:

q¼D

R
¼

ffiffiffiffiffiffiffi
3N

p
(12.7)

The signal power is proportional to R�n, while the co-channel interference
power is proportional to D�n, where n� 2 is the loss exponent or loss factor,

which can typically range between 2 and 5. Due to the fact that the power

(either from the wanted signal or the interfering signal) decreases faster than
an inverse square law, the cellular concept could work. Comparison of figures

in Figure 12.2 clearly shows that irrespective of the number of cells in a cluster,
the number of first-tier (closest) interfering hexagonal cells is six, and the

second-tier (second closest) interfering hexagonal cells, which are at two

(b)

(a)

FIGURE 12.2 Interfering cells: (a) three-cell clusters and (b) seven-cell clusters.
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times the reuse distance apart, do not have much bearing on the aggregate co-

channel interference. Assuming all six interfering signals are at the same dis-
tance and using (12.7), the carrier-to-cochannel-interference ratio is expressed

as follows:

C

I
¼ 1

6
qn ¼ 1

6

D

R

� �n

¼ 1

6
3Nð Þn=2 (12.8)

The co-channel interference from other clusters is a decreasing function of the
frequency reuse factor and the cluster size. To reduce co-channel interference,

cell splitting and cell sectoring can be employed, as shown in Figure 12.3.

If required, cell splitting is accomplished on an as-needed basis in some cells,
either to reduce the co-channel interference or to enhance the system capacity

or both. In cell splitting, a cell is split into several smaller cells and thus requir-
ingmore base stations and in turnmore handovers. As the coverage area of new

split cells is smaller, the transmitting power levels are lower, this is mainly due

to the fact that it is necessary to maintain an acceptable carrier-to-interference
ratio, and this in turn helps in reducing co-channel interference. For instance,

when the radius of a cell is reduced by a factor ofm, the transmitted power from

the antenna of the new smaller cell needs to be reduced so as to maintain the
same co-channel interference level. In other words, the power required at the

One 360� sector Three 120� sectors Six 60� sectors 

(a)

(b)

FIGURE 12.3 Hexagonal cells: (a) cell splitting and (b) cell sectoring.

50312.2 Frequency Reuse



cell boundary must remain unchanged before and after cell splitting, i.e.,

we should have the following:

POR
�n ¼ PN

R

m

� ��n

(12.9a)

where PO is the transmitted power from the antenna in the old (larger) cell and

PN is the transmitted power from the antenna in the new (smaller) cell. Using
(12.9a), the reduction in the transmitted power is then as follows:

10 log
PO
PN

� �
¼ 10nð Þ log m (12.9b)

For instance, when the cell radius is reduced by a factor of 4 (i.e.,m¼ 4Þ and the
loss exponent is 4 (i.e., n¼ 4Þ, the new transmitted power is reduced by about

24.1 dB.

In cell sectoring, rather than one single omni-directional antenna at the center
of a cell, several directional antennas are placed on a single tower at the center

of the cell to cover the whole 360 degrees of the cell, such as three antennas each

covering 120 degrees or six antennas each covering 60 degrees. In the case of
using three sectors, the first-tier interfering signals are from two cells, and in

the case of six sectors, there is only a single first-tier interfering signal. Since there

are six first-tier interfering signals with an omni-directional antenna, the reduc-

tion in the interference level for three-sector case is thus 10log
6

2
¼ 4:77 dB, and

that for six-sector case is 10log
6

1
¼ 7:78 dB. With cell sectoring, the resulting

coverage of a smaller area by each antenna and hence a lower transmit power

can bring about a lower co-channel interference.

12.3 MOBILE-RADIO PROPAGATION CHARACTERISTICS

Mobile-radio propagation is extremely random and has distinguishing fea-
tures, as it puts severe constraints on the performance of wireless communica-

tion systems. The transmitted signal parameters, the speed and the direction

of the mobile, the distance between the transmitter and the receiver, terrain
profile, and nature of the surroundings and obstructions all impact the

mobile-radio propagation.

12.3.1 Radio-Propagation Mechanisms

It is ideal that a radio wave in a mobile environment travels the direct line, i.e.,
the shortest possible distance between the transmitter and receiver, also known

as the line-of-sight propagation. Whether there is a line-of-sight transmission
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or not, an electromagnetic wave in mobile-radio communications can meet

objects. Radio waves exhibit certain characteristics when coming into contact
with obstacles. The radio-propagation mechanisms, as shown in Figure 12.4,

are diverse, and reflection, diffraction, and scattering are generally more

dominant.

Reflection occurs when a radio wave impinges on an object that is larger than

the wavelength of the radio signal. The radio wave is then reflected off the sur-
face. An example would be radio waves bouncing off walls.

Scattering results when a radio wave hits an object of irregular shape, usually an
object with a rough surface area that is smaller than the wavelength. The radio

wave bounces off in multiple directions. Examples would be radio waves hit-

ting street signs, lamp posts, and foliage.

Refraction arises when a radio wave meets an object with a density different

from its current medium. The radio wave now travels at a different angle. An

example would be radio waves propagating through clouds.

Absorption ensues when a radio wave passes through an object and a portion of

the strength is absorbed as heat, so the signal strength will be weaker if it comes
out the other side. An example would be radio waves going through trees.

Diffraction follows when a radio wave is blocked by objects with sharp irregular

edges standing in its path. The radio wave is broken up and bends around the

Tx Rx

(a)
Obstacle

Tx Rx

(b) Wall

Tx Rx

(c)
Street sign

Tx

Rx(d)

Clouds

Tx

Rx(e)

Tree

Tx

Rx(f)

Building

FIGURE 12.4 Radio-wave-propagation mechanisms: (a) line-of-sight transmission, (b) reflection,

(c) scattering, (d) refraction, (e) absorption, and (f) diffraction.
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corners of the object. It is this property that allows radio waves to operate with-

out a direct line of sight. An example would be radio waves bending around
buildings.

12.3.2 Doppler Effect

Inmobile communications, the location of the base station is fixed, but the user

phone is mobile. The mobility of a transmitter or a receiver can lead to the
Doppler effect (i.e., the frequency of the received signal will not remain the same

as the frequency of the transmitted signal). The frequency shift varies consid-

erably as the mobile changes direction and speed. When the distance between
the source and the receiver decreases, the frequency of the received signal

becomes higher than that of the source, and when the distance increases, the

frequency becomes lower. The impact of the Doppler shift is as follows:

fr ¼ ft � fd ¼ ft � ft
c
v cosθð Þ (12.10)

where fr is the frequency of the received signal, ft is the frequency of the trans-

mitted signal, fd is theDoppler frequency orDoppler shift, c is the speed of light, v
is the moving speed, and v cos θ represents the speed of movement in the direc-

tion of wave propagation (i.e., the velocity component of the receiver in the

direction of the transmitter), as θ represents the angle between the propagation
direction and moving direction, as shown in Figure 12.5.

It is important to note that when the transmitter or the receiver is moving

directly toward the other one (i.e., θ¼ 180°) we have fr ¼ ft 1 + v
c

� �
, and when

one is directly moving away from the other one (i.e., θ¼ 0°) we have

fr ¼ ft 1� v
c

� �
. For instance, when the source carrier frequency is 900 MHz and

the speed of a mobile user, while driving on a highway, is 120 kilometers

Transmitter

Receiver

Direction of
propagation

Moving direction
of receiver

FIGURE 12.5 Projection of velocity component onto propagation direction.
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per hour, the maximum Doppler shift is 100 Hz, and when the source carrier

frequency is 1.8 GHz and the speed of a mobile user, while walking in a park, is
3 kilometers per hour, the maximum Doppler shift is 5 Hz. In fact, the maxi-

mum Doppler shift almost always is below 1 kHz.

Since the Doppler shifts are small, the effect on radio-link performance would

be negligible, if all component waves were shifted by the same amount, as the

local oscillator could easily compensate for such a shift. However, different
paths have different Doppler shifts and the superposition of Doppler-shifted

waves creates the sequence of dips. For instance, component waves arriving

from ahead of the mobile experience a positive Doppler shift, whereas those
arriving from behind the mobile have a negative Doppler shift. Doppler fre-

quency is thus a measure for the rate of change of the mobile channel and

the superposition of many slightly Doppler-shifted signals leads to phase shifts
of the total received signal that can impair the reception of angle-modulated

signals.

12.3.3 Delay Spread and Coherent Bandwidth

Multipath propagation, an inherent feature of a mobile communications chan-

nel, results in a received signal that is dispersed in time. Each path has its own

delay and the time dispersion leads to a form of intersymbol interference.Delay

spread is a measure of the multipath profile of a mobile communications chan-

nel. It is generally defined as the difference between the time of arrival of the

earliest component (e.g., the line-of-sight wave if there exists) and the time
of arrival of the latest multipath component. Delay spread is a random variable,

and the standard deviation is a common metric to measure it. This measure is

widely known as the root-mean-square delay spread στ.

Coherence bandwidth Bc is a statistical measure of the range of frequencies over

which the channel can be considered flat (i.e., it passes all spectral components
with approximately equal gain and linear phase). All frequency components of

the transmitted signal within the coherence bandwidth will fade simulta-

neously. The coherence bandwidth is inversely proportional to the delay
spread, and we thus have the following:

Bc ¼ 1

στ
(12.11)

Delay spread στ and coherent bandwidth Bc are parameters that describe the

time dispersion nature of the mobile channel, and their values with respect

to the transmitted signal bandwidth Bs and the symbol duration Ts can help
determine if the channel is experiencing flat fading or frequency-selective

fading.
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The difference between path lengths is rarely greater than a few kilometers, so

the delay spread στ is rarely more than several micro-seconds. The coherence
bandwidth Bc is thus typically greater than 100 kHz. If a channel is faded at

one frequency, the frequency must be very roughly changed by the coherence

bandwidth Bc to find an unfaded frequency.

12.3.4 Doppler Spread and Coherence Time

Doppler spread Bd is a measure of spectral broadening caused by the time rate of

change of the mobile radio channel and is defined as the range of frequencies

over which the received Doppler spectrum is essentially nonzero. When the
bandwidth of the transmitted signal is much larger than the Doppler spread,

the effects of the Doppler spread are negligible at the receiver.

Coherence time Tc is a statistical measure of the time duration over which the

channel impulse response essentially remains unchanged (i.e., highly corre-

lated). If the time interval between the signal transmissions is much greater
than the coherence time, the channel will likely affect the two signal transmis-

sions differently; otherwise, they will be affected similarly. The Doppler spread

is inversely proportional to the coherence time, andwe thus have the following:

Bd ¼ 1

Tc
(12.12)

Doppler spread and coherence time are parameters that describe the frequency-

dispersion nature of the mobile channel, and their values with respect to the

transmitted signal bandwidth Bs and the symbol duration (period) Ts can help
determine if the channel is experiencing fast fading or slow fading.

The coherence time Tc is fundamentally interpreted as the order-of-magnitude
duration of a fade at a given frequency. The Doppler shift and Doppler spread

are both linear functions of the signal frequency. The variation of Doppler

spread with frequency is important when the operating frequency bands are dif-
ferent. For instance, a system operating at 2 GHz has a Doppler spread twice

that of a 1 GHz system, and thus resulting in a coherence time half as large. This

gives rise to fading faster, with shorter fade duration, and channel measure-
ments that become outdated twice as fast.

12.3.5 Large-Scale Fading and Small-Scale Fading

Fading can be broadly grouped into two types: large-scale fading and small-

scale fading. Large scale-fading represents the average signal-power attenuation
or path loss due to motion over large areas and it is impacted by terrain con-

figuration between the transmitter and receiver, and over a very long distance
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(several hundreds or thousands of meters), there is a steady decrease in power.

Examination of the power over such a distance reveals that the power fluctuates
around a mean value and these fluctuations have a rather long period. The sta-

tistics of large-scale fading, described in terms of a mean-path loss (nth -power

law) and a log-normally distributed variation about the mean, can lead to an
estimate of path loss as a function of distance.

Small-scale fading refers to the rapid changes of the amplitude and phase of a
radio signal over a short period of time (on the order of seconds) or a short

distance (a few wavelengths). In small-scale fading, the instantaneous received

signal power may vary as much as 30 to 40 dB when the receiver is moved by
only a fraction of a wavelength. In a mobile-radio environment, each path has

its own Doppler shift, time delay, and path attenuation, and multipath prop-

agation results in a time-varying signal as the mobile moves position. Such a
channel is linear, but time-varying. Small-scale fading is also called Rayleigh

fading because when the number of versions of the transmitted signal which

arrive at slightly different times is large, the envelope of the received signal is
statistically described by a Rayleigh distribution if there is no line-of-sight com-

ponent. If there is a line-of-sight component, it is then described by a Rician

distribution.

Small-scale fading depends on the nature of the transmitted signal with respect

to the characteristics of the channel. Depending on the relation between the
signal parameters, such as the bandwidth and the symbol period, on the one

hand, and the channel parameters, such as the coherence time, Doppler spread,

coherence bandwidth and delay spread, on the other hand, different transmit-
ted signals will experience different types of fading. Delay spread leads to time

dispersion and frequency-selective fading. Doppler spread leads to frequency

dispersion and time-selective fading. Time dispersion and frequency dispersion
are caused by independent propagation mechanisms.

12.3.6 Fast Fading and Slow Fading

Fast fading and slow fading are considered as small-scale fading. Frequency dis-

persion due to Doppler spreading causes the transmitted signal to undergo

either fast fading or slow fading, where the high Doppler spread gives rise to
fast fading and the low Doppler spread brings about slow fading. Depending

on how rapidly the transmitted baseband signal changes as compared to the

rate of change of the channel, a channel may be classified either as a fast-fading
or slow-fading channel.

Fast fadingmay be caused when the channel impulse response changes rapidly
within the symbol duration. This implies that the coherence time of the chan-

nel is smaller than the symbol period. Signal distortion due to fast fading
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increases with increasing Doppler spread relative to the signal bandwidth. A sig-

nal thus undergoes fast fading, if we have the following:

Ts > Tc , Bs <Bd (12.13)

Slow fadingmay be caused when the channel impulse response changes at a rate

much slower than the transmitted signal. A signal thus undergoes slow fading,

if we have the following:

Ts < Tc , Bs >Bd (12.14)

In general, when the coherence time is about less than hundreds of symbol
periods, fast fading occurs, and when the coherence time is roughly in thou-

sands of symbol periods, slow fading is expected. In practice, fast fading only

occurs for very low data rates.

12.3.7 Flat Fading and Frequency-Selective Fading

Flat fading and frequency-selective fading are considered as small-scale fading.

Time dispersion due to multipath causes the transmitted signal to undergo
either flat fading or frequency-selective fading, where the small delay spread

gives rise to flat fading and the large delay spread brings about frequency-
selective fading.

All frequency components of the transmitted signal that fall within the coher-

ence bandwidth will fade simultaneously. In other words, if the bandwidth of
the transmitted signal is smaller than the coherent bandwidth, only the gain

and phase of the signal are changed, and this is called flat fading. Suppose

the multipath delays are all so much smaller than the symbol period that they
are assumed to be almost zero. In such a case, the only distortion in the received

signal is a time-varying gain. Such channels do not introduce ISI, and thus

require no equalization. Instead, these channels have time-varying outputs,
when the signal is strong, error-free transmission periods are expected, and

when the signal is weak, periods with error bursts are expected. To combat burst

errors, interleaving and burst error-correcting codes are employed. A signal thus
undergoes flat fading, if we have the following:

Ts > στ , Bs <Bc (12.15)

Assuming the multipath delays have a large spread, such a channel is called a

frequency-selective channel and results in ISI. When there is no mobility in a
frequency-selective channel, the Doppler shift is zero, and the channel is thus

time-invariant. An equalizer with modest complexity can minimize the impact

of ISI. When there is mobility in a frequency-selective channel, the Doppler
shift is nonzero, and the channel is thus time-varying. The time-varying

gain of the channel output is also frequency dependent. When channels are
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time-varying and also dependent on frequency, they are called frequency-

selective fading channels. Such channels are characterized by time-varying
ISI, and thus require complex equalization. If the bandwidth of the signal is

greater than the coherence bandwidth, the frequencies of the signal separated

by an amount larger than the coherence bandwidth will be affected differently
by the channel (i.e., fade independently). Since some frequency components in

the transmitted signalmay fade, whereas other frequency componentsmay not,

the signal is said to experience frequency-selective fading. A signal thus
undergoes frequency-selective fading, if we have the following:

Ts < στ , Bs >Bc (12.16)

The delay spread usually takes a value of about 2 to 3 microseconds in urban

areas and about 5 to 10 microseconds in rural and hilly areas. If the symbol
period is less than about four times the root-mean-square delay spread, then

the multipath induced ISI generally needs to be corrected so as to ensure the

systemwith acceptable performance. As a rule of thumb, a channel is flat fading
if Ts � 10στ and a channel is frequency-selective fading if Ts � 10στ, though this

depends on the modulation type used.

12.4 DIVERSITY

In the context of radio communications, diversity refers to the transmission and

reception of various versions of the message signal to combat signal fading and
improve the message reliability at relatively low cost. Diversity plays an impor-

tant role in reducing the effects of fade and possibly other degradations. The

rationale behind diversity is that the probability of receiving several replica
of the same message signal, where each transmission is impacted statistically

independent of the others, is quite low. In fact, diversity techniques can be
effective, even if there may exist some correlation among the received signals

of the same message signal.

Diversity is now a critical part of wireless communications. In mobile commu-
nications, diversity allows the transmit power on the reverse link, which is lim-

ited by the battery capacity and is required to protect the link during the short

intervals of deep fading, to be reduced. Also, low-signal outage improves voice
quality and handoff performance. In addition, in mobile cellular communica-

tions which is mostly interference limited, diversity helps reduce the variability

of carrier-to-interference ratio, thus improving the frequency-reuse factor and
system capacity.

Large-scale fading is caused by shadowing, which is due to variations in the ter-
rain profile and the nature of the surroundings. In deeply shadowed condi-

tions, the received signal strength at a mobile can be much less than that of
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free space. Large-scale fading is a log-normal distribution. To combat large-scale

fading, that is, to significantly improve the average signal-to-noise ratio (SNR),
macro-diversity can be employed. Since shadowing is almost independent of

transmit frequency and polarization, frequency and polarization diversity are

not effective. The simplest method formacro-diversity is the use of on-frequency
repeaters that receive the signal and retransmit an amplified version of it, but at

the cost of additional delay. Another viable method is simulcast, by which the

same signal is transmitted simultaneously from different sites, but at the cost of
further synchronization.

Small-scale fading is characterized by deep and rapid amplitude fluctuations
that occur as the mobile moves over distances of just a few wavelengths.

Small-scale fading has a Rayleigh distribution. To combat small-scale fading

(i.e., to prevent deep fades from occurring) micro-diversity can be employed.
For instance, with two antennas, one may receive a null while the other receives

a strong signal.

There are many ways to achieve diversity, including time diversity, space diver-

sity, site diversity, frequency diversity, polarization diversity, angle diversity,

and path diversity, or some combination of these techniques. Most of these
techniques are suitable for micro-diversity, except site diversity, which is best

suited for macro-diversity. The overall diversity performance is due to the com-

bination of different diversity techniques and how signals are combined.

12.4.1 Time Diversity

In mobile communications, time selective fading of the signal with Rayleigh

fading statistics for the signal envelope occurs. Time or temporal diversity is

when the message signal is transmitted multiple times at different time instants
separated by intervals longer than the underlying fade duration, so the trans-

mitted copies of the message signal are then likely subjected to independent

fading. Time diversity is effective when the time separation between transmis-
sions exceeds the coherence time of the channel (i.e., it is greater than the time

between peaks or valleys in the fading signal). The coherence time depends on

theDoppler spread of the signal, which in turn is a function of themobile speed
and the carrier frequency. If the channel is static, for instance, when neither the

transmit end nor the receive end is on the move, time diversity is not very effec-

tive, as the coherence can be quite long. Time diversity is not suitable for delay-
sensitive applications, such as voice communications. Time diversity requires

storage, additional processing, such as interleaving, additional bandwidth

for FEC coding, and additional power for repeated transmissions using ARQ
techniques.
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12.4.2 Space Diversity

Space diversity, due to its ease of implementation, is widely used in mobile-
radio base stations. Space diversity takes advantage of random nature of prop-

agation in different directions. Space or spatial diversity exploits propagation

environment characteristics by employing multiple antennas at the transmitter
and/or receiver to create spatial channels, for it is not very likely that all the

channels will fade simultaneously. Depending on the physical separation

between the two antennas, also known as coherence distance, in a site, signals
arriving at the two antennas may be independent or at least uncorrelated. The

required spacing depends on the degree ofmultipath angle spread. In principle,

the smaller the angle of arrival between the two signals, the farther the distance
between the two antennas must be. For instance, in the cellular telephony, to

achieve effective diversity for decorrelation of received signals, a separation on

the order of 10 to 20 times the wavelength is required at the base station,
whereas the separation on the order of 1 to 3 times the quarter of the wave-

length is needed at the mobile.

