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Problems

Electric energy is widely used in practice, because of the ease with which the system and device
performance can be reliably controlled. One of the major areas of electrical engineering of interest
to all engineers is control and instrumentation. Instrumentation is integrated throughout the book in
sections on electric circuits, electronic analog and digital systems, energy systems, and information
systems. This final chapter serves to introduce a variety of methods by which the performance
of physical systems is controlled. By focusing on control aspects, the integration of many of the
concepts used in the preceding chapters is effected.

Systems is a term used in many fields of study: economics, ecology, social and physical
sciences. The catchword is used to describe an assemblage of components, subsystems, and
interfaces arranged or existing in such a fashion as to perform a function or functions in order to
achieve a goal. Control refers to the function or purpose of the system we wish to discuss. Control
is almost always realized not by a single component, such as a transistor, resistor, or motor, but
by an entire system of components and interfaces.

Control systems influence our everyday lives just as much as some of the other areas of
electrical engineering. Examples abound in practice: household appliances, manufacturing and
processing plants, and navigational and guidance systems, in which concepts of the analysis
and design of control systems are utilized. A control system, in general, can be viewed as an
interconnection of components—electrical, mechanical, hydraulic, thermal, etc.—so as to obtain
a desired function in an efficient and accurate manner. The control engineer is concerned with
the control of industrial processes and systems. The concepts of control engineering are not
limited to any particular branch of engineering. Hence, a basic understanding of control theory
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is essential to every engineer involved in the understanding of the dynamic behavior of various
systems.

This chapter introduces different types of control systems, and some elementary methods for
studying their behavior. Three classes of control systems are presented:

1. Power semiconductor-controlled drives, in which the electrical input to a motor is adjusted
to control performance.

2. Feedback control systems, in which a measure of the actual performance has to be known
in order to effect control.

3. Digital control systems, in which a digital processor becomes an essential element of the
system, and the resulting processed output forms the basis for system control.

Many of the concepts and techniques used may be similar to those already developed earlier
in the book. Indeed, any discussion of control methodology integrates much of the material
on circuits, electronic devices, and electromechanical energy-conversion devices. Such control
techniques are also employed in business, ecological, and social systems, as well as in problem
areas related to inventory control, economic models, health-care delivery systems, and urban
planning.

16.1 POWER SEMICONDUCTOR-CONTROLLED DRIVES

Power electronics deals with the applications of solid-state electronics for the control and
conversion of electric power. Conversion techniques require switching power semiconductor
devices on and off. The development of solid-state motor drive packages has progressed to the
point at which they can be used to solve practically any power-control problem. This section
describes fundamentals common to all electric drives: dc drives fed by controlled rectifiers and
choppers; squirrel-cage induction motor drives controlled by ac voltage controllers, inverters,
and cycloconverters; slip-power-controlled wound-rotor induction motor drives; and inverter-
controlled and cycloconverter-controlled synchronous motor drives, including brushless dc and
ac motor drives. Even though the detailed study of such power electronic circuits and components
would require a book in itself, some familiarity becomes important to an understanding of modern
motor applications. This section is only a very modest introduction.

The essential components of an electric drive controlled by a power semiconductor converter
are shown in the block diagram of Figure 16.1.1. The converter regulates the flow of power from
the source to the motor in such a way that the motor speed–torque and speed–current characteristics
become compatible with the load requirements. The low-voltage control unit, which may consist
of integrated transistorized circuits or a microprocessor, is electrically isolated from the converter-
motor circuit and controls the converter. The sensing unit, required for closed-loop operation or
protection, or both, is used to sense the power circuit’s electrical parameters, such as converter
current, voltage, and motor speed. The command signal forms an input to the control unit, adjusting
the operating point of the drive. The complete electric drive system shown in Figure 16.1.1 must
be treated as an integrated system.

A motor operates in two modes—motoring and braking. Supporting its motion, it converts
electric energy to mechanical energy while motoring. In braking, while opposing the motion, it
works as a generator converting mechanical energy to electric energy, which is consumed in some
part of the circuit. The motor can provide motoring and braking operations in both forward and
reverse directions. Figure 16.1.2 illustrates the four-quadrant operation of drives. The continuous
as well as the transient torque and power limitations of a drive in the four quadrants of operation
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Figure 16.1.2 Four-quadrant opera-
tion of drives.

are shown in Figure 16.1.3 for speeds below and above base speed ωmb, which is the highest drive
speed at the rated flux.