12.4.3 Site Diversity

Site diversity, as an effective macro-diversity, is a form of space diversity, where

different transmit or receive antennas are located in geographically-dispersed
sites. Site diversity can thus by definition be applied to base stations in cellular

networks or gateway (hub) stations in satellite networks. In satellite networks,

site diversity is employed in broadcast satellite systems, as the feeder-link (the
link between the hub and the satellite) availability, which is susceptible to rain

fade attenuation, is of paramount importance.

12.4.4 Frequency Diversity

Frequency diversity allows the transmission of the samemessage signal at differ-

ent carrier frequencies. In order for the received signals to be statistically inde-

pendent or at least uncorrelated, the carrier frequencies must have a separation
that is greater than the coherence bandwidth of the radio channel. The coher-

ence bandwidth depends on the multipath delay spread of the channel. One

limitation of this technique is the ability of the receiver to pick up all these sig-
nals (i.e., the need for multiple receivers to tune to these frequencies). It is not

common to actually repeat the same message signal at two different frequen-

cies, as this would greatly decrease spectral efficiency. Instead, the signal is
spread over a large bandwidth, so parts of the signal are conveyed by different

frequency components. This spreading can be done by different ways, includ-

ingmulticarrier modulation using an inverse DFT and frequency hopping using
widely-separated frequencies from burst to burst.
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12.4.5 Polarization Diversity

In mobile radio communications, signals transmitted on orthogonal polariza-
tions experience uncorrelated fading or low fade correlation, as the reflection

and diffraction processes depend on polarization. Since the fading of signals

with different polarizations is statistically independent, receiving both polari-
zations using a dual-polarized antenna and processing the received signals

independently, known as polarization diversity, offers potential for diversity

combining. The cross-polarized antennas do not need large physical separation
as needed in space diversity antennas. The only limitation of this technique is

the inability to generate more than two diverse signals. There are two ways to

achieve polarization diversity. One is that the transmit antenna transmits on
both polarizations, thus power for each polarization will be 3 dB lower than

if single polarization is used. The other one is due to the fact that the scattering

medium can depolarize the polarized transmitted signal. The depolarized sig-
nal received at the antenna can be split into two polarizations, producing two

independently fading signals. In other words, the transmission is a single polar-

ization and reception is on both polarizations; however, the average received
signal strength in the two diversity branches is not identical. Inmobile commu-

nications, polarization diversity cannot be effective for mobile devices, but can
be effective for base stations. As the mobile phone is held at random orienta-

tions during a call, the resulting depolarization of the transmitted signal on the

reverse link and use of cross-polarized antennas at the base station can make
polarization diversity attractive.

12.4.6 Angle Diversity

Angle or angular diversity, also known as pattern diversity, makes use of direc-
tional antennas with different patterns that can be pointed in different direc-

tions to provide uncorrelated replicas of the transmitted signal, even when

mounted close to each other at the receiver site. Angular diversity is usually used
in conjunction with space diversity. Antennas with different patterns can see

differently-weighted multipaths, even if they are identical antennas and

mounted close to each other. Although space diversity is implemented at the
base station, angle diversity may be implemented at the base station or at

the mobile unit. The different patterns are more pronounced when the anten-

nas are located on different parts of the casing.

12.4.7 Path Diversity

Multipath signals are all time shifted with respect to one another, as they travel
different paths. Althoughmultipath is usually detrimental, it can be sometimes

beneficial. In path or multipath diversity, the multipath components when

they are resolvable and nonoverlapping can be effectively utilized. This implicit
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diversity is available if the signal bandwidth is much larger than the channel

coherence bandwidth. When the time duration of the pulses is very small, such
as more than one chip period in CDMA systems or more than one symbol

period in high-burst-rate TDMA systems, the multipath signals can be

nonoverlapping and uncorrelated.

12.5 DIVERSITY-COMBINING METHODS

Through a diversity-combining method, the multiple versions of the diversity sig-
nals at the receiver are combined to provide improved system performance, in

terms of reducing the SNR required to deliver an acceptable level of bit error

rate. The methods of combining the diversity signals are primarily selection
combining, maximal-ratio combining, and equal-gain combining, which can

all employ linear receivers. Overall, maximal-ratio combining is the most com-

plex, and has the best performance. On the other hand, selection combing is the
least complex, and has the poorest performance.

In describing diversity combining methods, the fading signals in the diversity

branches are assumed to be all uncorrelated. In implementation of diversity
techniques, however, the signals from the different branches can be correlated.

It is important to note that the degradation in performance will not be signif-

icant and the performance of the diversity system is still better than that of a
system with no diversity. In fact, the performance improvement in SNR due

to diversity can go down roughly by a factor of
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1�ρ2

p
, where ρ is the corre-

lation coefficient.

Suppose there areM diversity branches and allM Rayleigh fading signals in the

diversity branches are statistically independent with equalmean power, and the
noise levels are the same on all diversity branches. Suppose γn represents

the instantaneous SNR in branch n, where n¼ 1, 2, . . . ,M, and γn represents

the mean SNR of branch n (when no diversity is used). Moreover, we assume
each branch has the same average SNR (i.e., γ ¼ γn, for n¼ 1, 2, . . . ,MÞ.

12.5.1 Selection Combining

Selection combining is a very simple technique that is based on the premise that
not all signals coming out of diversity branches have low signal values at the

same time. As a result, the diversity branch with the highest SNR is selected

as the primary received signal and all other signals are discarded. With γS repre-
senting the mean SNR of the selection combiner output, it can be shown that we

can have the following:

γS ¼ γ
XM
k¼1

1

k
(12.17)
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Note that by increasing the number of diversity signals M, the performance

improves; however, the rate of improvement rapidly decreases. For instance,
with four branches, i.e., M¼ 4, the mean SNR of the selected branch (γS) is

2.08 times (or equivalently 3.2 dB) better than the mean SNR in any one

branch γð Þ.
As it is required, the selection of the largest instantaneous SNR must be made

continuously. This requirement is, however, unwieldy. To circumvent this prac-

tical difficulty, we may resort to a scanning version of this method, while main-
taining almost the same performance. In that, the procedure starts with the

strongest output signal, as soon as the SNR of the branch goes below a preset

threshold, a new receiver that offers the strongest output signal is selected, and
the process continues.

12.5.2 Maximal-Ratio Combining

Maximal-ratio combining is a simple technique that creates a signal that is a lin-
ear combination of all available diversity signals with co-phasing and appropri-

ate weighting. The weight of each diversity signal is proportional to the SNR of

the diversity signal. Due to fading, the diversity signal levels fluctuate and these
weights thus continuously change. With γR representing the mean SNR of the

maximal-ratio combiner output, it can be shown that we can have the following:

γR ¼ γM (12.18)

This confirms the intuitive notion that the mean SNR of the output should pro-

vide gain linearly proportional to the number of diversity branches. Maximal
ratio combining is optimal, as it yields the best statistical reduction of fading

of any linear diversity combiner. Its performance is superior to the selection

combining, as it takes advantage of multiple signals. However, the price paid
is increased complexity. For instance, with four branches, i.e.,M¼ 4, the mean

SNR of the combined signal (γR) is 4 times (or equivalently 6 dB) better than

the mean SNR in any one branch γð Þ.

12.5.3 Equal-Gain Combining

Equal-gain combining is a simpler version of maximal-ratio combining, where

the diversity signals are added, all with equal weighting, after co-phasing. With
γE representing themean SNR of the equal-gain combiner output, it can be shown

that we can have the following:

γE ¼ γ 1 +
π

4
M�1ð Þ

� �
(12.19)

Similar to the maximal-ratio combining, the mean SNR for equal-gain combin-

ing increases linearly with the number of diversity branches M. For instance,
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with four branches, i.e., M¼ 4, the mean SNR of the combined signal (γE) is
3.36 times (or equivalently 5.2 dB) better than the mean SNR in any one
branch γð Þ. As M increases, the difference between equal-gain combing and

maximal-ratio combining becomes much smaller. In fact, it is only one decibel

poorer than the maximal-ratio combining even when the number of branches
becomes extremely large (i.e., M!1Þ.

12.6 EMERGING WIRELESS COMMUNICATION SYSTEMS

Before embarking on a brief discussion of some of the emerging wireless com-

munication systems, we glance at their evolution.

12.6.1 Evolution of Wireless Communication Systems

The cellularmobile system introduced in the early 1980s was preceded by the pre-

cellular mobile telephony technology, also known as 0G system. These expensive
mobile telephones, available from the 1940s to the 1970s, were usually mounted

in cars or carried in briefcases, and there could be only very few mobile users in a
given service area, as spectrum could not be reused and thus shared.

The AMPS system, also known as 1G system, was the first generation of cellular

mobile phones in North America. The system was analog, employing FMmod-
ulation and the FDMA access scheme. It was based on dividing the entire service

area into smaller areas called cells, and the frequency spectrum divided among

a cluster of cells was reused again and again to serve a great number of users in
the service area.

In the early 1990s, several digital cellular mobile systems, also known as 2G
systems, such as the GSM system using FDMA/TDMA access scheme and IS-

95 using CDMA access scheme, were introduced. The goal was to enhance sys-

tem capacity and allow roaming capability. Based on GSM, other systems, such
as GPRS, EDGE, came along, and allowed implementation of packet-switching

to easily access the Internet and provide higher transmission rates. These sys-

tems are known as 2.5G, an informal term, unlike 2G or 3G officially defined
by the International Telecommunication Union Radio sector (ITU-R).

The success of 2G, especially GSM, motivated the development of its successor

system (i.e., 3G system). The 3G systems were based on a set of standards used
for mobile devices, services and networks that comply with the International

Mobile Telecommunications-2000 (IMT-2000) specifications set by the ITU-

R. The IMT-2000 goals were:

n Better spectral efficiency
n Higher peak data rates, namely, up to 2 Mbps indoor and 384 kbps

outdoor, with a channel bandwidth of 5 MHz
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n Supportingmultimedia applications, requiring increased flexibility in the

choice of data rates

n Backward compatibility to 2G systems

The following were identified as being IMT-2000 compatible and thus repre-

sent 3G systems:

n IMT Direct Spread (IMT-DS, also known as UMTS/UTRA-FDD)

n IMT Multicarrier (IMT-MC, also known as CDMA2000)

n IMT Time Code (IMT-TC, also known as UMTS/UTRA-TDD, TD-CDMA,
TD-SCDMA)

n IMT Single Carrier (IMT-SC, also known as UWC-136 or EDGE)

n IMT Frequency Time (IMT-FT, also known as DECT)
n IMT OFDMA TDD WMAN (also known as mobile WiMAX)

Another category of wireless systems is wireless local area networks (WLANs),

which have become quite popular during the past decade or so. WLANs, also
known as Wi-Fi, are now standard equipment on all computers and mobile

phones. As a cordless phone, such as DECT, provides connectivity to the wired

PSTN, Wi-Fi provides high-speed data connectivity to the Internet, where the
distance between the phone/computer and the access point connected to the

wired digital network is rather short. IEEE 802.11 is involved in the standard-

ization of Wi-Fi. There is a plethora of IEEE 802.11 standards, each with a letter
suffix. Of these the standards that are most widely known are the network

bearer standards, 802.11a, 802.11b, 802.11g, and now 802.11n. All the

802.11 Wi-Fi standards operate within the 2.4 or 5 GHz ISM frequency bands,
while providing peak rates at 54 Mbps over 20-MHz channel for the a, b, and g

standards, and 600 Mbps over 20 and 40 MHz channels for the n standard.

12.6.2 4G Systems

The set of high-level requirements of the International Telecommunication

Union Radio sector (ITU-R) for the fourth-generation (4G) radio communica-
tion standard is known as the International Mobile Telecommunications-

Advanced (IMT-Advanced) set of standards. An IMT-Advanced cellular system,

representing the next-generation wireless technology, must fulfill the following
high-level requirements:

n A high degree of commonality of functionality worldwide while retaining

the flexibility to support a wide range of services and applications in a
cost-efficient manner

n Compatibility of services within IMT and with fixed networks

n Capability of interworking with other radio-access systems
n High-quality mobile services

n User equipment suitable for worldwide use
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n User-friendly applications, services, and equipment

n Worldwide roaming capability

n Enhanced peak data rates to support advanced services and applications
(100 Mbps for high and 1 Gbps for low mobility)

The above general requirements have led to the following specific requirements
for 4G systems:

n A 4G network must achieve 1 Gbps downlink speed while stationary and
100 Mbps while mobile

n An all-IP packet switched network

n Peak data rates of up to approximately 100 Mbps for high mobility such
as travel on trains or cars, and up to approximately 1 Gbps for low

mobility such as local wireless access

n Dynamically share and use the network resources to support more
simultaneous users per cell

n Scalable channel bandwidth 5 to 20 MHz, optionally up to 40 MHz

n Peak link spectral efficiency of 15 bps/Hz in the downlink, and 6.75 bps/
Hz in the uplink (meaning that 1 Gbps in the downlink should be

possible over less than 67 MHz bandwidth)

n System spectral efficiency of up to 3 bps/Hz/cell in the downlink and
2.25 bps/Hz/cell for indoor usage

n Seamless connectivity and global roaming across multiple heterogeneous

networks with smooth handovers
n Ability to offer high-quality service for next-generationmultimedia support

n Interoperability with existing wireless standards

The LTE (Long Term Evolution) and WiMAX (Worldwide Interoperability for

Microwave Access) systems are often referred to as 4G systems, though they

do not fully comply with the ITU’s requirements. The LTE andWiMAX are pre-
decessors to LTE-Advanced, standardized by the 3rd Generation Partnership

Project (3GPP), and Mobile WiMAX 2.0, standardized by the IEEE 802.16 m,

respectively. Table 12.2 highlights major features of LTE-Advanced and
Mobile WiMAX 2.0, which both meet IMT-Advanced set of requirements set

by the ITU-R.

Before expanding on LTE-Advanced, it is important to note the differences
between WiMAX (IEEE 802.16e) and Mobile WiMAX 2.0 (IEEE 802.16 m).

The baseline MIMO antenna configuration for mobile WiMAX 2.0 is 2 � 2,

rather than 1 � 1, which is for WiMAX. Another difference is that mobile
WiMAX 2.0 employs carrier aggregation (as discussed in the context of LTE-

Advanced) to achieve bandwidths up to 100 MHz.

LTE-Advanced is meant to enhance LTE, and the two standards are thus mutu-

ally compatible (i.e., the emerging LTE-Advanced phones will work on LTE
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networks and the current LTE phone will work on LTE-Advanced networks).We

now briefly discuss the key enabling technologies that highly distinguish LTE-
Advanced from its predecessor LTE.

Carrier aggregation, through which up to five LTE frequency channels or car-
riers, each as wide as 20 MHz residing in different parts of radio spectrum, can

be combined to provide wider bandwidth up to 100 MHz, and in turn achieve

higher bit rate, as shown in Figure 12.6. To an LTE device, each component
carrier appears as an LTE carrier, while an LTE-Advanced device can exploit

the total aggregated bandwidth. There are a number of ways in which LTE

carriers can be aggregated: i) intra-band carrier aggregation with contiguous
component carriers, in which the aggregated channel can be considered as a

single enlarged channel from the RF viewpoint, as such only one transceiver

is required, ii) intra-band carrier aggregation with noncontiguous
component carriers, in which the multi-carrier signal cannot be treated as a

single signal and therefore two transceivers are required, thus adding signi-

ficant complexity, and iii) inter-band carrier aggregation, in which multiple
transceivers with the usual impact on cost, performance and power are

required with additional complexities resulting from the requirements to

reduce intermodulation.

Table 12.2 Major system parameters of 4G and 4G-like systems

WiMAX
(IEEE 802.16e)

4G: Mobile WiMAX 2.0
(IEEE 802.16m)

LTE 4G: LTE-Advanced

Modulation
type

BPSK, QPSK,
16-QAM, 64-QAM

BPSK, QPSK,
16-QAM, 64-QAM

QPSK, 16-QAM,
64-QAM

QPSK, 16-QAM,
64-QAM

Access
scheme

SOFDMA (128, 256,
512, 1024, 2048)

SOFDMA (128, 256, 512,
1024, 2048), OFDM (256)

OFDMA (downlink)
SC-FDMA (uplink)

OFDMA (downlink)
SC-FDMA (uplink)

Duplex method TDD, FDD TDD, FDD FDD, TDD FDD, TDD

Channel
bandwidth

5 to 20 MHz,
optionally to 40 MHz

5 MHz, 7 MHz,
8.75 MHz, 10 MHz

Scalable to
20 MHz

Scalable to
100 MHz

Peak data rate
(downlink)

128 Mbps
(20 MHz, 2�2
MIMO)

300 Mbps
(20 MHz, 4�4 MIMO)

300 Mbps
(20 MHz, 4�4 MIMO)

3 Gbps
(100 MHz, 8�8 MIMO)

Peak data rate
(uplink)

56 Mbps
(20 MHz, 2�2
MIMO)

135 Mbps
(20 MHz, 2�4 MIMO)

75 Mbps
(20 MHz, 64 QAM)

1.5 Gbps
(100 MHz, 4�4 MIMO)

Standardization
forum

www.ieee802.org/
16

www.ieee802.org/16 www.3gpp.org www.3gpp.org

OFDMA: Orthogonal FDMA, SOFDMA: Scalable OFDMA, SC-FDMA: Single-Carrier FDMA
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Multiple-input, multiple-output, which allows base stations and mobile units to
send and receive data using multiple antennas, as shown in Figure 12.7. LTE-

Advanced allows for up to eight antenna pairs for the downlink and up to four

pairs for the uplink. When signals are weak and noise is dominant, such as at
the edge of a cell or inside a moving vehicle, the multiple transmitters and

receivers can help focus the radio signals in one particular direction to boost

the strength of the received signal without an increase in transmit power. If sig-
nals are strong and noise is low, such as when stationary users are close to a base

station, the multiple transmitters and receivers can help increase data rates for a

given amount of spectrum. The technique, called spatial multiplexing, permits a
base station with eight transmitters to send eight streams simultaneously to a

mobile device with eight receivers. As a rule of thumb, spatial multiplexing,

under the best case circumstances, can increase data rates roughly eightfold.

Cell

Mobile
unit

Up to
100 MHzBase

station

FIGURE 12.6 LTE-Advanced carrier aggregation-enabling technology.

Cell

Mobile
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FIGURE 12.7 LTE-Advanced multiple-input multiple-output enabling technology.
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Advanced relaying throughwhich capacity and coverage can be enhanced. Relay
is effective inmitigating the problem of reduced data rates at the cell edge where

signal levels are lower and interference levels are typically higher, as shown in

Figure 12.8. Relaying in LTE-Advanced is basically receiving, demodulating and
decoding the data, and then re-transmitting a new signal. In this way, the signal

quality is enhanced with an LTE relay, rather than suffering degradation from a

reduced signal-to-noise ratio when just amplifying and retransmission. The
relay, which requires no backhaul connection, avoids interfering with the base

station by scheduling its transmissions during certain times when the base sta-

tion is silent. The merits of LTE-Advanced relaying include increased network
capacity, network coverage, and rapid network roll-out.

Enhanced inter-cell interference coordination (eICIC) helps mitigate the interfer-
ence when small low-power cells overlay high-power larger cells. The two cells

coordinate their spectrum use in a dynamic fashion so as to expand the trans-

mission range in the smaller cell, as shown in Figure 12.9. The LTE-Advanced

Cell

Mobile
unit

Base
station

Relay

FIGURE 12.8 LTE-Advanced advanced relaying-enabling technology.
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FIGURE 12.9 LTE-Advanced enhanced inter-cell interference coordination-enabling technology.

522 CHAPTER 12: Wireless Communications



has developed eICIC techniques, which can be classified into three categories:

time-domain techniques, such as scheduling, frequency-domain techniques,

such as orthogonal signaling, and power-control techniques.

Coordinated multipoint (CoMP) is a set of complex tools to improve overall

quality and increase data rates at a cell’s edge by enabling the dynamic coordi-
nation of transmission and reception over a variety of different base stations, as

shown in Figure 12.10. CoMP can thus bring aboutmany benefits, such asmak-

ing better utilization of network, providing enhanced reception performance,
including a reduction in the number of dropped calls, an increase in received

power at the hand set due to multiple site reception, and an interference reduc-

tion by utilizing the interference constructively rather than destructively.

12.6.3 TV White Spaces

The term white space refers to parts of the licensed radio spectrum that licensees

do not use all the time or in all geographical locations. TV white spaces (TVWS)

are portions of radio spectrum made available for unlicensed use at locations
where spectrum is not being used by licensed services, as also referred to as

interleaved spectrum. TVWS are referred to as those currently unoccupied por-

tions of spectrum in the terrestrial TV frequency bands, where the amount and
exact frequency of unused spectrum varies from location to location. This spec-

trum in the United States is located in the VHF (54–216 MHz) and UHF (470–

698 MHz) bands. This band has characteristics that make it highly desirable for
wireless communications, as radio signals at these frequencies can travel long

distances over and around hills and through buildings (i.e., excellent outdoor

and indoor coverage and non-line-of-sight propagation properties). The receive

Fiber link

FIGURE 12.10 LTE-Advanced coordinated multipoint-enabling technology.
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antenna, however, needs to be physically rather large to capture the signal trans-

mitted by an omni-directional antenna.

It is imperative to note that allowing unlicensed (secondary) access to these fre-

quencies is subject to the proviso that licensed (primary) transmissions are not
adversely affected, in other words, access is strictly controlled. For wireless

applications operating in TVWS, it is necessary to ensure that the system does

not create any undue interference with existing TV transmissions. To achieve
this, there are two approaches. An advanced approach is cognitive radio that

senses the environment and configures itself accordingly; it relies highly on

software-defined radio technology. A practical approach is geographic sensing
that utilizes a geographic database and knowledge of what channels are avail-

able so as to avoid used channels. Currently, the development of wireless

devices intended to operate in TVWS is centered on the following three appli-
cations: machine-to-machine communications, wireless regional area net-

works, and wireless local area networks.

Machine-to-machine communications (M2M) allows exchanging data between a

base station and thousands of machines around it using TVWS with high levels

of security. It consists of very low-power radio transmitters used for low-data
rate industrial and commercial applications, such as monitoring, tracking,

metering and control, giving rise to the concept of smart machines.

Wireless regional area network (WRAN) is intended to operate primarily in a
low-population density area in order to provide broadband access to data net-

works. IEEE 802.22 is the standard for WRAN using TVWS spectrum between

54 and 862 MHz. Its key strength is incorporation of multiple cognitive radio
functionalities, and its potential challenges are implementation complexity

and cost-effectiveness. A WRAN system is envisaged to be point to multipoint,

in that a fixed base station provides high-speed Internet service for up to 512
fixed or portable user devices. A typical operating range may be between 10

to 30 km from the base station with no special scheduling and up to maximum

100 km with proper scheduling, depending on its EIRP and antenna height.
While employing OFDM technology and TDDmethod with asymmetric traffic,

adaptive modulation schemes over a channel bandwidth of 6, 7, or 8 MHz can

be employed. With a peak data rate of about 23Mbps, modulation schemes are
64-QAM up to about 15 km, 16-QAM in the range of 15 to 20 km, and QPSK

between 20 and 30 km. The downstream medium access is TDM, while the

upstream is managed by using an OFDMA system.

Wireless local area network can be employed in TVWS spectrum. IEEE 802.11af,

also referred to as White-Fi, is a wireless standard in the IEEE 802 Wi-Fi that
allows WLAN operation in TVWS spectrum. Its key strength is utilization of

802.11 standards user experience, and its potential challenge is the uncertainty

of the performance of conventional GHz-band WLAN physical layer design in

524 CHAPTER 12: Wireless Communications



the TV band. Using 6 MHz channels, an array of modulation schemes, which

include BPSK, QPSK, 16-QAM, 64-QAM, and 256-QAM, can be employed.
With OFDM technology, TDDmethod, and 4 � 4 MIMO technology, the peak

data rate can be as high as about 570 Mbps.

Summary and Sources

The topic of wireless communications is quite broad and an entire book can

thus be easily dedicated to it. In here, we just covered some of the major aspects
of wireless communications, descriptively. Sklar provides characterization of

the Rayleigh fading channels, their degradation effects, and means to mitigate

them [1,2]. Diversity techniques and combining methods are described in
detail in [3–6]. Reports by ITU provides basic requirements for 4G systems

[7,8]. There are many good introductory and advanced books and numerous

great papers on wireless communications [9–18]. There are also a number of
valuable recommendation, position and white papers by ITU, standardization

forums and mobile product manufacturers [19–42].
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Problems
12.1 Consider an antenna transmitting a power of 20 W at 1 GHz. Calculate the

received power in dBm at a distance of 10 km if the propagation is taking

place in free space and if the loss parameter is 3.5.
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12.2 Determine the equation for the distance between any two cells for

hexagonal cells.

12.3 In a cellular system using seven cell reuse pattern, the received power

at the mobile is �100 dBm, the thermal noise power is �130 dBm, and

the co-channel interference from each interfering cell is �115 dBm,

calculate the signal-to-noise-plus-interference ratio.

12.4 Consider a mobile phone operating at a distance of 10 km from its own

station. A single interfering station is operating at a distance of 20 km

from the mobile unit. If the loss factor is 4, calculate the signal-to-

interference ratio.

12.5 The transmit power of a base station is 10 W. Suppose the coverage area

is to be split in four so the mini-cells of the quarter size can be created

to accommodate additional users in the region. Assuming the loss factor

is 3.5, determine the transmit power of the base station of this mini-cell

to keep the level of interference at the same level as that of the undivided cell.

12.6 Plot the signal-to-noise ratio improvement for various diversity-combining

methods in terms of number of branches.

12.7 A typical impulse of a wireless channel is 1 at 1 μs delay, 2 at 2 μs, 3 at

3 μs, and 4 at 4 μs. If the data rate is 1 Mbps, classify the channel as

frequency selective or flat.

12.8 Consider an antenna transmitting at 2 GHz. The mobile receive is traveling

at a speed of 60 km/h toward the transmitter, while transmitting data at

1 Mbps. Examine whether the channel fading is slow or fast.

12.9 A receiver with 60-dB gain and an effective noise temperature of 1000 K

is connected to an antenna that has a noise temperature of 500 K.

Determine the noise power that is available from the source over a

40 MHz band.

12.10 In a wireless system, there are three types of interference and the

interference levels are 23 dB, 20 dB, and 17 dB, and the noise level is

14 dB. Determine the ratio reflecting the signal to the noise plus

interference levels.
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APPENDIX

Analog Continuous-Wave
Modulation

INTRODUCTION

We first discuss analog continuous-wavemodulation in a unified context, under

which both amplitude modulation (AM) and frequency modulation (FM). For
all modulation schemes, we identify the bandwidth and power requirements

and present the block diagrams to show how modulators and demodulators

are implemented. We then assess the impact of amplitude nonlinearity and
noise on AM and FM systems in an overview fashion. The focus then turns

toward commercial radio broadcasting.We finally feature some of the trade-offs

among various modulation schemes. After studying this appendix and under-
standing all relevant concepts and examples, students should be able to achieve

the following learning objectives:

1. Categorize analog continuous-wave (CW) modulation.

2. Define instantaneous amplitude, phase and frequency in the context
of CW modulation.

3. Understand why modulation is a time-varying and/or nonlinear process.

4. Describe DSB, SSB, and VSB amplitude modulation schemes.
5. Appreciate the trade-offs between suppressed-carrier and plus-carrier

modulation schemes.

6. Identify power and bandwidth requirements of various amplitude
modulation schemes.

7. Explain how AM modulators and demodulators operate.

8. Outline the basic definition of frequency modulation.
9. Distinguish the difference between narrowband and wideband FM.

10. Analyze spectrum of an FM signal.

11. Provide an overview of FM modulators and demodulators.
12. Assess the impact of nonlinearity on AM and FM signals.

13. Express the performance metric for received AM and FM signals.

14. Measure the effect of noise on AM and FM signals.
15. Grasp the role of pre-emphasis and de-emphasis filters in FM.

16. Detail how a superheterodyne receiver operates. 529



17. Explain the concept behind image interference.

18. List the fundamental aspects of AM and FM radio broadcasting.

19. Show the structure of FM stereo broadcasting.
20. Compare various modulation schemes.

A.1 ANALOG CONTINUOUS-WAVE (CW) MODULATION

There are two basic types of analog modulation: continuous-wave modulation
and pulse modulation. In analog pulse modulation, as briefly introduced in

Chapter 5, the message signal is uniformly sampled at discrete time intervals,
and the amplitude, width, or position of a pulse is varied in one-to-one corre-

spondence with the values of the samples. The focus of this appendix is exclu-

sively on analog continuous-wave (CW) modulation.

In analog continuous-wave modulation, a parameter of a high-frequency sinu-

soidal carrier wave c(t) is varied proportionally to the analogmodulating signal

m(t) so as to produce themodulated signal s(t). The unmodulated carrier wave in
analog CW modulation is defined as follows:

c tð Þ¼Accos 2πfctð Þ (A.1)

where fc and Ac are the carrier frequency and carrier amplitude, respectively, and

with no loss of generality, the initial phase of the carrier wave is assumed to be
zero. A modulated carrier wave, i.e., the modulated signal, can thus be repre-

sented as follows:

s tð Þ¼A tð Þcos 2πfct +φ tð Þð Þ (A.2)

where A(t) and φ(t) are called the instantaneous amplitude and instantaneous

phase deviation, respectively. When the instantaneous amplitude A(t) is linearly
related to the modulating signal m(t), the result is amplitude modulation (AM).

When the instantaneous phase deviation φ(t) or its time derivative, known as

the instantaneous frequency deviation, is linearly related to the modulating sig-
nal m(t), the result is phase modulation (PM) or frequency modulation (FM).

AM is referred to as linear modulation, for the instantaneous amplitude is lin-
early related to the modulating signal. The spectrum of an AM signal is essen-

tially the translatedmessage spectrum and the bandwidth of an AM signal never

exceeds twice the message bandwidth. However, FM and PM, collectively
referred to as angle modulation, are considered nonlinear modulation, as the

superposition principle does not apply. The spectrum of an FM or a PM signal

is not related in a simple manner to that of the modulating signal. In addition,
the bandwidth of an FM signal or a PM signal theoretically is infinite, and prac-

tically is much greater than twice the message bandwidth.
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FM and PM are closely related in that properties of one can be derived from those

of the other. In this appendix, we will concentrate solely on FM, since FM, unlike
PM, is widely used; a prime example is FM radio broadcasting. FM, due to its

inherent nonlinearity, is more difficult than AM to analyze and more complex

to implement. FM, vis-à-vis AM, offers a high degree of immunity toward noise
and robustness toward amplitude nonlinearity, while requiring a significant

increase in modem complexity and channel bandwidth.

Figures A.1 and A.2 each show a modulating signal, a carrier wave, and the cor-

responding AM, PM, and FM signals. In principle, CW modulation allows a

slowly time-varying modulating signal m(t), whose spectrum contains lower
frequency components, to turn into a rapidly time-varying modulated signal

s(t), whose spectrum possesses higher frequency components.

The modulated signal s(t) contains new frequency components that the mod-
ulating signal m(t) does not possess. A modulator must therefore be a time-

varying and/or nonlinear system, i.e., a modulator cannot be modeled as a
linear time-invariant system. The modulation process, however, preserves the

main characteristics of the message signal, so that the demodulation process

can retrieve the modulating signal m(t) from the modulated signal s(t).

(b)

c

(a)

(c)

(d)

(e)

FIGURE A.1 CW modulation for a single tone: (a) sinusoidal modulating signal, (b) carrier wave,

(c) amplitude modulated signal, (d) phase modulated signal, and (e) frequency modulated signal.
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We first describe AM and FM feature characteristics and their modulation and

demodulation techniques, under the assumption that the overall system,
including the communication channel, is ideal, i.e., there are no attenuation,

distortion, interference, and noise. In other words, the received signal is iden-
tical to the transmitted modulated signal. We then briefly discuss the effects of

amplitude nonlinearity and noise on modulation systems.

A.2 AMPLITUDE MODULATION

In AM, the modulated carrier is represented by setting φ tð Þ¼ 0 in (A.2), i.e.,

we have:

s tð Þ¼A tð Þcos 2πfctð Þ (A.3)

in which the modulated carrier amplitude A(t) varies in one-to-one correspon-
dence with the message signal m(t). Depending on how the modulating signal

m(t) and the modulated carrier amplitude A(t) are related, there are double-

sideband (DSB), single-sideband (SSB), and vestigial-sideband (VSB) ampli-
tude modulation schemes, each with suppressed-carrier (SC) transmission or

plus-carrier (PC) transmission. Our focus here is on the widely known AM tech-

niques, namely, double-sideband plus-carrier (DSB-PC) AM, double-sideband

(b)

(a)

(c)

(e)

(d)

FIGURE A.2 CW modulation for a rectangular pulse: (a) rectangular modulating signal, (b) carrier wave,

(c) amplitude modulated signal, (d) phase modulated signal, and (e) frequency modulated signal.
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suppressed-carrier (DSB-SC) AM, single-sideband suppressed-carrier (SSB-SC)

AM, and vestigial-sideband suppressed-carrier (VSB-SC) AM. Each AM scheme

has its own advantages, disadvantages, and applications.

A.2.1 Conventional Amplitude Modulation

In double-sideband amplitude modulation (DSB AM), also widely known as con-
ventional AM or commercial AM, or more accurately as double-sideband plus-

carrier amplitude modulation (DSB-PC AM), the modulated signal s(t) may

be described mathematically as follows:

s tð Þ¼Ac 1+ km tð Þð Þcos 2πfctð Þ (A.4)

where m(t) is the modulating signal, Ac and fc are the amplitude and frequency

of the unmodulated carrier wave c(t), respectively, and k> 0 is the amplitude

sensitivity or deviation constant. In a way, the amplitude of the carrier is varied,
about a mean value, linearly with the modulating signal m(t) so as to produce

the modulated signal s(t). Figure A.3(a) shows a modulating signal m(t). The

value of the constant k is chosen in such a way that the envelope of s(t) is always
positive, i.e., s tð Þj j> 0, 8t, as shown in Figure A.3(b). Figure A.3(c) shows when

the envelope of s(t) is negative for some range of t.

(b)

(c)

(a)

FIGURE A.3 DSB-PC-AM envelope: (a) modulating signal, (b) envelope is always positive,

and (c) envelope is not always positive.
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AssumingM( f) is the Fourier transform of the message signalm(t), the Fourier

transform of the DSB-PC-AM signal s(t) is then given by:

S fð Þ¼Ac

2
δ f � fcð Þ+ δ f + fcð Þð Þ+ kAc

2
M f � fcð Þ+ M f + fcð Þð Þ (A.5)

We assume that the spectrum of the modulating signal M( f), as shown in
Figure A.4(a), is band-limited to W. Figures A.4(b) and A.4(c) show the spec-

trum of the modulated signal S( f) for fc >W and fc <W, respectively.

The envelope of the DSB-PC-AM signal can have the same shape as the mod-

ulating signal provided that the following two conditions are both met:

km tð Þj j< 1, 8t (A.6a)

fc �W (A.6b)

(A.6a) highlights that with a small enough k, the envelope always remain

positive. If (A.6a) is not met, as shown in Figure A.3(c), the DSB-PC-AM signal

is then overmodulated and the modulated signal exhibits envelope distortion,
i.e., the envelope of the modulated signal does not represent the modulating

signal. If (A.6b) is not met, as shown in Figure A.4(c), then the carrier is not

oscillating rapidly enough and an envelope cannot be visualized and thus
detected. When the above two requirements are both satisfied, an envelope

detector, which is a simple demodulator, can be employed.

(c)

(b)

(a)

FIGURE A.4 Spectrum: (a) modulating signal, (b) DSB-PC-AM signal for fc >W , and (c) DSB-PC-AM

signal for fc <W .
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As shown in Figure A.4(b), when the bandwidth of the modulating signal isW,

the bandwidth of the corresponding DSB-PC-AM signal is 2W, as the modula-
tion allows the negative frequencies of themodulating signal to become visible,

i.e., measurable. The spectrum of a DSB-PC-AM signal consists of carrier-

frequency impulses and symmetrical sidebands centered at �fc. The frequency
content of the modulated signal s(t) in the frequency band fj j> fc is called the

upper sideband (USB) and that in the frequency band fj j< fc is called the lower

sideband (LSB). For the positive frequencies, the USB and LSB are symmetric
about fc, and for the negative frequencies, the USB and LSB are symmetric about

�fc. The amplitude and phase spectra of one sideband can thus be determined

from those of the other sideband. From the spectrum standpoint, there is thus
no need to transmit both sidebands and to require twice as much channel

bandwidth. However, bandwidth in the case of DSB-PC AM is wasted so a sig-

nificant reduction in demodulation complexity can be achieved.

The modulation constraint km tð Þj j< 1, introduced in (A.6a), implies

�1
k<m tð Þ< 1

k or equivalently, 0<m2 tð Þ< 1
k2. The power of the modulating sig-

nal m(t) is thus bounded as follows:

Pm ¼ lim
S!1

1

2S

� � ðS
�S

m2 tð Þdt� 1

k2
(A.7a)

Using (A.4) and (A.7a), assuming the average of the message signalm(t) is zero

(i.e., it has no DC component), and utilizing a trigonometric identity, the

power of the DSB-PC-AM signal is thus as follows:

Ps ¼ lim
S!1

1

2S

� � ðS
�S

Ac 1 + km tð Þð Þcos 2πfctð Þð Þ2dt

¼ lim
S!1

1

2S

� � ðS
�S

A2
c

2
1+ k2m2 tð Þ +2km tð Þ� �

1 + cos 4πfctð Þð Þdt

¼ Pc 1+ k2Pmð Þ¼ Pc + k
2PmPc � 2Pc

(A.7b)

where Pc ¼A2
c =2 represents the power of the unmodulated carrier wave and Pm

represents the power of the message signal. With Psb representing the power of

one of the two sidebands, (A.7b) becomes as follows:

Ps ¼ Pc + 2Psb � 2Pc (A.7c)

We can thus conclude:

Psb � Pc
2

(A.7d)

This in turn implies:

Psb � Ps
4

(A.7e)
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As (A.7c) highlights, at least 50% of the total transmitted power Ps resides in a

carrier term that is independent of m(t) and conveys no message information.

As (A.7e) indicates, no more than 25% of the total transmitted power is
required to transmit a single sideband. The conventional (DSB-PC) AM is thus

quite wasteful of transmit power.

Since a DSB-PC-AM signal, as reflected in Figure A.4, generates new frequency
components, the modulator must therefore be a time-varying and/or nonlinear

system. The DSB-PC-AM signals can be generated using various methods,
including the switching modulator and the square-law modulator, both of

which of course require the use of a nonlinear device, such as diodes, for their

implementations. The operation of the square-law modulator is discussed in a
problem at the end of the appendix, and our focus here is on the switching

modulator.

In a switching modulator, as shown in Figure A.5(a), the sum of the message
signal m(t) and the carrier wave c(t), where the carrier amplitude is much

larger than the modulating signal, i.e., Ac �m tð Þ, is applied to a diode whose

11

(b)

1

0 1− 1 1− 1
(c)

(a)

+

+

−

−

FIGURE A.5 (a) Switching modulator, (b) ideal diode input-output characteristic graph, and (c) periodic

pulse train.
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input-output voltage characteristic is shown in Figure A.5(b). The diode acts as

an ideal switch, i.e., it presents zero resistance when it is forward-biased and
infinite resistance when it is reverse-biased. When the input voltage is as

follows:

vi tð Þ¼Accos 2πfctð Þ +m tð Þ (A.8a)

the resulting load voltage is thus simply:

vo tð Þ¼ vi tð Þ, c tð Þ> 0
0, c tð Þ< 0

�
(A.8b)

The load voltage varies periodically between the input voltage and zero at a rate
equal to the carrier frequency fc. This means that the nonlinear behavior of the

diode can thus be replaced by an equivalent piecewise-linear time-varying oper-

ation. The switching operation may be viewed mathematically as a multiplica-
tion of a periodic function vp(t), as shown in Figure A.5(c), and the input vi(t).

We thus have:

vo tð Þ¼ vi tð Þvp tð Þ ¼ Accos 2πfctð Þ +m tð Þð Þ vp tð Þ

ffi Accos 2πfctð Þ +m tð Þð Þ 1

2
+

�
2

π

X1
n¼1

�1ð Þn�1

2n�1
cos 2πfct 2n�1ð Þð Þ

!

¼ Accos 2πfctð Þ +m tð Þð Þ 1

2
+
2

π
cos 2πfctð Þ +

�
2

π

X1
n¼2

�1ð Þn�1

2n�1
cos 2πfct 2n�1ð Þð Þ

!