Motors commonly used in variable-speed drives are induction motors, dc motors, and
synchronous motors. For the control of the motors, various types of converters are needed,
as exemplified in Table 16.1.1. A variable-speed drive can use a single converter or more
than one. All converters have harmonics in their inputs and outputs. Some converters suffer
from a poor power factor, particularly at low output voltages. The main advantages of con-
verters are high efficiency, fast response, flexibility of control, easy maintenance, reliability,
low weight and volume, less noise, and long life. The power semiconductor converters have
virtually replaced the conventional power controllers such as mercury-arc rectifiers and magnetic
amplifiers. Most of the drive specifications are governed by the load requirements, which in
turn depend on normal running needs, transient operational needs, and needs related to location
and environment. Other specifications are governed by the available source and its capacity,
as well as other aspects like harmonics, power factor, reactive power, regenerated power, and
peak current.
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Figure 16.1.3 Continuous as well as transient torque and power limitations of a drive.

Power Semiconductor Devices

Since the advent of the first thyristor or silicon-controlled rectifier (SCR) in 1957, tremendous
advances have been made in power semiconductor devices during the past four decades. The
devices can be divided broadly into four types:

• Power diodes

• Thyristors

• Power bipolar junction transistors (BJTs)

• Power MOSFETs (metal-oxide semiconductor field-effect transistors).

Thyristors can be subdivided into seven categories:

• Forced-commutated thyristor

• Line-commutated thyristor

• Gate turn-off thyristor (GTO)

• Reverse-conducting thyristor (RCT)

• Static-induction thyristor (SITH)

• Gate-assisted turn-off thyristor (GATT)

• Light-activated silicon-controlled rectifier (LASCR).

Typical ratings of these devices are given in Table 16.1.2. Whereas this comprehensive table,
as of 1983, is given here for illustration purposes only, several new developments have taken
place since then: A single thyristor is currently available with the capability of blocking 6.5
kV and controlling 1 kA. The 200-V Schottky barrier diodes are commercially available with
ratings of several hundred amperes, up to 1 kA, and with blocking voltages as high as 1–5 kV.
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TABLE 16.1.1 Converters and Their Functions for the Control of Motors

Converter Conversion Function Applications

Controlled rectifiers Ac to variable dc Control of dc motors and
synchronous motors

Choppers Fixed voltage dc to variable voltage
dc

Control of dc motors

Ac voltage controllers Fixed voltage ac to variable-voltage
ac at same frequency

Control of induction motors

Inverters (voltage source or
current source)

Dc to fixed or variable voltage and
frequency ac, voltage or current
source

Control of induction motors and
synchronous motors

Cycloconverters Fixed voltage and frequency ac to
variable voltage and frequency ac

Induction motors and synchronous
motors

MOS-controlled thyristors (MCT) are rated for 3 kV, capable of interrupting around 300 A with
a recovery time of 5 µs. Gate turn-off (GTO) thyristors can control 1 to 3 kA with a blocking
voltage capability of 6 to 8 kV. Table 16.1.3 gives the symbols and the v-i characteristics of the
commonly used power semiconductor devices.

Figure 16.1.4 illustrates the output voltages and control characteristics of some commonly
used power switching devices. The switching devices can be classified as follows:

TABLE 16.1.2 Typical Ratings of Power Semiconductor Devices

Voltage/Current Switching On
Type Rating Time (µs) Voltage/Current*

Diodes General purpose
High speed
Schottky

3 kV/3.5 kA
3 kV/1 kA
40 V/60 A

2–5
0.23

1.6 V/10 kA
3 V/3 kA

0.58 V/60 A

Forced-turned-off
thyristors

Reverse blocking
High speed
Reverse blocking
Reverse conducting
GATT
Light triggered