¼Ac

2
1 +

4

πAc
m tð Þ

� �
cos 2πfctð Þ + z tð Þ

(A.8c)

The desired DSB-PC-AM signal, where k¼ 4

πAc
, is obtained by passing the load

voltage vo(t) through a band-pass filter, with bandwidth 2W andmid-frequency
fc, so as to remove the unwanted terms represented by z(t). Note that we must
have fc > 2W, so the spectrum of the wanted DSB-PC-AM signal on the one
hand and the spectra of the unwanted terms on the other hand do not overlap.

There are various devices for the detection of DSB-PC-AM signals, including
the square-law detector, which uses a square-law modulator for the purpose

of detection, and the envelope detector, which is a simple, yet effective, demod-

ulator for DSB-PC-AM signals. The operation of the square-law detector is dis-
cussed in a problem at the end of the appendix, and our focus here is on the

envelope detector.

An envelope detector, as shown in Figure A.6, consists of a diode and a simple

resistor-capacitor (RC) low-pass filter. During the positive half-cycle of the input

signal, the diode is forward-biased and the capacitor C charges up rapidly to the
peak value of the input signal. As the input signal falls below the voltage across
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the capacitor, the diode becomes reverse-biased and the input disconnects from
the output. This is followed by a slow discharge of the capacitor through the load

resistor Rl until the next positive half-cycle, when the input signal becomes

greater than the capacitor voltage, the diode conducts again. The capacitor
charges up to the new peak value of the input signal, and the process is repeated.

We assume the diode is ideal, in that it has zero resistance in the forward-bias
region and infinite resistance in the reverse-biased region, and the DSB-PC-AM

signal is supplied by a voltage source of internal resistance rs. The charging time

constantmust be short compared to the carrier frequency fc so that the capacitor
charges rapidly to follow the voltage to the positive peak value when the diode

is in forward-biased region, i.e., we must have:

rsC� 1

fc
(A.9a)

The discharging time constant must be selected to closely follow the variations
in the envelope of the DSB-PC-AM signal. Capacitor discharge between positive

peaks causes a ripple signal of frequency fc in the output. If the time constant is

too small, the output of the filter then falls very rapidly after each peak and will
not follow the envelope of the modulated signal closely. This occurs when the

bandwidth of the low-pass filter is too large. If the time constant is too large,

then the discharge of the capacitor is too slow and will not follow the fast
declining envelope of the modulated signal. Noting the maximum rate of

the DSB-PC-AM envelope decline is dominated by the bandwidth W of the

message signal, the design criteria for the low-pass filter is thus as follows:

1

fc
�RlC� 1

W
(A.9b)

By following (A.9b) to design the low-pass filter, the output of the envelope

detector closely follows the message signal. As the detector output usually has

a small ripple, a low-pass filter is used to remove it so as to smooth the envelope.

+
−

FIGURE A.6 Envelope detector.
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A.2.2 Double-Sideband Suppressed-Carrier
Amplitude Modulation

In double-sideband suppressed-carrier amplitude modulation (DSB-SC AM), the

modulating signal s(t) is the product of the message signal m(t) and the carrier
wave c(t), i.e., we have:

s tð Þ¼m tð Þc tð Þ¼Acm tð Þcos 2πfctð Þ (A.10)

Figure A.7 shows a modulating signal m(t) and the corresponding DSB-SC-AM

signal s(t). IfM( f) is the Fourier transform of the message signal m(t), the Fou-

rier transform of the modulated signal s(t) is then given by:

S fð Þ¼Ac

2
M f � fcð Þ + M f + fcð Þð Þ (A.11)

Figure A.8 shows the spectrum of the modulating signalM( f) and the spectrum
of the modulated signal S( f). Apart from a scaling factor, the DSB-SC-AM pro-

cess translates, i.e., shifts, the spectrum of the modulating signal by �fc. As we

do not want the spectrum shifted by fc to overlap with the spectrum shifted
by �fc, we require fc >W. The bandwidth occupancy of the DSB-SC-AM signal

is 2W, whereas the bandwidth of the modulating signal is W. The bandwidth

requirements for DSB-PC-AM and DSB-SC-AM signals are thus identical. It is
also important to note that either one of the two sidebands of S( f) contains

all the frequency components that exist in M( f).

DSB-PC-AM andDSB-SC-AM signals are quite similar in the frequency domain,

but not so similar in the time domain. The envelope of DSB-SC-AM signal s(t)

takes the shape of jm(t)j, rather thanm(t), and the modulated signal undergoes

(a)

(b)

FIGURE A.7 DSB-SC AM: (a) modulating signal and (b) modulated signal.
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a phase reversal whenever m(t) crosses zero. Full recovery of the modulating
signal requires knowledge of these phase reversals, and cannot thus be accom-

plished by envelope detection.

In DSB-SC AM, vis-à-vis DSB-PC AM, the modulated signal consists of the

upper and lower sidebands and not the carrier wave. The transmitted power

is saved through the suppression of the carrier wave. The power of the modu-
lated signal is thus as follows:

Ps ¼ PmPc ¼ 2Psb (A.12a)

where Pm represents the power of the modulating signal, Pc ¼A2
c =2 represents

the unmodulated carrier power, and Psb represents the power of one of the two

sidebands. (A.12a) in turn means:

Psb ¼ Ps
2
¼ PmPc

2
(A.12b)

By comparing (A.12b) and (A.7e), it becomes obvious that DSB-SC AM con-

serves power significantly.

A DSB-SC-AM signal is simply generated bymultiplying the message signal and

the carrier wave. This operation is called mixing or heterodyning and the device
for performing this operation is called the product modulator. There are various

forms of a product modulator, including the ring modulator and the balance

modulator. The operation of the ring modulator is discussed in a problem at
the end of the appendix, and our focus here is on the balanced modulator.

A balanced modulator, as shown in Figure A.9, consists of two DSB-PC-AM

modulators so as to suppress the carrier wave. The two modulators must have

(b)

(a)

FIGURE A.8 Spectrum: (a) modulating signal and (b) DSB-SC-AM signal for fc >W .
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approximately identical characteristics, except for the sign reversal of the mod-

ulating signal applied to the input of one of them. The output of a balanced

modulator is thus as follows:

s tð Þ¼ s1 tð Þ� s2 tð Þ¼Ac 1 + km tð Þð Þcos 2πfctð Þ�Ac 1�km tð Þð Þcos 2πfctð Þ
¼ 2kAccos 2πfctð Þm tð Þ (A.13)

Except the scaling factor 2k, (A.13) represents (A.10). As the name implies, the
DSB-SC-AM signal does not include the carrier wave. In the demodulation of a

DSB-SC-AM signal, the local oscillator signal must then be exactly coherent or

synchronized in both frequency and phase with the carrier wave c(t) used in the
product modulator. Such a method is known as coherent detection.

If the local oscillator in the receiver has a phase difference φ, measured with
respect to the carrier wave used in the transmitter, the output of the product

modulator, using (A.10) and a trigonometric identity, is then as follows:

vo tð Þ¼ s tð ÞA0
ccos 2πfct +φð Þ ¼ Accos 2πfctð Þm tð ÞA0

ccos 2πfct +φð Þ
¼ AcA

0
c

2
cosφ+ cos 4πfctð Þð Þm tð Þ (A.14)

Figure A.10 shows coherent detection of DSB-SC-AM signal, i.e. when φ¼ 0. A

low-pass filter, whose cut-off frequency is greater thanW but less than 2fc�W;

can remove all signal and noise components aboveW, and the resulting signal
AcA

0
c

2
cosφm tð Þ is therefore proportional to the modulating signal when the

phase error φ 6¼� π
2 is a constant. In practice, the phase error is random, and

DSB-AM
modulator

DSB-AM
modulator

Oscillator
+
−

cos cos

FIGURE A.9 Balanced modulator for DBS-SC AM.

Product
modulator

Oscillator

cos
LPF

FIGURE A.10 Coherent detection of DSB-SC-AM signal.
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a carrier recovery circuitry is therefore required in the receiver. This additional

complexity is the price paid for saving the transmit power by not transmitting
the carrier wave.

A.2.3 Single-Sideband Amplitude Modulation

Due to the symmetry of the two sidebands about the carrier frequency, the

transmission of both sidebands is redundant. In single-sideband suppressed-

carrier amplitude modulation (SSB-SC AM), only one of the two sidebands is
transmitted. SSB-SC AM can be employed if the modulating signal has no

power near origin, such as speech signals. As shown in Figure A.11, the band-

width of the SSB-SC-AM signal is W that is the same as that of the modulating
signal, and the average transmitted power is as follows:

Ps ¼ PmPc
2

¼ Psb (A.15)

There are fundamentally different methods to generate an SSB-SC-AM signal,
including phase shifting using Hilbert transform and frequency discrimination

based on selective filtering. The operation of the phase shifting is discussed in a

problem at the end of the appendix, and our focus here is on the frequency
discrimination.

(a)

(b)

0

(c)
0

FIGURE A.11 Spectrum: (a) modulating signal, (b) SSB-SC AM (USB), and (c) SSB-SC AM (LSB).
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The modulation and demodulation processes for the SSB-SC-AM signal are

functionally simple, but their practical implementations are difficult. In the fre-

quency discrimination method, as shown in Figure A.12(a), first a DSB-SC-AM
signal is generated and then a BPF with stringent requirements is employed to

select either the upper sideband or the lower sideband of the DSB-SC-AM sig-

nal. The BPF must have a small precise transition band, a passband that passes
the desired sideband completely, and a stopband through which the unwanted

sideband is rejected in its entirety.

As shown in Figure A.12(b), an SSB-SC-AM demodulation requires a synchro-

nous carrier. Otherwise, with a phase offset, not only the desired sideband is

attenuated, but more importantly, the demodulated signal then contains an
unwanted component that cannot be removed by filtering. Phase distortion is

not considered serious in speech communications, but it has an adverse impact

onvideo andmusic transmission. Aneffective approach to avoidphase distortion
without using a synchronous carrier in the receiver is the transmission of a pilot

tone at the carrier frequency, thus giving rise to SSB-PCAM. This in turn allows the

use of simple envelopedetection, but at the expense of additional transmit power.
This is a trade-off between a reduction in the demodulation complexity on the

one hand and an increase in the transmit power on the other hand.

A.2.4 Vestigial-Sideband Amplitude Modulation

A modulation scheme that offers the best compromise among bandwidth con-

servation, improved low-frequency response, and power saving is the vestigial-
sideband suppressed-carrier amplitude modulation (VSB-SC AM). In VSB-SC AM,

the design of the sideband filter is simplified at the expense of a modest

increase in the channel bandwidth required to transmit the modulated signal.

Product
modulator

SSB-SC-AM ) Lowpass
filter

cos
Oscillator(b)

Product
modulator

SSB-SC-AM )Bandpass
filter

cos
(a) Oscillator

FIGURE A.12 SSB-SC AM: (a) modulator and (b) coherent demodulator.
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VSB-SC AM is attractive for signals with significant low-frequency components,

such as video signals.

Figure A.13 shows the VSB-SC-AM modulation and demodulation. A VSB-SC-

AM signal is derived by filtering a DSB-SC-AM signal in a way that one sideband
is passed in almost entirety while only a trace of the unwanted sideband is

included. Note that the transmitted vestige of the unwanted sideband compen-

sates for the amount removed from the wanted sideband. An essential require-
ment for the VSB-SC-AM filterH( f) is that it must have an odd symmetry about

fc and a relative response of 0.5 at fc. More specifically, as shown in Figure A.14,

the transfer function of the sideband filter H( f) must meet the following
requirement:

H f � fcð Þ +H f + fcð Þ¼2H fcð Þ¼1, fj j �W (A.16)

where W represents the message bandwidth. Inside the transition band

fc�α� fj j � fc + α, the sum of the values of jH( f)j at any two frequencies whose
arithmetic mean is fc is unity, where α is the width of the vestigial sideband.

Product
modulator

VSB-SC-AM ) Lowpass
filter

cos
Oscillator

(a)

(b)

Product
modulator

VSB-SC-AM )

cos
Oscillator

Sideband
filter 

FIGURE A.13 VSB-SC AM: (a) modulator and (b) coherent demodulator.

0

1
1/2

FIGURE A.14 Amplitude response of VSB-AM sideband filter for LSB.
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Also, outside the frequencybandof interest fj j> fc +W, the transfer functionH( f)

may meet arbitrary requirements. Note that the VSB-SC-AM sideband filter has a

transitionbandofwidth2α, the transmissionbandwidthof theVSB-SC-AMsignal
isW + α,whereα<W. Thevalueofα typically rangesbetween15%and35%ofthe

message bandwidthW. If the vestigial sideband is increased to the width of a full
sideband, i.e., α¼W, the resulting modulated signal becomes a DSB-SC-AM sig-

nal, if, on theotherhand, thewidthof thevestigial sidebandis reduced tozero, i.e.,

α¼ 0, the resultingmodulated signal becomes an SSB-SC-AM signal. The average
transmitted power for a VSB-SC-AM signal is as follows:

PmPc
2

� Ps � PmPc (A.17)

which depends on the vestige width α. For instance, when we have α¼ 0, the

lower bound in (A.17) is satisfied, and when α¼ 1, the upper bound is met.

Once again to avoid coherent detection, transmission of a large carrier compo-

nent along with the message is a viable option, thus resulting in VSB-PC AM.

For instance, in the NTSC TV broadcast, the received VSB-PC-AM signal is
demodulated using envelope detection. Overall, VSB AM is a compromise

between SSB AM and DSB AM, unlike SSB AM, it does not require an energy

gap at the origin, and unlike DSB AM, the bandwidth is only somewhat greater
than that of SSB AM.

EXAMPLE A.1

Suppose the modulating signal is a sinusoidal signal with amplitude Am and frequency fm, and the

sinusoidal carrier wave has amplitude Ac and frequency fc > fm. For all amplitude modulation

schemes, determine the expressions for the modulated signal in both the time-domain s(t) and

the frequency domain S( f ).

Solution
Figure A.15 shows the modulating signal

m tð Þ¼Amcos 2πfmtð Þ

and the carrier wave

c tð Þ¼Accos 2πfctð Þ

along with the modulated signals in the time domain s(t), and Figure A.16 shows their Fourier

transforms

M fð Þ¼ 0:5Am δ f� fmð Þ + δ f + fmð Þð Þ

and

C fð Þ¼ 0:5Ac δ f� fcð Þ + δ f + fcð Þð Þ

along with the Fourier transforms S( f ) of the modulated signals.
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(a)

(b)

(c)

(d)

(e)

(f)

FIGURE A.15 Signals in the time domain: (a) modulating signal, (b) carrier wave,

(Continued)



(g)

(h)

(i)

(j)

(k)

(l)

FIGURE A.15, cont’d (c) SSB-SC (LSB), (d) VSB-SC (LSB), (e) DSB-SC, (f) VSB-SC (USB), (g) SSB-SC

(USB), (h) SSB-PC (LSB), (i) VSB-PC (LSB), (j) DSB-PC, (k) VSB-PC (USB), and (l) SSB-PC (USB).



(a)

(b)

(c)

(d)

(e)

(f)

0
(g)

FIGUREA.16 Signals in the frequency domain: (a) modulating signal, (b) carrier wave, (c) SSB-SC (LSB),

(d) VSB-SC (LSB), (e) DSB-SC, (f) VSB-SC (USB), (g) SSB-SC (USB),

(Continued)

548 APPENDIX: Analog Continuous-Wave Modulation



In deriving the modulated signals in the time domain, we utilize the trigonometric identity

2cosAcosB¼ cos A +Bð Þ + cos A�Bð Þ. For the special case of sinusoidal modulation, the modu-

lated signals s(t) for all amplitude modulation schemes can be thus written in the following com-

mon form:

s tð Þ¼ bAccos 2πfctð Þ + 0:5aAcAmcos 2π fc + fmð Þtð Þ + 0:5 1�að ÞAcAmcos 2π fc� fmð Þtð Þ

where a, a constant representing the attenuation of the upper-sideband, and b, a constant reflect-

ing the carrier wave transmission, are both defined in Table A.1 for different types of amplitude

0
(l)

(k)

(j)

(i)

(h)

FIGURE A.16, cont’d (h) SSB-PC (LSB), (i) VSB-PC (LSB), (j) DSB-PC, (k) VSB-PC (USB), and (l) SSB-

PC (USB).
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modulation. The Fourier transform of the modulated signal s(t), which consists of delta functions,

is therefore as follows:

S fð Þ¼ 0:5bAc δ f� fcð Þ + δ f + fcð Þð Þ + 0:25aAcAm δ f� fc� fmð Þ + δ f + fc + fmð Þð Þ
+ 0:25 1�ð aÞAcAm δ f� fc + fmð Þ + δ f + fc� fmð Þð Þ

A.3 FREQUENCY MODULATION

In angle modulation, the modulated carrier is represented by setting A tð Þ¼Ac

in (A.2), i.e., the amplitude of the modulated signal is constant, and we thus

have:

s tð Þ¼Accos 2πfct +φ tð Þð Þ (A.18)

in which the instantaneous phase deviation φ(t) varies in one-to-one corre-

spondence with the message signal m(t). There are various ways to vary φ(t).
In PM, the instantaneous phase deviation is proportional to the modulating
signal m(t), and in FM, the instantaneous frequency deviation, i.e., the deriva-

tive of the instantaneous phase deviation with respect to time, is proportional
to the modulating signal m(t). As mentioned earlier, our focus is exclusively

on FM.

A.3.1 Representation of FM Signals

In FM, the instantaneous frequency is equal to the constant frequency of the
unmodulated carrier wave plus a time-varying component that is proportional

to the modulating signal, as shown by:

f tð Þ¼ fc + km tð Þ (A.19)

Table A.1 Categorization of amplitude modulation schemes in Example A.1

b¼ 0 (SC)

a¼ 0 SSB-SC (LSB)

0< a< 0:5 VSB-SC (LSB)

a¼ 0:5 DSB-SC

0:5< a< 1 VSB-SC (USB)

a¼ 1 SSB-SC (USB)

b¼ 1 (PC)

a¼ 0 SSB (LSB)

0< a< 0:5 VSB (LSB)

a¼ 0:5 DSB (conventional AM, k¼ 0:5)

0:5< a< 1 VSB (USB)

a¼ 1 SSB (USB)
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where k> 0 is the frequency sensitivity or deviation constant and km(t) rep-

resents the instantaneous frequency deviation. Assuming the initial phase

deviation is zero, i.e., φ 0ð Þ¼ 0, the instantaneous phase deviation is thus as
follows:

φ tð Þ¼ 2πk

ðt
0

m sð Þds (A.20)

By substituting (A.20) into (A.18), the FM signal can therefore be described in

the time domain as follows:

s tð Þ¼Accos 2πfct + 2πk

ðt
0

m sð Þds
� �

(A.21)

If we assume φ tð Þj j� 1, for all time t, we then have cosφ tð Þffi 1 and
sinφ tð Þffiφ tð Þ. By using (A.18) and (A.20), (A.21) can be expanded and then

approximated as follows:

s tð Þ ¼Ac cos 2πfctð Þcosφ tð Þ� sin 2πfctð Þsinφ tð Þð Þ
ffiAccos 2πfctð Þ�Acsin 2πfctð Þφ tð Þ
ffi Accos 2πfctð Þ�Ac 2πk

ðt
0

m sð Þds
� �

sin 2πfctð Þ
(A.22)

(A.22) represents a narrowband FM (NB FM) signal. Note that an NB-FM signal

is similar to a DSB-PC-AM signal, the only difference is that the message in NB

FM is first integrated, then scaled andmodulated on a sine carrier. TheNB-FM is
not widely used in practice; however, it is often a stepping stone for the gener-

ation of wideband FM (WB-FM) signals.

A.3.2 Spectral Analysis of FM Signals

By using a power series to expand (A.18), we can show that the FM signal con-
sists of an unmodulated carrier cos(2πfct) plus an infinite number of

amplitude-modulated terms, such as φ(t)sin(2πfct), φ
2(t)cos(2πfct), φ

3(t) sin

(2πfct), . . .. Hence, the spectrum consists of an unmodulated carrier plus spectra
of φ(t), φ2(t), φ3(t), . . ., all centered at�fc. The spectral analysis of FM, due to its

inherent nonlinearity, is thus conceptually quite complicated and mathemati-

cally rather intractable. To this effect, we first study the simplest possible case,
namely, when the modulating signal is only a single tone. We then generalize

the results, to the extent possible, to the more complicated message signals.

When the modulating signal is a pure sinusoidal, we have:

m tð Þ¼Amcos 2πfmtð Þ (A.23)

Using (A.19), the instantaneous frequency of the resulting FM wave is then

defined by:
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f tð Þ¼ fc + kAmcos 2πfmtð Þ¼ fc +Δf cos 2πfmtð Þ (A.24)

where Δf, which is called the frequency deviation, is defined as follows:

Δf ¼ kAm (A.25)

The frequency deviation, which represents the maximum departure of the
instantaneous frequency of the FM signal from the carrier frequency fc, is pro-

portional to the peak amplitude of the modulating signal, and is independent

of the modulating frequency fm. Using (A.20), the instantaneous phase devia-
tion of the resulting FM wave is defined by:

φ tð Þ¼ βsin 2πfmtð Þ (A.26)

where β, which is called the modulation index, is defined as follows:

β¼Δf
fm

(A.27)

Using (A.18) and (A.26), the FM signal is then given by:

s tð Þ¼Accos 2πfct + βsin 2πfmtð Þð Þ (A.28)

By using the Fourier series representation, (A.28) can be expressed as follows:

s tð Þ¼Ac

X1
n¼�1

Jn βð Þcos 2π fc + nfmð Þtð Þ (A.29)

where Jn(β) is the Bessel function of the first kind of order n and argument β.
The Fourier transform of (A.29) is then as follows:

S fð Þ¼Ac

2

X1
n¼�1

Jn βð Þ δ f � fc�nfmð Þ+ δ f + fc + nfmð Þð Þ (A.30)

Although the modulating signal has only one frequency component fm, (A.30)

reveals that the spectrum of the corresponding FM signal consists of a carrier
component plus an infinite number of side components at frequencies

fc�nfm, where n is a nonnegative integer. Therefore, the actual bandwidth of

the modulated signal is infinite. However, the relative amplitudes of the spec-
tral lines for large n is very small. The number of significant spectral lines is an

increasing function of the modulation index β.

When the frequency fm is fixed and the amplitude Am is increased, the frequency

deviation Δf and the modulation index β are both proportionally increased.

This means that the number of significant spectral lines is increased and the
frequency between two adjacent spectral components remain unchanged.

However, when the amplitude Am is fixed and the frequency fm is decreased,
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the frequency deviation Δf remains unchanged, but the modulation index β is

proportionally increased. This means that we have an increasing number of
spectral lines crowding into the fixed frequency band 2Δf.

Since the amplitude of an FM signal is always constant, then regardless of
the message bandwidth, the average transmitted power of an FM signal is as

follows:

PFM ¼Ac
2

2

X1
n¼�1

J2n βð Þ¼Ac
2

2
(A.31)

On the other hand, the total power contained in the carrier plus n sidebands on

each side of the carrier is as follows:

Pk ¼Ac
2

2

Xk
n¼�k

J2n βð Þ (A.32)

Based on experimental evidence, if at least 98% of the FM signal power is con-

tained within the transmission bandwidth, i.e.,
Pk
PFM

� 98%, the distortion to the

message signal is negligible.

With a single-tone modulating signal of frequency fm, the bandwidth of the

modulated signal approaches 2Δf, when the modulation index β is large,
and the bandwidth of the modulated signal approaches 2fm, when the modu-

lation index β is small. Based on the 98% approximation rule, the transmission

bandwidth of an FM signal generated by a single-tone modulating signal of fre-
quency fm can be approximated as follows:

BWFM ffi 2 Δf + fmð Þ¼2fm β +1ð Þ (A.33)

For arbitrary modulating signal m(t), a generally accepted expression for the

transmission bandwidth of an FM signal is as follows:

BWFM ffi 2W D + 1ð Þ (A.34)

where W is the message bandwidth and the deviation ratio D is defined as

follows:

D¼ Δf
W

(A.35)

This relation is known asCarson’s rule. Note that ifD� 1, the bandwidth of the

modulated signal is approximately 2W, and the signal is known as a narrow-

band FM (NB FM), and if D� 1, the bandwidth signal is approximately

2DW¼ 2Δf , which is twice the peak frequency deviation, and the signal is

known as a wideband FM (WB FM).
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A.3.3 FM Modulation and Demodulation

There are twomethods for generating FM signals: the direct method and the indi-
rectmethod. In the directmethod, the carrier frequency is directly varied according

to the modulating signal by means of a voltage controlled oscillator (VCO). In a

VCO,when the input voltage is zero, theVCOgenerates a sinusoidwith the carrier
frequency, when the input voltage changes, the frequency changes. There are two

approaches to design a VCO. One approach is to use a variable capacitor whose

capacitance depends on the voltage applied across it, and the other is to use a var-
iable inductor whose inductance is varied by the current passing through it. The

advantage of the directmethod is that it can yield sufficiently large frequencydevi-

ation with no frequency multiplication, and its drawback is its poor frequency
stability, thus warranting additional circuitry for frequency stabilization.

In the indirect method, a narrowband FM (NB-FM) signal, as derived in (A.22),
is first generated. Figure A.17(a) shows its implementation, and highlights the

similarity of conventional AM signals and NB-FM signals. Next, as shown in

Figure A.17(b), the NB-FM signal is converted to a wideband FM (WB-FM) sig-
nal using a frequency multiplier that multiplies the instantaneous frequency of

the input by some constant n. A frequency multiplier basically consists of a

nonlinear device and a band-pass filter tuned to the desired frequency. Use
of frequency multiplication normally increases the carrier frequency to an

impractically high value. To shift the resultingWB-FM signal to the desired cen-

ter frequency, a mixer and a band-pass filter can be employed.

There are various methods for FM demodulation. One approach is the phase-

locked loop (PLL), which was described in Chapter 8. The signal is fed into a
PLL and the error signal is used as the demodulated signal. A PLL can provide a

high level of performance, and do not require a costly transformer and can eas-

ily be incorporated within FM radio ICs. Another approach isQuadrature detec-

tor, which is also suitable for use within ICs. It provides high levels of linearity,

90°
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FIGURE A.17 FM modulator: (a) NB FM and (b) WB FM
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while not requiring many external components. It phase shifts the signal by 90

degrees and multiplies it with the unshifted version. By low-pass filtering, the
original information signal is obtained. There are other approaches, such as

software-based FM demodulation by which the received is converted into dig-

ital form and thus processed digitally from the beginning.

Our brief focus is, however, on frequency discriminator. If the input to an ideal

discriminator is an FM signal, the discriminator output is then proportional to
the instantaneous frequency deviation of the input signal, as an ideal discrim-

inator transfer function is a linear function of frequency passing through zero at

f ¼ fc, as shown in Figure A.18(a). A simple approximation to the ideal discrim-
inator is an ideal differentiator followed by an envelope detector, as shown in

Figure A.18(b). The ideal differentiator performs FM to AM conversion and the

envelope detector recovers the modulating signal. Assuming the input to the
differentiator is the following FM signal:

sFM tð Þ¼Accos 2πfct +φ tð Þð Þ¼Accos 2πfct + 2πk

ðt
0

m tð Þdt
� �

(A.36)

the output of the differentiator is then as follows:

sAM tð Þ ¼�Ac 2πfc +φ0 tð Þð Þsin 2πfct +φ tð Þð Þ
¼�Ac 2πfc + 2πkm tð Þð Þsin 2πfct +2πk

ðt
0

m tð Þdt
� �

(A.37)

The output of the envelope detector is then proportional to m(t), assuming the

dc term 2πAcfc is removed. The output of the discriminator is a function of Ac. In
order to ensure that the amplitude at the input to the differentiator is constant

and not a function of time, a limiter is placed before the differentiator to clip the

input signal and convert it to an FM square-wave signal. A band-pass filter is
then placed after the limiter to convert the signal back to the sinusoidal form

required by the differentiator.

0

slope

slope 

FM Modulatingsignal m
FM to AM converter
(slope circuit

Envelope
detector

(a)

(b)

FIGURE A.18 FM demodulation: (a) frequency response of ideal slope circuit and (b) frequency

discriminator.
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EXAMPLE A.2

Suppose s tð Þ¼ 5 cos 5t + sin 5tð Þð Þ is an FM signal, determine: (a) the total average power, (b) the

carrier frequency, (c) the modulation index, (d) the modulating signal, (e) the bandwidth of the

modulating signal, (f) the frequency deviation, and (g) the bandwidth of the modulated signal.

Solution
(a) Using (A.21) and (A.31), we have P¼ 12:5.

(b) Using (A.28), we have 2πfct¼ 5t, we thus have fc ¼ 5=2π.

(c) Using (A.28), we have β¼ 1.

(d) Using (A.21), we have m tð Þ¼�0:2cos 5tð Þ.
(e) Using (A.23), we have 2πfmt¼ 5t, the bandwidth fm is thus 5/2π.

(f) Using (A.27), we have Δf¼ βfm ¼ 5=2π.

(g) Using (A.33), we have BWFM ¼ 10=π.

A.4 AMPLITUDE NONLINEARITY IN ANALOG
CW MODULATION

Consider a memoryless nonlinear communication channel whose input x(t)

and output y(t) are related by:

y tð Þ¼ a1x tð Þ+ a2x2 tð Þ + 	 	 	 + anxn tð Þ (A.38)

where a1, a2, . . ., an are constants. Clearly, the first term is the desired term,
while the remaining terms represent the unwanted nonlinear distortion. The

output spectrum spreads well beyond the input spectrum, and the output signal

contains new frequency components not present in the input band. The
nonlinearity not only distorts the signal, but also may cause interference with

other signals in the channel because of its spectral dispersion (spreading).

A.4.1 Effect of Amplitude Nonlinearity on AM Systems

To assess the impact of a nonlinear channel on amplitude modulation, we con-

sider a DSB-SC-AM signal. Substituting (A.10) into (A.38), we obtain:

y tð Þ¼ a1Acm tð Þcos 2πfctð Þ+ a2A2
c m

2 tð Þcos2 2πfctð Þ + . . .

+ anA
n
cm

n tð Þcosn 2πfctð Þ (A.39a)

Using the trigonometric identity cosM φð Þ¼PM
i¼0dicos iφð Þ, where di, i ¼ 0,

1, . . ., M, are constants, (A.39a) can be thus expressed as follows:

y tð Þ¼ c0 tð Þ+ c1 tð Þcos 2πfctð Þ+ c2 tð Þcos 4πfctð Þ + . . . + cn tð Þcos 2nπfctð Þ (A.39b)

Thus, the channel output consists of a total n + 1 DSB-SC-AM signals with car-

rier frequencies of 0, fc, 2fc, . . ., nfc. Assuming the message bandwidth isW, then
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by using a BPF of midband frequency fc and bandwidth 2W, all terms, except

c1(t), can be removed, provided that the frequency components associated with
c0(t), c1(t), . . ., cn(t) do not overlap. However, the only remaining term, i.e., c1(t)

cos(2πfct), consists of the desired term k1m(t)cos(2πfct) plus distortion terms

represented by k3m
3(t)cos(2πfct), k5m

5(t)cos(2πfct), k7m
7(t)cos(2πfct) and

other similar terms. As the frequency components of these distortions and

those of the desired DSB-SC-AM signal overlap, no type of filtering can alleviate

the problem of distortion.

This type of distortion is referred to as nonlinear distortion, and it is not exclu-

sive only to DSB-SC AM, but all amplitude modulation systems experience dis-
tortion due to amplitude nonlinearity in the communication channel. To

minimize the effects of amplitude nonlinearity in AM systems, the amplifiers

must be designed to be highly linear over the required range of operation.

A.4.2 Effect of Amplitude Nonlinearity on FM Systems

We now assess the impact of a nonlinear channel when the input is an FM sig-
nal. Substituting (A.18) into (A.38), we obtain:

y tð Þ¼ a1Accos 2πfct +φ tð Þð Þ+ a2A2
c cos

2 2πfct +φ tð Þð Þ + . . .

+ anA
n
c cos

n 2πfct +φ tð Þð Þ (A.40a)

Using the trigonometric identity cosM φð Þ¼
XM

i¼0
dicos iφð Þ, where di, i ¼ 0,

1, . . ., M, are constants, (A.40a) can be thus expressed as follows:

y tð Þ¼ b0 + b1cos 2πfct +φ tð Þð Þ + b2cos 4πfct + 2φ tð Þð Þ+ . . .

+ bncos 2nπfct +ð nφ tð ÞÞ (A.40b)

Thus, the channel output consists of a dc component and n FM signals with

carrier frequencies of fc, 2fc, . . ., nfc. Assuming the message bandwidth is W
and the frequency deviation of the FM signal cos 2πfct +φ tð Þð Þ is Δf, the fre-

quency deviation of the second term cos 4πfct + 2φ tð Þð Þ, with the carrier fre-

quency of 2fc, is 2Δf. We can extract the desired FM signal by separating it
from the second term. Using Carson’s rule, the necessary condition can be

expressed as 2fc� 2Δf +Wð Þ> fc + Δf +Wð Þ or fc > 3Δf + 2W. Thus by using a

band-pass filter of mid-frequency fc and bandwidth 2Δf + 2W, the FM signal,
without any distortion, can be extracted. The only impact is of course the ampli-

tude modification.

We can thus conclude that FM is not affected by amplitude nonlinearity. This

immunity allows the use of highly-nonlinear amplifiers and power transmitters

at radio frequencies. It is however important to note that an FM system is very
sensitive to phase nonlinearity. A common type of phase nonlinearity is

known as AM-to-PM conversion, and that occurs when the phase of an
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amplifier used in the system is a function of the instantaneous amplitude of the

input signal. It is therefore important to keep AM-to-PM conversion at a low
level; otherwise, the output will contain unwanted phase modulation and

distortion.

A.5 NOISE IN ANALOG CW MODULATION

In the analysis of the noise performance in an analog CW modulation system,

we assume all system components in both transmitter and receiver, such as

modulators, filters, and demodulators, are ideal and introduce no distortion.
The only performance degradation is due to noise, which is present in varying

degrees in all modulation systems. The effect of noise, however, can be mini-

mized by appropriate filtering. We assume that the front-end receiver noise
nw(t) is additive white Gaussian noise (AWGN). Figure A.19 shows a basic

model of a noisy receiver employing an analog CW modulation. Note that

the band-pass filter (BPF) is centered at the carrier frequency fc and has a band-
width equal to the transmission bandwidth of the modulated signal. The BPF,

also known as a pre-detection filter, passes the received modulated signal s(t)

without distortion, but limits the amount of out-of-band noise that reaches the
detector. The band-pass filtered noise n(t), however, is no longer white, and the

low-pass components of this narrowband noise, i.e., nc(t) and ns(t), can impact

the system performance. The detector output is then low-pass filtered to remove
out-of-band noise and harmonic signal terms. The LPF, also known as a post-

detection filter, has the same bandwidth as the message signal.

In order to carry out the analysis of the effects of noise on the performance of

the receiver and to make a comparative analysis of noise performances of var-

ious modulation schemes, a criterion is required. An intuitive measure may be
the signal-to-noise ratio (SNR), defined as the ratio of the mean power of the

signal to the mean power of the noise.

A key performance metric for the fidelity of the received signal is the output

SNR, defined as the ratio of the mean power of the demodulated signal to

the mean power of the noise, both measured at the receiver output. The output

SNR depends on the type of modulation employed in the system and the type
of the demodulation technique used in the receiver. In order to make a fair

comparison of all modulation schemes, they should be all operating under

the same environment. More specifically, in order to have a meaningful com-
parison, the transmitted signal power and the noise power in the bandwidth of

BPF Detector LPF

FIGURE A.19 Model of a noisy receiver.
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the signal must be the same for all types of modulation. A frame of reference is

thus the input SNR, defined as the ratio of the average power of the modulated
signal to the average power of the noise in the message bandwidth, both mea-

sured at the receiver input. To assess each modulation scheme, we define a fig-

ure of merit for the receiver as the ratio of the output SNR to the input SNR.

A.5.1 Effect of Noise on AM Systems

Before proceeding to assess the impact of noise on linear modulation, it is

important to emphasize that a feature common to all linear modulation

schemes is that the SNR at the receiver output can be increased only by increas-
ing the transmitted power.

The average power of the DSB-PC-AM signal s(t) is given in (A.7b). With a nar-

rowband band-pass noise whose double-sided power spectral density of N0/2
in W/Hz, the average noise power in the message bandwidth W is equal to

WN0. The input SNR for DSB-PC AM is therefore as follows:

SNRji ¼ Pc 1+ k2Pmð Þ
WN0

(A.41)

The input to an ideal envelope detector consists of the received modulated sig-

nal s(t) and the narrowband noise n(t). Using the narrowband representation

of the band-pass filtered noise n(t) in terms of its low-pass in-phase and quad-
rature components, the composite signal x(t) at the detector input may be

expressed as:

x tð Þ¼ s tð Þ+ n tð Þ ¼ Ac 1+ km tð Þð Þcos 2πfctð Þ+ nc tð Þcos 2πfctð Þ�ns tð Þsin 2πfctð Þ
¼ Ac +Ackm tð Þ +nc tð Þð Þcos 2πfctð Þ�ns tð Þsin 2πfctð Þ (A.42)

Assuming the detector is an ideal envelope detector, the output of the detector

y(t) is as follows:

y tð Þ¼ Ac +Ackm tð Þ+ nc tð Þð Þ2 + ns tð Þð Þ2� �1=2
(A.43a)

Assuming the signal power at the receiver input is considerably higher than the

noise power, the output of the envelope detector is thus approximately as
follows:

y tð ÞffiAc +Ackm tð Þ +nc tð Þ (A.43b)

The dc term Ac in the envelope detector output can be removed by a capacitor,

as it has no bearing on the message signal.

With a low-pass noise whose power spectral density isN0 and the low-pass sig-

nal whose bandwidth isW, the average noise power is then equal toWN0. The
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output SNR of a DSB-PC-AM receiver using an envelope detector is thus as

follows:

SNRjo ¼Ac
2k2Pm
WN0

¼ Pck
2Pm

WN0
(A.44)

Using (A.41) and (A.44), the figure of merit of a DSB-PC-AM receiver employing

envelope detection is as follows:

FoM¼ k2Pm
1+ k2Pm

< 1 (A.45)

The reason the value of this figure of merit is less than unity lies in the fact that

DSB-PC AM wastes transmit power to send the carrier along with the modu-

lated signal.

If the preceding assumption is not true that is the signal power at the receiver

input is much lower than the noise power, the situation is then quite differ-

ent. We have therefore a loss of message signal in that the detector output
does not contain the message at all, and it is meaningless to talk about

the output SNR. The loss of a message in an envelope detector that operates

at a low input SNR is referred to as the threshold effect. By threshold, we mean
there is some value of the input SNR above which signal degradation due to

noise is negligible and below which the system performance deteriorates

quite rapidly.

It is important to note that a threshold effect does not occur when coherent

demodulation, instead of envelope detection, is employed. Assuming DSB-
SC AM, SSB-SC AM, and VSB-SC AM all employ coherent detection, the figure

ofmerit is the same for all of them. The common figure ofmerit of unity is supe-

rior to that of DSB-PC AM, and their derivations for these three schemes are left
as problems at the end of the appendix.

A.5.2 Effect of Noise on FM Systems

The average power of the FM signal s(t) is given in (A.31). With a narrowband

band-pass noise whose double-sided power spectral density isN0/2, the average
noise power in the message bandwidth W is equal to WN0. The input SNR for

FM is therefore as follows:

SNRji ¼ A2
c =2

WN0
(A.46)

The input to an ideal detector consists of the receivedmodulated signal s(t) and

the narrowband noise n(t). Using the narrowband representation of the
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band-pass filtered noise n(t) in terms of its envelope rn(t) and phase θn(t), the
composite signal x(t) at the detector input may be expressed as:

x tð Þ¼ s tð Þ+ n tð Þ ¼ Accos 2πfct +φ tð Þð Þ+ rn tð Þcos 2πfct + θn tð Þð Þ
¼ xe tð Þcos 2πfct +φ tð Þ+ θe tð Þð Þ (A.47)

where θe(t) is the perturbation of the carrier phase angle due to noise and also

contains the signal, and xe(t) is the envelope of the composite signal and plays
no role, as the response of an ideal detector only depends on its phaseφ tð Þ + θe tð Þ.
In order to determine the instantaneous frequency of the carrier wave caused by
the presence of the filtered noise n(t), we assume the SNR measured at the dis-

criminator output is large compared with unity and the discriminator is ideal

and its output is thus proportional to the derivative of the phase φ tð Þ + θe tð Þ. It
can be shown that the output of the detector is then as follows:

y tð Þ¼ km tð Þ+ 1

2πAc

� �
dns tð Þ
dt

(A.48)

This clearly states that the output of the detector consists of the scaled version of

themodulating signalm(t) and an additive noise that is a function of the carrier
amplitude Ac and the derivative of the quadrature component ns(t) of the nar-

rowband noise n(t). The differentiation of a function with respect to time cor-

responds to multiplication of its Fourier transform by j2πf, and the low-pass
filter with a bandwidth equal to the message bandwidth W rejects the out-

of-band components of the additive noise. The power spectral density of the

low-pass quadrature component ns(t) of the noise n(t) is N0, therefore the
power spectral density at the output of the receiver is as follows:

N0
j2πf

2πAc

����
����
2

¼N0f
2

A2
c

(A.49)

The noise power in an FM system increases as f2 over the message band. Thus,

the message spectral components at higher frequencies are corrupted by more
noise than the message spectral components at lower frequencies.