3 kV/1 kA
1.2 kV/1.5 kA
2.5 kV/400 A

2.5 kV/1 kA/R400 A
1.2 kV/400 A
6 kV/1.5 kA

400
20
40
40
8

200–400

2.5 V/10 kA
2.1 V/4.5 kA
2.7 V/1.25 kA

2.1 V/1 kA
2.8 V/1.25 kA
2.4 V/4.5 kA

TRIACs 1.2 kV/300 A 1.5 V/420 A

Self-turned-off
thyristors

GTO
SITH

3.6 kV/600 A
4 kV/2.2 kA

25
6.5

2.5 V/1 kA
2.3 V/400 A

Power transistors Single

Darlington

400 V/250 A
400 V/40 A
630 V/50 A
900 V/200 A

9
6

1.7
40

1 V/250 A
1.5 V/49 A
0.3 V/20 A

2 V

SITs
Power MOSFETs

1.2 kV/10 A
500 V/8.6 A
1 kV/4.7 A
500 V/10 A

0.55
0.7
0.9
0.6

1.2 �

0.6 �

2 �

0.4 �

Source: F. Harashima, “State of the Art on Power Electronics and Electrical Drives in Japan,” in Proc. 3rd IFAC Symposium on Control in
Power Electronics and Electrical Drives (Lausanne, Switzerland, 1983), Tutorial Session and Survey Papers, pp. 23–33.
* Note: On voltage is the on-state voltage drop of the device at a specified current.
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TABLE 16.1.3 Symbols and v–i Characteristics of Some Power Semiconductor Devices

Diode
A K

A K

VD

VG

ID

Device Symbol Characteristics

ID
G+

−
Thyristor

A K

IA
G

GTO

A

BID

G

Gate triggered

TRIAC

G

C

E

A K

ID

LASCR

0

B

IB
IC

IB

IE

IE

IC

NPN BJT

ID

PNP BJT

n-channel
MOSFET

p-channel
MOSFET

C

E

B

D

S

G

ID

VDS

VGS1
VGS1 < VGSn
VGSn

D

S

G

0 VDS

VGS1

ID

ID

ID

ID

ID

ID

ID

IC

IC

VGS1 > VGSn
VGSn

0 VEC

IBn
IBn > IB1
IB1

IBn
IBn > IB1
IB1

0

0

0

0

0

0

VCE

VD

VD

VD

VD

Gate triggered

Gate triggered

Gate triggered

Gate triggered

VD

• Uncontrolled turn-on and turn-off (diode)

• Controlled turn-on and uncontrolled turn off (SCR)

• Controlled turn-on and turn-off (BJT, GTO, MOSFET)

• Continuous gate signal requirement (BJT, MOSFET)

• Pulse gate requirement (GTO, SCR)

• Bipolar voltage capability (SCR)

• Unipolar voltage capability (BJT, GTO, MOSFET)

• Bidirectional current capability (RCT, TRIAC)

• Unidirectional current capability (BJT, diode, GTO, MOSFET, SCR).



16.1 POWER SEMICONDUCTOR-CONTROLLED DRIVES 753

+
VG

Vs
Vs

t

t

vo

vG

voR

Thyristor

(a)

−1

1

−

+

+

−

−

+

VG

Vs
Vs

t

t

vo

t1 T

t1 T

vG

voR

GTO

(b)

−1

1

0

−

+

+

−

−

t1 T

+

vB

Vs
Vs

t

t

vo

vB

voR

(c)

1

0

−

+

+

−

−

t1 T

t1 T

Vs

t

t

vo

vGS

(d)

1

0

+

Vs

vo

vGS

R

D

S

G

−

+

+

−

−

Figure 16.1.4 Output voltages and control characteristics of some commonly
used power switching devices. (a) Thyristor switch. (b) GTO switch. (c) Transistor
switch. (d) MOSFET switch.

Power Electronic Circuits

These circuits can be classified as follows:

• Diode rectifiers

• Ac–dc converters (controlled rectifiers)
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• Ac–ac converters (ac voltage controllers)

• Dc–dc converters (dc choppers)

• Dc–ac converters (inverters)

• Static switches (contactors), supplied by either ac or dc.

Figure 16.1.5 shows a single-phase rectifier circuit converting ac voltage into a fixed dc
voltage. It can be extended to three-phase supply. Figure 16.1.6 shows a single-phase ac–dc
converter with two natural line-commutated thyristors. The average value of the output voltage
is controlled by varying the conduction time of the thyristors. Three-phase input can also be
converted.
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Figure 16.1.5 Single-phase rectifier circuit with diodes. (a) Circuit diagram. (b) Voltage waveforms.
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Figure 16.1.6 Single-phase ac–dc converter with two natural line-commutated thyristors. (a) Circuit
diagram. (b) Voltage waveforms.
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Figure 16.1.7 Single-phase ac–ac converter with TRIAC. (a) Circuit diagram. (b) Voltage waveforms.