The spectral density of themessage signal usually falls off considerably at higher

frequencies, whereas the spectral density of the output noise increases signifi-
cantly with frequency. The message is thus not utilizing its entire bandwidth in

an efficient manner. To allow the efficient utilization of the allowed frequency
band is that the noise spectral characteristics in an FM system be altered by a

pre-emphasis filter in the transmitter and a de-emphasis filter in the receiver,

as shown in Figure A.20. In effect, we enhance the high-frequency components
of themessage prior tomodulation in the transmitter, andwemitigate the high-

frequency components of the noise after demodulation, thus increasing the
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output SNR of the system. Typical characteristics of pre-emphasis and de-

emphasis filters are shown in Figure A.21.

The average power of the output noise, which is determined by integrating the

power spectral density of the noise in (A.49) from –W toW, is 2N0W
3/3Ac

2. The

average output signal power is also equal to k2Pm, where Pm is the average power
of the message signalm(t). The output SNR of an FM receiver is thus as follows:

SNRjo ¼ k2Pm

2N0W3=3Ac
2 (A.50)

Using (A.46) and (A.50), the figure of merit of an FM receiver is as follows:

FoM¼ 3k2Pm
W2

(A.51)

The figure ofmerit can be increased by increasing the FMmodulator sensitivity k2

without having to increase the transmitted power. Based on (A.25) and (A.33), it
is clear that an increase in k2 results in an increase in the transmission bandwidth.

It is thus possible to trade off bandwidth for SNR in FM systems. This is in clear

contrast to amplitude modulation where such a trade-off is not possible.

The preceding analysis is based on the high SNR at the discriminator. However,

as the input noise power is increased, the ratio is decreased, and the FM receiver

breaks, i.e., the signal cannot be recognized from the noise. There exists a

FM
transmitter

Preemphasis
filter

FM
receiver

Deemphasis
filter

AWGN

FIGURE A.20 Pre-emphasis and de-emphasis in an FM system.
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FIGURE A.21 Pre-emphasis and de-emphasis filters characteristics.
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specific SNR, known as the threshold SNR, below which the signal is not dis-

tinguishable from the noise. The existence of the threshold effect places an
upper limit on the trade-off between bandwidth and power in an FM system.

The reason lies in the fact that an increase in bandwidth does not indefinitely

brings about a better performance, as it also results in a larger noise power at the
input of the demodulator.

A.6 COMMERCIAL RADIO BROADCASTING

Commercial radio broadcasting using electromagnetic radiation over the air-

ways is widely known as AM and FM radio. The frequency allocation and

the licensing of airway transmission are regulated by government agencies
all over the world, such as the Federal Communications Commission (FCC)

in the United States. The standard AM and FM radio receivers are the superhet-

erodyne type. The superheterodyne operation provides frequency conversion
from the variable carrier frequency of the incoming RF signal to a signal with

the fixed IF frequency, and thus in turn eliminates the complexity of imple-

menting a high-Q tuned filter in a radio receiver.

A.6.1 AM Radio Broadcasting and Reception

Commercial AM radio broadcasting has been around for almost a century. The

AM radio signal, which is in fact aDSB-PC-AM signal, offers a relatively low audio
quality due to audio bandwidth limitations and susceptibility to atmospheric

and electrical interference. The FCC has allocated the frequency band 540–

1600 kHz with 10 kHz spacing for commercial AM radio broadcasting. Noting
the bandwidth of the baseband audio signal is limited to approximately

5 kHz, the RF carrier range is thus 535–1605 kHz. However, two stations in local

proximity are not assigned two adjacent carrier frequencies. Interference among
transmissions from AM radio stations is primarily controlled by a combination

of frequency allocation, transmitter power, and transmitting antenna pattern.

The permissible average transmit power for an unmodulated carrier ranges from
1 kW to 50 kW. As there are numerous AM radio receivers, it is important to

reduce the cost of a receiver. Therefore, DSB-PC-AM radio broadcasting, which

is wasteful of both transmit power and channel bandwidth, is employed so that
a radio receiver can be equipped with a low-cost envelope detector.

As shown in Figure A.22, the AM superheterodyne receiver consists of an
antenna, a radio-frequency (RF) amplifier, a mixer, a local oscillator, an inter-

mediate frequency (IF) amplifier, an envelope detector, an audio-frequency

amplifier, and a speaker. The AM signal transmitted by electromagnetic radia-
tion is received by an antenna and then passed to an RF amplifier. The desired

carrier frequency, selected by the listener through a knob, simultaneously tunes
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the RF amplifier and the frequency of the local oscillator. In all AM superhet-
erodyne receivers, the RF signal is always converted to a common IF signal at a

carrier frequency 455 kHz that is fIF ¼ 455 kHz. This allows the use of a single-

tuned IF amplifier for AM signals from any radio station. The superheterodyne
operation, performed by the local oscillator and mixer arrangement, refers to

the frequency translation from the variable carrier frequency of the incoming

AM signal to a signal with the fixed IF frequency. With the RF tuning range
of 540–1600 Hz, the local oscillator must tune 995–2055 kHz, as fLo ¼ fc + fIF
is the local oscillator frequency. The IF amplifier has a bandwidth of 10 kHz

that is the same as the bandwidth of the modulated signal. The output of
the IF amplifier is sent to an envelope detector to recover the desired message

signal. Since the RF signal often changes slowly with respect to time due to fad-

ing, automatic volume control is needed to adjust the gain of IF amplifier. This
adjustment is based on the signal level at the envelope detector through a feed-

back control loop. Lastly, the audio amplifier brings up the power level to that

required for the speaker.

Since it is possible that signals from two radio stations to reach the IF amplifier,

interference can exist. Suppose there are two signals at frequency fLO� fIF and
frequency fLO + fIF. Whenwe try to receive our desired station at fc ¼ fLO� fIF, the

local oscillator will have to be at fLO. When the local oscillator signal is mixed

with the incoming signals, we will also pick up the signal at fLO + fIF. This
unwanted signal is called the image interference, as shown in Figure A.23.

IF amplifier=455 kHz)
Envelope
detector

Audio
amplifier

Antenna

Common
tuning

(by a knob)

Automatic
volume control

RF amplifier
(with BPF

tunable to )

Local oscillator)

Frequency
converter
(mixer)

Speaker

FIGURE A.22 Block diagram of an AM superheterodyne receiver.
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FIGURE A.23 AM radio broadcasting: image and desired signals (a) before mixing and (b) after mixing.
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The image interference is solely due to the passive role of a mixer, as it cannot

distinguish between the desired signal and its image in that it produces an IF
output from either one of them. The possibility of simultaneous reception of

two signals exist when the difference between their RF frequencies is twice

the IF frequency. For instance, with fIF ¼ 455 kHz, the RF signal at 590 kHz
is subject to image interference at 1.5 MHz, simply because we have

1500 kHz – 590 kHz ¼ 2 
 455 kHz. The only practical way to ideally elimi-

nate, and practically minimize, the image interference is to use the RF ampli-
fication with band-pass filtering to tune to the desired signal and

discriminate against the image signal.

A.6.2 FM Radio Broadcasting and Reception

FM radio broadcasting provides high-fidelity sound over broadcast radio. The
conventional (monophonic) FM radio has been around since the forties and

the stereophonic FM radio since the sixties. The FCC has assigned RF carrier fre-

quencies for commercial FM broadcasting in the frequency band 88–108 MHz.
The carrier frequencies are separated by 200 kHz, the peak frequency deviation

is fixed at 75 kHz, and power outputs are specified from 0.25 kW to 100 kW.
The RF amplifier and the local oscillator are mechanically coupled to provide

for a common tuning. All FM radio signals can be brought to a common IF

bandwidth of 200 kHz, centered at 10.7 MHz.

The block diagram of an FM receiver is shown in Figure A.24. In an FM system,

the amplitude is maintained constant, as the message is embedded in the fre-

quency of the carrier. Any variations in the carrier amplitude can thus be attrib-
uted to noise and interference. In an FM superheterodyne receiver, an amplitude

limiter between the IF amplifier and the demodulator is thus required to

remove any amplitude variations in the received signal by hard-limiting the
signal amplitude. The resulting rectangular wave is sent to a band-pass filter,

which is centered at 10.7 MHz with a bandwidth of 200 kHz, to produce a

sinusoidal signal with constant amplitude. A frequency discriminator is used
to perform frequency demodulation. Due to the presence of noise at the

IF amplifier=10.7 MHz)
Amplitude
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Antenna

Common
tuning

(by a knob)

Automatic frequency control

RF amplifier
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tunable to )

Local oscillator)

Frequency
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Speaker
Audio

amplifier &
de-emphasis

Frequency
discriminator

Lowpass
filter

FIGURE A.24 Block diagram of an FM superheterodyne receiver.
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receiver input, steps are taken to minimize the noise effects. To this effect, the

audio amplifier, in addition to amplification, also performs the function of de-
emphasis, as pre-emphasis was employed at the transmitter. Another step is to

employ a low-pass filter whose bandwidth is wide enough to accommodate the

highest frequency component of the message signal, thus removing out-of-
band noise.

FM radio broadcasts employ FM stereo broadcasting to give spatial dimension
and natural effect to listeners. In FM stereo broadcasting, two separate audio sig-

nals are transmitted by using a form of frequency-division multiplexing. As the

stereophonic FM broadcasting came along a couple of decades after the mono-
phonic (conventional) FM system, the FCC ruled that the FM stereophonic

transmission had to be compatible with the FM monophonic receivers and

operate within the allocated FM broadcast channels. The compatibility require-
ment meant that the monophonic receivers should also be able to receive the

sum of the two independent signals, but of course without the stereo effect.

A block diagram of an FM stereo transmitter is shown in Figure A.25(a). An FM

stereo transmitter produces the sum and difference signals of the two audio sig-

nals coming from the left and right microphones. The sum and difference
signals are both pre-emphasized. The pre-emphasized sum signal is left

unchanged in its baseband form, while occupying the frequency band

0–15 kHz. The pre-emphasized difference signal is used to modulate a 38-kHz
carrier wave using DSB-SC amplitude modulation, where the carrier is generated
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FIGURE A.25 FM stereo broadcasting: (a) FM stereo transmitter, (b) spectrum of FM stereo signal,

and (c) FM stereo receiver.
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from a 19-kHz pilot tone. The difference signal thus occupies 23–53 kHz. The

pilot tone at 19-kHz and the sum and difference signals form a composite sig-
nal, as shown in Figure A.25(b). The composite signal frequency modulates a

carrier, while the resulting FM signal does not exceed the allocated 200-kHz

bandwidth, as required. Note that the composite signal consists of a pilot tone
at 19 kHz instead of 38 kHz, since it can be more easily separated from the rest

of the composite signal where there are no signal components within 4 KHz of

this pilot tone. This 19-kHz pilot can provide a reference for the coherent detec-
tion of the difference signal at the stereo receiver. The FM stereo receiver, as

shown in Figure A.25(c), is self-explanatory.

A.7 COMPARISON OF ANALOG CW
MODULATION SCHEMES

The comparison of analog CW modulation schemes goes beyond the fact that

amplitude modulation schemes are linear and angle modulation schemes are

nonlinear. There are arrays of measures that can dictate the ultimate choice of a
particular modulation scheme over another one. However, we briefly assess

modulation systems from implementation complexity, signal bandwidth,

transmit power, and channel nonlinearity standpoints.

Implementation –When the carrier wave in AM, along with themessage signal,

is transmitted, a simple receiver employing envelope detection can be
employed. Prime examples are DSB-PC AM (also known as conventional

AM) used in AM radio broadcasting and VSB-PC AM used in TV broadcasting.

However, the transmission of the carrier wave represents a significant waste of
power. A system, in which the carrier wave is suppressed, such as DSB-SC AM,

SSB-SC AM, and VSB-SC AM, requires synchronous demodulation. The receiver

thus has a complex structure, as it must perform carrier recovery, i.e., generation
of a local oscillator that is exactly synchronized in both frequency and phase

with the carrier wave used in the transmitter. Also, FM receivers widely used

in high-fidelity radio broadcasting (with FM stereo) are rather easy to imple-
ment, where there are now several distinct demodulation schemes.

Bandwidth – A system employing a linear modulation (e.g., DSB, VSB, SSB),
with or without a carrier wave, requires a bandwidth that is a small fraction

of what is required for an angle modulation. For instance, in AM radio broad-

casting, the channel spacing is a mere 10 kHz, but in FM radio broadcasting, it
is 200 kHz. Of course, the generous use of bandwidth in FM systems is justified

as they can bring about a high degree of immunity to channel noise. Of all ana-

log modulation schemes, SSB AM is the most bandwidth efficient, as the trans-
mission bandwidth requirement is the same as the message signal. As SSB AM

requires the modulating signal have little or no power near origin, VSB AM is

the next most bandwidth efficient and viable option. DSB AM is the least
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bandwidth efficient of all linear modulation schemes, as it requires a band-

width that is twice the message bandwidth.

Power – The noise analysis of a wideband FM system is more complicated than

that of a system employing linearmodulation. In a system employing an ampli-
tude modulation scheme, the SNR at the receiver output can be increased only

by increasing the transmitted signal power. Unlike an AM system, the transmit-

ted power in an FM system is completely independent of themodulating signal.
Among the linear modulation schemes, a scheme with carrier suppression

requires coherent detection that in turn delivers a higher SNR and has no

threshold effect. However, for broadcast applications, transmit power efficiency
may not be important and carrier suppression is not thus justified, because hav-

ing low cost receivers is a critical factor. Compared to linear modulation, angle

modulation provides substantially improved signal quality at the expense of a
significant bandwidth expansion. For instance, WBFM with pre-emphasis/de-

emphasis provides the best power efficiency of all systems. FM offers consider-

able power savings over other schemes. However, threshold effects in FM may
somewhat limit the amount of improvement possible.

Nonlinearity – Amplitude modulation is highly sensitive to amplitude
nonlinearity in the communication channel, whereas frequency modulation

is fundamentally unaffected by such nonlinearity. Frequency modulation is,

however, quite sensitive to phase nonlinearity, such as AM-to-PM conversion
experienced in radio channels.

Summary and Sources

Appendix was devoted exclusively to an overview of AM and FM. We intro-
duced various AM and FM schemes. For all schemes, bandwidth and power

requirements and modem implementations were given. The impact of ampli-

tude nonlinearity and noise on both AM and FM were briefly discussed. We
finally focused on commercial AM and FM radio broadcasting.

During the past half century, a number of excellent undergraduate textbooks on

communication systems have been published. In their first editions, the focus
was mostly on analog communication systems, though the focus turned toward

digital communications. There are widely known books on analog communica-

tion systems, in which AM and FM have been discussed in detail [1–8].

[1] S. Haykin, Communication Systems, Wiley, ISBN: 0-471-02977-7, 1978.
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Problems

A.1 The square-law modulator is a device for the generation of DSB-PC-AM

signals. In the square-law modulator, the sum of the modulating signal and

the carrier wave forms the input signal to a nonlinear device. The output

signal of the nonlinear device is a linear combination of the input signal and

the square of the input signal. The output signal of the nonlinear device is

then band-pass filtered. The BPF has a center frequency that is the same as

the carrier frequency and a bandwidth that is twice the message bandwidth.

Show the output of the BPF is a DSB-PC-AM signal, and determine a

requirement between the carrier frequency and the message bandwidth

that must be satisfied.

A.2 The square-law detector is a device for the demodulation of DSB-PC-AM

signals. In the square-law detector, the modulated signal forms the input

signal to a nonlinear device. The output signal of the nonlinear device is a

linear combination of the input signal and the square of the input signal.

The output signal of the nonlinear device is then low-pass filtered. Show the

output of the LPF can be the modulating signal, and determine a requirement

such that distortionless recovery of the modulating signal is possible.

A.3 The ring modulator is a device for the generation of DSB-SC-AM signals. In the

ring modulator, there are four ideal diodes in the shape of a ring that are

controlled by two perfectly-balanced center-tapped transformers. The ring

modulator ideally is a product modulator for a square-wave carrier of frequency

fc and the modulating signal. The output of the product modulator is low-pass

filtered. Show the output of the LPF can be the DSB-SC-AM signal, and

determine a requirement between the carrier frequency and the message

bandwidth that must be satisfied.

A.4 The phase discrimination using Hilbert transform is a device for the

generation of SSB-SC-AM signals. In the phase discrimination using Hilbert

transform, there are two product modulators supplied with two carrier waves
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in phase quadrature to each other, i.e., one carrier is a sine function and the

other is a cosine function. The modulating signal is applied to one of the

product modulators and the Hilbert transform of the modulating signal is

applied to the other product modulator. Show that the addition or the

subtraction of the twomodulator outputs can give rise to cancelation of one set

of sidebands and creation of the other set.

A.5 Prove that the frequency response of the LPF H( f ) for producing a VSB-SC-AM

signal must satisfy (A.16).

A.6 Consider a system transmitting a VSB-PC-AM signal, in which the envelope

detection is employed. Determine the envelope detector output, and identify

two methods by which the distortion due to the use of the envelope detector

can be reduced.

A.7 Suppose amodulated (band-pass) signal, which is centered at the frequency fc
and has a bandwidth of 2W, is an input to amixer. It is required to translate this

modulated signal downward in frequency to a new frequency fo < fc. For the

implementation of a mixer, we may use a multiplier followed by a filter.

Determine the frequency of the sinusoidal wave applied to the multiplier and

the filter requirements.

A.8 Suppose we have a linear device whose output is a linear combination of the

input signal, the square of the input signal and the cube of the input signal.

Discuss the performance of this nonlinear device when the input signal is a

DSB-SC-AM signal.

A.9 Assuming coherent detector is used, determine the figure of merit for each of

the DSB-SC-AM, SSB-SC-AM, and VSB-SC-AM schemes.

A.10 Determine the figure of merit for both DSB AM and FM, provided that the

modulating signal is a single-tone signal.

A.11 Using Carson’s rule, determine the transmission bandwidth for commercial

FM radio broadcasting, provided that the maximum value of frequency

deviation is 75 kHz and the bandwidth of the audio signal is 15 kHz.

A.12 Is it possible to apply an FM signal to a square-law device to obtain an FM

signal with a greater frequency deviation than available at the input?

A.13 Coherent detection is a method of demodulation for DSB-SC amplitude

modulated signals. Is it possible to use this type of modulation scheme to

demodulate a conventional AM signal (i.e., DSB-PC AM) as well?

A.14 The envelope of a conventional AM signal (DSB-PC-AM) has the same shape

as the modulating signalm(t). This AM signal is squared, and applied to

aLPFwhosebandwidth is twiceasmuchas thatofm(t).Showstepbystep that the

modulating signal can be obtained by finding the square-root of the LPF output.
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A.15 Consider a communication channel, transfer characteristic of which is defined

by the nonlinear relation, y tð Þ¼ x tð Þ + x2 tð Þ; where x(t) is the input and y(t) is the

output. Assuming the input is an FM signal , x tð Þ¼ cos 2πfct +φ tð Þð Þ, find y(t). Is

it possible to retrieve x(t) from y(t)? If so, how?

A.16 A low-pass signalm(t), with a 10-kHz bandwidth, is modulated by DSB-SC AM

technique. Find the value of the carrier frequency so the bandwidth of the

modulated signal is 1% of the carrier frequency.

A.17 An FM signal is described by s tð Þ¼ 100 cos 2π:108t + 10�4cos 1000πtð Þ
� 	

.

Determine the modulating signal m(t).

A.18 Consider a communication channel, transfer characteristic of which is defined

by the nonlinear relation, y tð Þ¼ x tð Þ + x2 tð Þ; where x(t) is the input and y(t) is the

output. Assuming the input is a DSB-SC signal , x tð Þ¼ cos 2πfct +φ tð Þð Þ, find
y(t). Is it possible to retrieve x(t) from y(t)? If so, how?

A.19 Consider the NB-FM signal s tð Þ¼ cos 2πfctð Þ�β sin 2πfctð Þsin 2πfmtð Þ. What is

the ratio of the maximum to the minimum value of the envelope of this

modulated signal?

A.20 An FM signal s tð Þ¼ Ac cos 2πfct + β sin 2πfmtð Þð Þ is applied to an RC LPF whose

transfer function is as follows: j2πfRC= 1 + j2πfRCð Þ½ �: Assume 2πfR� 1 in the

frequency band occupied by s(t). Show that the voltage is an AM signal.

Computer Exercises

In the following problems, consider a message signal m(t) that is a time-limited sinc

function with duration several times longer than its main lobe. A sinusoidal carrier c(t),

with a high enough carrier frequency, is modulated by the message signal to produce

the modulated signal s(t). By selecting a small enough sampling interval, generate

samples of m(t), c(t), and s(t) and plot them. Determine and plot the spectra of the

signals m(t), c(t), and s(t). Make all relevant assumptions.

A.21 Assume amplitude modulation schemes are DSB-SC-AM, SSB-SC-AM,

and VSB-SC-AM.

A.22 Demodulate the DSB-SC-AM signal using coherent detection.

A.23 Assume amplitude modulation schemes are DSB-PC-AM, SSB-PC-AM,

and VSB-PC-AM.

A.24 Demodulate the DSB-SC-AM signal using envelope detection.

A.25 Assume the modulation schemes are narrowband and wideband FM.
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List of Acronyms and Abbreviations

AC alternating current

ACK acknowledgement

ADC analog-to-digital conversion

ADM adaptive DM

ADPCM adaptive DPCM

ADSL asymmetric DSL

AEB amplitude-equivalent bandwidth

AGC automatic gain control

AM amplitude modulation

AMI alternate mark inversion

AMPS Advanced Mobile Phone System

ARPANET Advanced Research Projects Agency Network

ARQ automatic repeat request

ASCII American Standard Code for Information Interchange

ASK amplitude-shift keying

AVC automatic volume control

AWGN additive white Gaussian noise

B byte

BASK binary ASK

BBS broadcasting-satellite service

BCH Bose-Chaudhuri-Hocquenghem

BER bit error rate

BFSK binary FSK

BIBO bounded-input-bounded-output

bits binary digits

BPF bandpass filter

bps bits per second

BPSK binary PSK

BSC binary symmetric channel

BSF bandstop filter

BW bandwidth

CA certification authority

CATV community antenna TV

CB citizen band

CCI co-channel interference

CD compact disk

cdf cumulative distribution function

CDMA code-division multiple access 573



codec coder-decoder

CP circular polarization

CPFSK continuous-phase FSK

CPM continuous-phase modulation

CRC cyclic redundancy check

CS checksum

CSMA carrier-sense multiple access

CSMA/CA CSMA/collision avoidance

CSMA/CD CSMA/collision detection

CW continuous wave

DAB digital audio broadcasting

DAC digital-to-analog conversion

dB decibel

dBmW decibel reference to 1 mW

DBPSK differential BPSK

DBS direct-broadcast satellite

dBW decibel reference to 1 W

DC direct current

DECT Digital European (Enhanced) Cordless Telecommunications

DEMUX demultiplexer

DES Data Encryption Standard

DFE decision-feedback equalizer

DFT discrete Fourier transform

DM delta modulation

DMC discrete memoryless channel

DMS discrete memoryless source

DMT discrete multi-tone

DOCSIS data over cable service interface specification

DPCM differential PCM

DPSK differential PSK

DSB double sideband

DSL digital subscriber line

DSP digital signal processing

DSSS direct-sequence spread spectrum

DVB digital video broadcasting

DVD digital video (versatile) disk

ECG electrocardiogram

EHF extra high frequency

EIRP effective isotropic radiated power

ELF extra low frequency

ESD energy spectral density

FCC Federal Communications Commission

FDD frequency-division duplexing

FDM frequency-division multiplexing

FDMA frequency-division multiple access

FDX full-duplex

FEC forward error correction

FFT fast Fourier transform
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FHSS frequency-hopped spread spectrum

FIR finite-impulse response

FM frequency modulation

FoM Figure of Merit

FS Fourier series

FSE fractionally-spaced equalizer

FSK frequency-shift keying

FSS fixed-satellite service

FT Fourier transform

G giga

GEO geostationary

GMSK Gaussian MSK

GPS Global Positioning System

GSM Global System for Mobile Communications (originally Groupe Spécial Mobile)

HDTV high-definition TV

HF high frequency

HFC hybrid fiber-coaxial

HFD half-duplex

HP horizontal polarization

HPF highpass filter

Hz Hertz

I in-phase

IC integrated circuit

IDFT inverse DFT

IEEE Institute of Electrical and Electronic Engineers

IF intermediate frequency

IFFT inverse fast Fourier transform

iid independent, identically-distributed

IIR infinite-impulse response

IMT International Mobile Telecommunications

IP Internet Protocol

IS interim standard

ISI intersymbol interference

ISM industrial, scientific, and medical

ISO International Organization for Standardization

ISP Internet service provider

ITU International Telecommunications Union

ITU-R ITU-Radio

ITU-T ITU-Telecommunication

J Joule

JPEG Joint Photographic Experts Group

k kilo

KDC key distribution center

km kilometer

LAN local area network

LDPC low-density parity-check

LE linear equalizer

LEO low-earth orbit
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LF low frequency

LHCP left-hand CP

LHS left-hand side

LLC logical link control

LMS least-mean square

LNA low-noise amplifier

LO local oscillator

LP linear polarization

LPC linear prediction coding

LPF lowpass filter

LSB lower sideband

LTE long-term evolution

LTI linear time-invariant

LZ Lempel-Ziv

M mega

m meter

MAC medium access control

MAP maximum a posteriori probability

MASK M-ary ASK

MEO medium-earth orbit

MF medium frequency

MFSK M-ary FSK

MIMO multiple input multiple output

MISO multiple input single output

ML maximum likelihood

MLSE ML sequence estimation

mm millimeter

MMSE minimum-mean square error

modem modulator-demodulator

MPEG Moving Picture Experts Group

mps meters per second

MPSK M-ary PSK

ms millisecond

MSK minimum-shift keying

MUX multiplexing

NAK negative acknowledgement

NBFM narrowband FM

NEB noise-equivalent bandwidth

nm nanometer

NRZ non-return-to-zero

NTSC National Television System Committee

OC optical carrier

OFDM orthogonal FDM

OOK on-off keying

OQPSK offset QPSK

OSI Open Systems Interconnection

PAM pulse-amplitude modulation

PAR peak-to-average power ratio
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PC plus-carrier

PCM pulse-code modulation

pdf probability density function

PHz peta-Hertz

PLL phase-locked loop

PM phase modulation

pmf probability mass function

PN pseudo-noise

POTS Plain Old Telephone System

PPM pulse-position modulation

PSD power spectral density

PSK phase-shift keying

PSTN public-switched telephone network

PWM pulse-width modulation

Q quadrature

QAM quadrature AM

QoS quality of service

QPSK quadrature PSK

RF radio frequency

RFID RF identification

RHCP right-hand CP

RHS right-hand side

RLAN regional LAN

rms root-mean square

RS Reed-Solomon

RSA Rivert, Shamir, and Adleman

RX receiver

RZ return-to-zero

s second

SC suppressed-carrier

SCPC single channel per carrier

SDR software-defined radio

SER symbol error rate

SHF super high frequency

SIMO single input multiple output

SISO single input single output

SLF super low frequency

SNR signal-to-noise ratio

SONET synchronous optical network

sps symbols per second

SQPSK staggered QPSK

SSB single sideband

SSMA spread spectrum multiple access

SSPA solid-state power amplifier

SX simplex

TCM trellis-coded modulation

TCP Transmission Control Protocol

TDD time-division duplexing
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TDM time-division multiplexing

TDMA time-division multiple access

THz Tera-Hertz

TV Television

TVWS TV white spaces

TWTA traveling-wave-tube amplifier

TX transmitter

UDP User Datagram Protocol

UHF ultra high frequency

ULF ultra low frequency

USB upper sideband

UTP unshielded twisted-pair

UWB ultra wideband

VA Viterbi algorithm

VCO voltage-controlled oscillator

VDSL very high-rate DSL

VHS very high frequency

VLF very low frequency

VoIP voice over IP

VP vertical polarization

VSB vestigial sideband

W Watt

WBFM wideband FM

WDM wavelength division multiplexing

WiFi wireless fidelity

WiMAX Worldwide Interoperability for Microwave Access

WLAN wireless LAN

WRAN wireless regional area network

wss wide-sense stationary

ZF zero-forcing
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A
Active systems, 61
Adaptive DM (ADM), 255–256
Adaptive DPCM (ADPCM), 252
Adaptive equalizer, 293f
decision-directed mode, 292
LMS algorithm, 292
training mode, 292

Adaptive systems, 59
Additive white Gaussian noise

(AWGN), 34, 200–201, 278,
558

Advanced mobile phone system
(AMPS), 4

Aliasing effect, 224–228
ALOHA protocol, 468–471
Amplitude modulation
analog continuous-wave

modulation, 532–550
DSB AM, 533–538
DSB-SC AM, 539–542
noise effect, 559–560
non-linear channel, 556–557
radio broadcasting, 3, 563–565
SSB-SC AM, 542–543
VSB-SC, 543–550
VSB-SC AM, 543–550

Amplitude-scaling operations, 42
Amplitude-shift keying (ASK), 35
Analog continuous-wave modulation
amplitude modulation, 532–550
angle modulation, 530
bandwidth, 567–568
commercial radio broadcasting,

563–567
CW modulation, 531, 531f

definition, 530
implementation, 567
linear modulation, 530
noise, 558–563
non-linearity, 556–558, 568
power, 568

Analog filters
active filter, 134
passive filter, 134

Analog signals, 50–51
Analog-to-digital conversion (ADC),

219–224
Angle/angular diversity, 514
Anti-aliasing filter, 227
Asymmetric DSL (ADSL), 483
Autocorrelation functions
energy signals, 137–138
power signals, 139–140

Automatic repeat request (ARQ),
421–425

go-back-N, 423
performance, 424–425
selective-repeat, 423–424
stop-and-wait, 422–423

Axioms of probability, 153–154

B
Balanced modulator, 540–541, 541f
Band-limited signals, 56
Band-limited systems, 61–62
Band-pass filter (BPF), 558
Bandpass signals, 57, 140, 233–236,

234f
Bandwidth
absolute, 117
amplitude equivalent, 118
bounded-power, 117
definition, 116–117
fractional-power, 117

half-power, 117
noise-equivalent, 118
null-to-null, 117
root-mean-square, 118

Baseband binary PAM transmission
system

components of, 266–267, 266f
equalization, 286
adaptive equalizer, 291–293, 293f
decision-feedback equalizer,

290–291, 291f
linear equalizers, 288–290, 288f
Viterbi equalizers, 286–288

intersymbol interference, 267–268
M-ary signaling
bandwidth and bit rate, 282–283
vs. binary, 285–286
power and bit-error rate,

283–284
receiving filter, 266–267
transmitting filter, 266–267

Baseband signals, 57. See also Line
codes

Baseband systems, 58
Bayes’ rule, 154–160
Bernoulli random variable, 164
Bessel filter, 136
Binary amplitude-shift keying (BASK),

316, 316f
non-coherent detection, 317–318
on-off keying (OOK), 317

Binary digital modulation techniques
BASK, 316, 316f, 317–319
BFSK, 316, 316f
BPSK, 316, 316f
vs error rate performance, 326–327

Binary frequency-shift keying (BFSK),
316, 316f, 319–322

coherent detection, 320–322, 321f
non-coherent detection, 321f, 322 579



Binary phase-shift keying (BPSK),
316, 316f, 322–325

coherent detection, 323, 324f
differential detection, 323, 324f

Binomial random variable, 164–165
Bipolar code, 260
Block codes, 384, 413, 426–435
Bose-Chaudhuri-Hocquenghem

(BCH) codes, 433
Bounded-input bounded-output

(BIBO) stability criterion, 61
Butterworth filter, 136

C
Carrier sense multiple access (CSMA)

non-persistent method, 472
1-persisitent method, 471–472
p-persistent method, 472–473

Carrier-sense multiple access collision
avoidance (CSMA/CA), 473

Carrier sense multiple access with
collision detection (CSMA/
CD) scheme, 473

Carson’s rule., 553
Causal signals, 56
Causal systems, 61
Central limit theorem, 183–184
Certification authority (CA), 488
Channel coding theorem, 400–401
Channelization, 464
Chebyshev filter, 136
Chebyshev inequality, 174–175
Checksum, 417–418
Closed-loop symbol synchronizers.

See Early-late-gate
synchronizer

Code-division multiple access
(CDMA), 4, 467–468

Codevectors, 244–245
Commercial radio broadcasting

AM radio
image interference, 564–565,

564f
superheterodyne receiver,

563–564, 564f
FM radio
stereo broadcasting, 566, 566f
superheterodyne receiver,

565–566, 565f
Communication networks

controlled access, 473–474
polling, 474
reservation system, 473–474

cryptography, 485–489
duplexing, 462
frequency-division duplexing,

462–463
full-duplex mode, 462
half-duplex mode, 462
simplex mode, 461
time-division duplexing, 464

layered architectures
addressing, 19
encapsulation/decapsulation, 19
multiplexing/demultiplexing, 19

multiple access, 464
code-division multiple access,

467–468
frequency-division multiple

access, 465
time-division multiple access,

465–467
multi-plexing, 458
frequency-division multi-

plexing, 458–459
time-division multi-plexing, 460
wavelength-division multi-

plexing, 460–461
open systems interconnection

(OSI) model, 19–22
random access, 468–473
ALOHA, 468–471
CSMA, 471–473

TCP/IP protocol suite, 22–23
wired, 474–485

Communications modalities
audio, 16–17
compression methods
lossless compression, 15
lossy compression, 15

discrete memoryless source (DMS),
15

text, 15–16
visual
image compression, 17–18
video compression, 18

Communication system, 6f
channel bandwidth, 37
design constraints, 38
design objectives, 38, 38t
transmitted power, 37

Community Antenna Television
(CATV), 484

Compander, 241–242
Companding, 131
Complex exponential signals, 69–70
Complex signals, 51–52

Compound codes, 444–453
concatenated code, 449–450, 450f
Interleavering
block interleaver, 446–447, 446f
convolutional interleaving,
447, 447f

random interleaver, 446
low-density parity-check (LDPC)

codes, 453
turbo codes, 450–453

Compression laws, 242–243, 243f
Compression methods

lossless compression, 15
lossy compression, 15

Concatenated code, 412, 449–450,
450f

Conditional probability, 154–160
Continuous cdf, 162, 162f
Continuous random variables,

160–161, 164t
Continuous-time signals, 49–50, 49f
Continuous-time systems, 61
Continuous uniform random

variables, 165
Continuous-value signals, 49, 49f
Continuous variable slope DM

(CVSDM). See Adaptive DM
(ADM)

Conventional amplitude modulation.
See Double-sideband
amplitude modulation (DSB
AM)

Convolutional codes, 435–444
maximum-likelihood decoder

(MLD), 440
state transition diagram, 437
tree diagram, 437
trellis-coded modulation (TCM),

442–444
trellis diagram, 437
Viterbi algorithm, 440, 441–442

Convolution integral, 123–124
Coordinatedmulti-point (CoMP), 523
Costas loop, 369
Cryptography, 485–489

ciphertext, 485
definition, 485
digital signatures, 488–489
network security requirements, 485
private-key, 486–487
public-key, 487–488
secret key, 485

Cumulative distribution function
(cdf), 161
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Cyclic redundancy check (CRC),
418–421

binary polynomial, 420
codeword polynomial, 420
generator polynomial, 419
information polynomial, 419
remainder polynomial, 419

D
Data compression, 7
Data-directed synchronization, 359
Datagram network, 476
Decimation, 232–233
Decision-feedback equalizer (DFE),

291f
advantages, 291
feedback filter, 291
feed-forward filter, 291

Decoding methods
hard-decision decoding,

413–414
soft-decision decoding, 413–414

Delta modulation (DM)
delta-sigma modulation, 255
drawbacks, 255
granular noise, 255, 255f
slope-overload distortion, 255,

255f
transmitter and receiver, 254f
working principle, 254–255, 254f

Dependent variable, signals
addition operations, 43
differentiation operations, 45
integration operations, 45
multiplication operations, 44

Deterministic signals, 51
Differential encoding, 323
Differential PCM (DPCM), 252, 253f
Digital, 12
advantages
control of quality, 13
design efficiency, 13
flexibility, compatibility, and

switching, 14
new and enhanced services, 13
security, 13–14
versatile hardware, 13

disadvantages
additional bandwidth, 14
non-graceful performance

degradation, 15
signal-processing intensive, 14
synchronization, 14

Digital cellular mobile systems, 4
Digital communication system
channel decoder, 7
channel encoder, 7
communication channel, 6–7
demodulator, 7
functional blocks, 6f
modulator, 7
receiver, 6–7
source decoder, 7
source encoder, 7
transmitter, 6–7

Digital filters
FIR, 134–135
IIR, 134–135

Digital pulse modulation
adaptive DM, 254–256
ADPCM, 252
delta modulation, 254–256
DPCM, 252, 253f
PCM, 247–251
prediction filter, 252, 253f

Digital signals, 50–51
Digital signatures, 488–489
Digital subscriber line (DSL), 483
Digital transmission
bit-error rate, 37
transmission-bit rate, 37

Dirac delta function, 76, 76f
Discrete cdf, 162, 162f
Discrete Fourier transform (DFT),

113–115, 115f
Discrete memloryless channels
capacity, 399–400
conditional entropy, 398–399
transition probabilities, 397–398

Discrete memoryless source
(DMS), 15

entropy, 380–382
extended source, 382–384
information content, 378–380

Discrete multi-tone (DMT)
modulation, 483–484

Discrete random variables, 160–161,
165t

Discrete-time Fourier transform, 222
Discrete-time signals, 49f, 50
Discrete-time systems, 61
Discrete uniform random

variables, 165
Discrete-value signals, 49, 49f
Distinct codes, 385
Distributed systems, 58–59
Diversity

angle/angular, 514
definition, 511
equal-gain combining method,

516–517
frequency, 513
large-scale fading, 511–512
maximal-ratio combining method,

516
path/multi-path, 514–515
polarization, 514
selection combining method,

515–516
site, 513
small-scale fading, 512
space, 513
time/temporal, 512

Doppler effect, 506–507
Double-sideband amplitude

modulation (DSB AM)
amplitude sensitivity/deviation

constant, 533
envelope detector, 537–538, 538f
lower sideband (LSB), 535
switchingmodulator, 536–537, 536f
upper sideband (USB), 535

Double-sideband suppressed-carrier
amplitude modulation (DSB-
SC AM), 539–542

balanced modulator, 540–541, 541f
product modulator, 540

Dual polarization
circular polarization (CP), 499
linear polarization, 499

E
Early-late gate synchronizer, 372–373

error signal, 372–373
optimum sampling time, 372

Effective isotropically radiated power
(EIRP), 495

Elementary signals
DC signal, 71
exponential signal, 72
Gaussian pulse, 73, 74f
periodic impulse train, 77, 77f
periodic pulse train, 77, 77f
rectangular pulse, 75, 75f
signum function, 74, 75f
sinc function, 72–73, 73f
singularity functions, 71
unit impulse function, 76, 76f
unit ramp function, 73, 74f
unit step function, 71, 72f
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Elliptic filter, 136
Energy signals, 54–56, 55t
Energy spectral density (ESD), 137
Enhanced inter-cell interference

coordination (eICIC),
522–523

Entropy, 380–382
Envelope detector, 537–538, 538f
Ergodic processes

DC and AC power, 191–192
strict-sense, 191
time-averaged mean, 190–191
variance and autocorrelation

functions, 190–191
wide-sense, 191

Error control coding
automatic repeat request (ARQ),

421–425
go-back-N, 423
performance, 424–425
selective-repeat, 423–424
stop-and-wait, 422–423

block codes, 413, 426–435
Bose-Chaudhuri-Hocquenghem

(BCH) codes, 433
burst errors, 411
checksum, 417–418
compound codes, 444–453
concatenatedcode, 449–450,450f
interleavering, 445–448
low-density parity-check (LDPC)

codes, 453
product code, 448, 449f
turbo codes, 450–453

concatenated codes, 412
convolutional codes, 413, 436–440
maximum-likelihood decoder

(MLD), 440
state transition diagram, 437
tree diagram, 437
trellis-coded modulation, 442
trellis diagram, 437
Viterbi algorithm, 440, 441–442

cyclic redundancy check (CRC), 437
decoding methods, 413–414
error correction, 412
error detection, 412
Hamming codes, 433–435
parity-check codes, 414–416
random errors, 411
repetition codes, 433
syndrome-baseddecoding, 430–432
co-set leader, 431
standard array, 430

Error-detection methods
checksum, 417–418
cyclic redundancy check (CRC),

418–421
parity-check codes, 414–416

Errors, 410–414
burst error, 411
controlling methods
block codes, 413
convolutional codes, 413
error correction, 412
error detection, 412

decoding methods, 413–414
definition, 410
random error, 411

Even signals, 53
Exponential signal, 72
Extension codes, 387–388

F
Fast Fourier transform (FFT), 116
Federal Communications

Commission (FCC), 563
Feedback systems

closed-loop control system, 59
negative feedback system, 59
open-loop control system, 59
positive feedback system, 59

Finite-duration impulse response
(FIR), 134–135

Fixed-length codes, 384
Fixed systems, 59
Flat-top sampling process,

231–232, 231f
Flow control, 479
Fold-over distortion, 224–227
Forward error correction

(FEC), 412
Fourier series

complex exponential, 84
Dirichlet’s conditions, 79–80
frequency-domain properties, 78,

78t
Gibbs phenomenon, 80, 80f
orthogonal functions, 78–79
periodic signal
discrete amplitude spectrum, 85
discrete phase spectrum, 85
Parseval’s power theorem,

87–88
polar, 83–84
quadrature, 80–83
time-domain properties, 78, 78t

Fourier transform
Dirichlet’s conditions, 89
inverse, 89–90
magnitude spectrum, 90–91
numerical computation, 113–116
for periodic signals, 94–96
phase spectrum, 90–91
properties, 97–113, 97t

Fractionally-spaced equalizer
(FSE), 291

Frame synchronization, 358
Frequency discrimination method,

543–544
Frequency diversity, 513
Frequency-division duplexing (FDD),

462–463
Frequency-division multiple access

(FDMA), 465
Frequency-division multi-plexing

(FDM), 458–459
Frequency modulation

Carson’s rule., 553
direct method, 554
frequency discriminator, 555
indirect method, 554
noise effects, 560–563
non-linear channel, 557–558
quadrature detector, 554–555
radio broadcasting, 565–567
signal representation, 550–551
spectral analysis, 551–553

Frequency overlapping, 224–227
Frequency-shift keying (FSK), 35
Fundamental frequency, 52

G
Gaussian channel-capacity theorem,

401–403
Gaussian pulse, 73, 74f
Gaussian random process, 197–198
Gaussian random variables, 166
Geostationary satellite, 3–4
Gram-Schmidt orthogonalization,

302–305
0G systems, 4
4G systems

carrier aggregation, 520
CoMP, 523
eICIC, 522–523
LTE, 519
relaying, 522
requirements, 518–519
spatial multi-plexing, 521
WiMAX, 519
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Guided-transmission media, 23
coaxial cable, 25
fiber-optic cable, 25
multimode fiber, 25
single-mode fiber, 25

twisted-pair cable, 23–24
digital subscriber line (DSL), 24
local loop, 24

H
Hamming codes, 433–435
Harmonics, 52
Huffman coding, 17–18
Hybrid fiber-coaxial (HFC), 484

I
Ideal filters
band-pass filter, 131
band-stop filter, 131, 132f
high-pass filter, 131, 132f
low-pass filter, 131, 132f

Independent random variables, 178
Independent variable, signals
time-reversal operations, 46
time-scaling operations, 47–48
time-shifting operations, 46–47

Infinite-duration impulse response
(IIR), 134–135

Information theory
block codes, 384
channel-coding theorem,

400–401
discrete memoryless channels,

397–400
distinct codes, 385
DMS, 378–384
entropy, 380–382
extension codes, 387–388
fixed-length codes, 384
Gaussian channel-capacity

theorem, 401–403
Huffman source-coding algorithm,

391–396
Kraft inequality, 386–387
Lempel-Ziv coding algorithm,

395–396
lossless data compression,

391–396
prefix-free codes, 385
source-coding theorem, 388–390
uniquely decodable codes, 385
variable-length codes, 385

Instantaneous sampling process,
219, 220f

International Mobile
Telecommunications
Advanced (IMT-Advanced).
See 4G systems

International Telecommunications
Union (ITU), 27

Internet, 4–5
Internet Protocol (IP), 23
Intersymbol interference (ISI),

267–268
causes, 268
eye-pattern, 273–277, 275f, 276f
Nyquist criterion, 268–272
raised-cosine pulse, 273, 274f

Inverse discrete Fourier transform
(IDFT), 113–115, 115f

Inverse Fourier transform, 89–90
Invertible systems, 58

J
Jointly Gaussian random variables,

181
Joint probability, 154–155

K
Karhunen–Loe‘ve expansion, 314
Kraft inequality, 386–387

L
Least mean square (LMS) algorithm,

292
Lempel-Ziv (LZ) algorithm, 16
Linear equalizers, 288f
mean-square error minimization,

288
peak distortion minimization, 288
zero-forcing equalizer, 289

Linear prediction coding (LPC),
16–17

Linear systems, 62, 62f
additivity property, 62
homogeneity property, 62
superposition principle, 62

Linear time-invariant (LTI) systems,
64–65, 195–197

distortionless transmission,
127–129

frequency response, 124–126
non-linear distortion, 129–131
periodic signals, 126–127
signal transmission, 120–123
time response and convolution, 123
transfer function, 124–126

Line codes
power spectral density, 258–260
selection criteria, 257–258
in time domain, 256–257, 257f

Local area network (LAN), 480–481
Long Term Evolution (LTE), 519
Lossless data compression, 391–396

Huffman source-coding algorithm,
391–394

Lempel-Ziv coding algorithm,
395–396

Low-density parity-check (LDPC)
codes, 453

Lowpass signal, 140
bandpass signal
in-phase component, 141
quadrature component, 141

phase and group delay, 142–144
QAM, 141–142

Lumped systems, 58–59

M
Machine-to-machine

communications (M2M), 524
Manchester code, 259
M-ary amplitude-shift keying(MASK),

338–340
M-ary frequency-shift keying(MFSK),

346–347
M-ary modulation techniques

comparisons, 348–349
MASK, 338–340
MFSK, 346–347
MPSK, 340–342
MQAM, 342–346

M-ary phase-shift keying (MPSK),
340–342

M-ary quadrature amplitude
modulation(MQAM),342–346

M-ary signaling
bandwidth and bit rate, 282–283
vs. binary, 285–286
power and bit-error rate, 283–284

Maximum a posteriori probability
(MAP) receiver. See Optimum
receiver

Maximum-likelihood (ML) receiver,
307

Maximum likelihood sequence
estimation (MLSE)

brute-force approach, 287
computational complexity, 287
posterior probability, 287
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Memoryless systems, 60
Miller code, 260
Minimum-shift keying (MSK),

328–333
Mobile-radio propagation

absorption, 505
coherence bandwidth, 507
coherence time, 508
delay spread, 507, 511
diffraction, 505–506
Doppler effect, 506–507
Doppler spread, 508
fast fading, 509–510
flat fading, 510
frequency selective fading, 510–511
large scale-fading, 508–509
line-of-sight transmission,

504–505
reflection, 505
refraction, 505
scattering, 505
slow fading, 510
small scale-fading, 509

Modulation, 300
amplitude, 35
channel characteristics, 35
frequency, 35
frequency assignment, 36
hardware limitations, 36
multiplexing, 36
noise reduction and interference, 36
phase, 35
processing equipment, 36
radio transmission, 35
trade-offs, 36

Morse code, 3
Mth -power loop, 368–369
Multimedia, 15
Multiple inputs, multiple outputs

(MIMO) system, 60
Multiple inputs, single output (MISO)

system, 60

N
Natural sampling process, 228–231,

230f
Network synchronization, 358
Noise

analog CW modulation
AM systems, 559–560
AWGN, 558
BPF, 558
FM systems, 560–563

SNR, 558
threshold effect, 560

optimum system design
bit-error rate derivation, 278
design procedure, 280–282
optimum transmitting and

receiving filters, 279–280
random process
additive white Gaussian noise,

200–201
narrowband bandpass, 201–203
sources, 199
white noise, 199

wireless communication, 495
Non-causal signals, 56
Non-causal systems, 61
Non-coherent detection, 314–315
Non-data-directed synchronization,

359
Non-invertible systems, 58
Non-linear-filter synchronizer,

371–372
correlation-based, 371f
differentiation-based, 371f
even-law-based, 371f

Non-linear systems, 63
Non-periodic signals, 52
Non-return-to-zero level (NRZ-L)

code, 259
Non-uniform quantization, 240–244,

241f, 242f
Non-white noise, 314–315
Nyquist-Shannon theorem

O
Odd signals, 53
Offset QPSK (OQPSK), 328, 333
On-off keying (OOK), 317
Open-loop symbol synchronizers.

See Non-linear-filter
synchronizer

Optimum non-linear equalizers,
286

Optimum receiver
correlation receiver, 307–309, 308f
Gram-Schmidt orthogonalization,

302–305
matched-filter receiver, 308f, 309
ML receiver, 307
non-coherent detection, 314–315
non-white noise, 314–315
signal receiver, 306
symbol error rate (SER), 310–313

system model, 300–302
vector receiver, 306
vector transmitter, 305

Orthogonal frequency-division multi-
plexing (OFDM)

block diagram, 352f
definition, 350
peak-to-average ratio (PAR)

problem., 351–352
Orthogonal random variables,

180–181
Oversampling process, 232–233

P
Packet-switched network, 475

datagram network, 476
virtual-circuit packet-switched

network, 476
Parity-check codes, 414–416
Parseval’s power theorem, 87–88
Passband digital transmission

BASK, 317–319
BFSK, 319–322
BPSK, 322–325
MASK, 338–340
MFSK, 346–347
MPSK, 340–342
MQAM, 342–346
MSK, 333–337
OFDM, 350–352
optimum receiver principles
geometric representation,
305–306

non-coherent detection,
314–315

non-white noise, 314–315
probability of error, 310–313
receiver implementation,
306–309

system model, 300–302
OQPSK, 333
QPSK, 328–333

Passband systems, 58
Passive systems, 61
Path/multi-path diversity, 514–515
Peak-to-average ratio (PAR) problem.,

351–352
Periodic signals, 52
Phase error, 364–365, 364f
Phaselocked loop (PLL), 363–367

components, 364–366
linear model, 366–367, 366f
steady-state phase errors, 367–368,

367t
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Plain old telephone service (POTS),
482

Poisson’s sum formula, 94–95
Polarization diversity, 514
Posteriori probability, 157–160
Power-limited systems, 61–62
Power signals, 54–56, 55t
Power spectral density
mean-square value, 194
Wiener-Khintchine theorem, 194
zero-frequency value, 194–195

Power spectral density (PSD)
line codes, 258–260
bipolar code, 260
Manchester code, 259
Miller code, 260
non-return-to-zero level (NRZ-L)

code, 259
Prefix-free codes, 385
Priori probability, 157–160
Private-key cryptography, 486–487
Probability
axioms of probability, 153–154
Bayes’ rule, 154–160
conditional probability, 154–160
definition, 152–153
event, 152–153
joint probability, 154–155
posteriori probability, 157–160
priori probability, 157–160
random experiment, 152
sample points, 152–153
sample space, 152–153

Probability density function (pdf), 162
Probability mass function (pmf),

163–164
Pseudorandom descrambler,

360–361, 361f
Pseudorandom scrambler,

360–361, 361f
Public-key cryptography, 487
Pulse-code modulation (PCM)

system, 247–248
receiver, 247f, 248–250
regenerative repeaters,

248–250, 249f
transmission path, 247f
transmitter, 247–248, 247f

Q
Quadrature amplitude modulation

(QAM), 35, 141–142
Quadrature phase-shift keying

(QPSK), 328, 333–337

Quantization process
non-uniform quantization,

240–244, 241f, 242f
scalar quantization, 237
uniform quantization, 237–240,

238f
vector quantization, 237, 244–245,

245f
Quaternary signaling schemes
MSK, 328–333
OQPSK, 328, 333
QPSK, 328, 333–337

R
Radio broadcasting, 3
amplitude modulation, 3
frequency modulation, 3

Radio frequency pulse, 75, 75f
Radio-link analysis
carrier-to-noise ratio, 497
EIRP, 495
free-space path loss, 495–496
interference, 494–495
link budget, 494
link margin, 498
link threshold, 498
loss, 495
noise, 495
receive figure of merit, 497
system noise temperature, 496–497

Radio transmission
advantages, 26
benefits, 26
disadvantages, 26
spectrum, 27–28
frequency bands, 27, 27t
ISM bands, 28

wave propagation
ground-wave propagation, 30
line-of-sight propagation, 30–31
microwave radio frequencies, 29
refraction, 28
sky-wave propagation, 30

Raised-cosine pulse, 273
Random processes
concepts of, 184–186
cross-correlation function, 189
ergodic processes, 190–192
Gaussian, 197–198
linear time invariant system,

195–197
noise, 199–200
power spectral density, 192–195

sampling, 203–204
stationary processes, 187–190
strict-sense, 187
wide-sense, 188

statistical averages, 186–187
Random signals, 51
Random variables

Bernoulli random variable, 164
binomial random variable,

164–165
central limit theorem, 183–184
Chebyshev inequality, 174–175
conditional cdf and pdf, 171–172
continuous, 160–161, 164t
continuous uniform, 165
covariance, 180
cumulative distribution function,

161
discrete, 160–161, 165t
discrete uniform, 165
domain of, 160–161
expected value, 169–171
functions, 172–174
Gaussian, 166
independent, 178
joint cdf, 175–176
jointly Gaussian, 181
marginal pdf, 176–177
orthogonal, 180–181
pair of, 175–178
probability density function, 162
probability mass function,

163–164
range of, 160–161
Rayleigh random variable, 168–169
sum of, 181–184
uncorrelated, 180–181

Rayleigh random variable, 168–169
Real signals, 51–52
Reed-Solomon (RS) codes, 435
Repetition codes, 433
Routing, 479

S
Sampling theorem, 203–204,

219–224
Scalar quantization, 237
Schwartz’s inequality, 279
Scrambling, 359–363

maximum-length shift register, 360
pseudorandom scrambler, 360–361
self-synchronizing scrambler,

362–363
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Secret-key authentication, 487
Self-synchronizing descrambler,

362, 362f
Self-synchronizing scrambler,

362–363, 362f
Signals

analog, 50–51
band-limited, 56
bandpass, 57
baseband, 57
causal, 56
complex, 51–52
continuous-time, 49–50, 49f
continuous-value, 49, 49f
definition, 42
dependent variable, 42–45
deterministic, 51
digital, 50–51
discrete-time, 49f, 50
discrete-value, 49, 49f
elementary, 71–77
energy, 54–56, 55t
even, 53
independent variable, 42, 46–48
non-causal, 56
non-periodic, 52
odd, 53
periodic, 52
power, 54–56, 55t
random, 51
real, 51–52
sinusoidal, 65–70
time-limited, 56

Signal-to-noise ratio (SNR), 558
Sinc function, 72–73, 73f
Single input, multiple outputs

(SIMO) system, 60
Single input, single output (SISO)

system, 60
Single-sideband suppressed-carrier

amplitude modulation (SSB-
SC AM), 542–543

Singularity functions, 71
Sinusoidal signals

amplitudes, 65–66, 67f
applications of, 68–69
benefits, 68–69
characteristics, 65–68
vs. complex exponential, 69–70
frequencies and initial phases,

65–66, 67f
in LTI systems, 69f
periodic or non-periodic signals,

66, 67

Site diversity, 513
Source-coding theorem, 7, 388–390
Space diversity, 513
Spatial separation

cell radius, 501–502
cell sectoring, 504
cell splitting, 503–504
cluster of cells, 501
co-channel interference, 503
loss exponent, 502–503

Spectral density
energy signals, 137
power signals, 138–139

Spectral efficiency, 282
Spectral folding, 224–227
Stable systems, 61
Sub-optimum equalizers, 286
Switching modulator, 536–537, 536f
Symbol error probability, 284
Symbol error rate (SER), 310–313
Symbol synchronization, 359

early-late gate synchronizer,
372–373, 373f

non-linear-filter synchronizer,
371–372, 371f

Synchronization
carrier recovery mechanism,

368–369
Costas loop, 369, 370f
Mth -power loop, 368–369, 368f

carrier synchronization, 358
data-directed synchronization, 359
definition, 358
frame synchronization, 358
network synchronization, 358
non-data-directed synchronization,

359
phaselocked loop, 363–367
components, 364–366
linear model, 366–367

scrambling, 359–363
maximum-length shift register,

360
pseudorandom scrambler,

360–361
self-synchronizing scrambler,

362–363
symbol synchronization, 370–373

Syndrome-based decoding, 430–432
co-set leader, 431
standard array, 430

Systems
active, 61
adaptive, 59

analysis and synthesis, 57
band-limited, 61–62
baseband, 58
causal, 61
continuous-time, 61
definition, 57
design, 57
discrete-time, 61
distributed, 58–59
feedback system
closed-loop control system, 59
negative feedback system, 59
open-loop control system, 59
positive feedback system, 59

fixed, 59
invertible, 58
linear, 62, 62f
additivity property, 62
homogeneity property, 62
superposition principle, 62

linear time-invariant (LTI) system,
64–65

lumped, 58–59
with memory, 60
memoryless, 60
MIMO, 60
MISO, 60
non-causal, 61
non-invertible, 58
non-linear, 63
passband, 58
passive, 61
power-limited, 61–62
SIMO, 60
SISO, 60
stable, 61
time-invariant, 63, 64f
time-varying, 63, 64
unstable, 61

System with memory, 60

T
Telecommunications

evolution of, 5f
geostationary satellite, 3–4
historical developments, 1, 2t
internet, 4–5
radio broadcasting, 3
telegraph, 3
telephone, 3
television, 3

Telegraph, 3, 12
Telephone, 3
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Telephone and cable networks
ADSL, 483–484
CATV, 484
DSL, 482, 483
HFC, 484
POTS, 482
PSTN/voice-band dial-up modems,

482
Television, 3
Threshold effect, 560
Time-bandwidth product
amplitude-equivalent, 119
noise-equivalent, 119
root-mean square, 118–119

Time-division duplexing (TDD), 464
Time-division multiple access

(TDMA), 4, 465–467
Time-division multi-plexing (TDM),

460
Time-invariant systems, 63, 64f
Time-limited signals, 56
Time/temporal diversity, 512
Time-varying systems, 63, 64
Topology, 476–479
bus, 478
mesh, 477, 478
ring, 478
star, 476–477
tree, 479

Transmission Control Protocol
(TCP), 22–23

Transmission impairments
attenuation, 31
causes, 31
distortion
linear, 33
multipath fading, 33
non-linear, 33

interference, 33–34
noise, 34

Transmission media, 23
Transversal-filter-based equalizer,

286
Trellis-coded modulation, 442
Trigonometric Fourier series, 80–83
Turbo codes, 450–453
TV white spaces (TVWS), 523–524

M2M, 524
WLAN, 524–525
WRAN, 524

U
Uncorrelated random variable,

180–181
Undersampling, 224–228
Unguided-transmission media, 23
Uniform quantization
granularity, 237
loading factor, 239
mid-rise quantizer, 238, 238f
mid-tread quantizer, 238, 238f
overload distortion, 237
quantization levels, 237
signal-to-noise ratio, 239

Uniquely decodable codes, 385
Unit impulse function, 76, 76f
Unit ramp function, 73, 74f
Unit step function, 71, 72f
Unstable systems, 61
Upsampling process, 232, 233f
User Datagram Protocol (UDP),

22–23

V
Variable-length codes, 385
Vector quantization, 237, 244–245,

245f
Vestigialsideband suppressed-carrier

amplitude modulation (VSB-
SC AM), 543–550

Virtual-circuit packet-switched
network, 476

Viterbi equalizers, 286–288
Voice-band dial-up modem, 482
Voltage controlled oscillator (VCO),

364–365, 364f, 554

W
Wavelength-divisionmulti-plexing

(WDM), 460–461
White noise, 199
Wiener-Khintchine theorem, 194
Wired communication networks

accuracy, 475
circuit-switched network, 475
delay, 475
flow control, 479–480
jitter, 475
local area network, 480–481
packet-switched network, 475
public switched telephone network,

475
routing, 479–480
switched network, 475
telephone and cable networks,

482–485
throughput, 474
topology, 476–479

Wireless communications
diversity, 511–515
diversity-combining method, 515
equal-gain combining, 516–517
maximal-ratio combining, 516
selection combining, 515–516

dual polarization, 499–500
0G systems, 517
1G systems, 517
2G systems, 517–518
3G systems, 518
4G systems, 518–523
mobile-radio propagation,

504–511
radio-link analysis, 494–498
spatial separation, 500–504
TVWS, 523–525

Wireless local area network (WLAN),
524–525

Wireless regional area network
(WRAN), 524

Wireless telegraphy, 3
Worldwide Interoperability for

Microwave Access (WiMAX),
519

World Wide Web (WWW), 4–5

Z
Zero-forcing (ZF) equalization,

289
Zero padding, 115–116
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