Figure 16.1.7 shows a single-phase ac–ac converter with a TRIAC to obtain a variable ac
output voltage from a fixed ac source. The output voltage is controlled by changing the conduction
time of the TRIAC.

Figure 16.1.8 shows a dc–dc converter in which the average output voltage is controlled by
changing the conduction time t1 of the transistor. The chopping period is T, the duty cycle of the
chopper is δ, and the conduction time t1 is given by δT.

Figure 16.1.9 shows a single-phase dc–ac converter, known as an inverter, in which the output
voltage is controlled by varying the conduction time of transistors. Note that the voltage is of
alternating form when transistors Q1 and Q2 conduct for one-half period and Q3 and Q4 conduct
for the other half.
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Figure 16.1.8 A dc–dc converter. (a) Circuit diagram. (b) Voltage waveforms.
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Figure 16.1.9 Single-phase dc–ac converter (inverter). (a) Circuit diagram. (b) Voltage waveforms.

EXAMPLE 16.1.1

Consider a diode circuit with an RLC load, as shown in Figure E16.1.1, and analyze it for i(t)
when the switch S is closed at t = 0. Treat the diode as ideal, so that the reverse recovery time
and the forward voltage drop are negligible. Allow for general initial conditions at t = 0 to have
nonzero current and a capacitor voltage vC = V0.

Vs

Vo

vC

S

Dt = 0

C

L

R

i+

−

+
−

Figure E16.1.1 Diode circuit with RLC load.

So l u t i on

The KVL equation for the load current is given by

L
di

dt
+ Ri + 1

C

∫
i dt + vC (at t = 0) = VS

Differentiating and then dividing both sides by L, we obtain

d2i

dt2
+ R

L

di

dt
+ i

LC
= 0

Note that the capacitor will be charged to the source voltage VS under steady-state conditions,
when the current will be zero. While the forced component of the current is zero in the solution
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of the previous second-order homogeneous differential equation, we can solve for the natural
component. The characteristic equation in the frequency domain is

s2 + R

L
s + 1

LC
= 0

whose roots are given by

s1,2 = − R

2L
±
√(

R

2L

)2

− 1

LC

For the second-order circuit, the damping factor α and the resonant frequency ω0 are given by

α = R

2L
; ω0 = 1√

LC

(Note: the ratio of α/ω0 is known as damping ratio δ.) Substituting, we get

s1,2 = −α ±
√
α2 − ω2

0

Three possible cases arise for the solution of the current, which will depend on the values of
α and ω0:
Case 1—α = ω0: The roots are then equal, s1 = s2. The current is said to be critically damped.
The solution of the current is of the form

i (t) = (A1 + A2t)e
s1t

Case 2—α > ω0: The roots are unequal and real. The circuit is said to be overdamped. The
solution is then

i (t) = A1e
s1t + A2e

s2t

Case 3—α < ω0: the roots are complex. The circuit is underdamped. Let s1,2 = −α ± jωr ,

where ωr is known as the damped resonant frequency or ringing frequency, given by
√
ω2

0 − α2.
The solution takes the form

i(t) = e−αt (A1 cos ωrt + A2 sin ωrt)

Observe that the current consists of a damped or decaying sinusoid. The constants A1 and A2 are
determined from the initial conditions of the circuit.

The current waveform can be sketched, taking the conduction time of the diode into account.

Let us now consider a single-phase half-wave rectifier circuit as shown in Figure 16.1.10(a),
with a purely resistive load R. We shall introduce and calculate the following quantities:

1. Efficiency

2. Form factor
3. Ripple factor

4. Transformer utilization factor
5. Peak inverse voltage (PIV) of diode

6. Displacement factor

7. Harmonic factor
8. Input power factor.

During the positive half-cycle of the input voltage, the diode D conducts and the input voltage
appears across the load. During the negative half-cycle of the input voltage, the output voltage is
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zero when the diode is said to be in a blocking condition. The waveforms of voltages vS, vL, vD,
and current i are shown in Figure 16.1.10(b).

The average voltage Vdc is given by

Vdc = 1

T

∫ T

0
vL(t) dt (16.1.1)

because vL(t) = 0 for T/2 ≤ t ≤ T . In our case,

Vdc = 1

T

∫ T/2

0
vm sin ωt dt = − Vm

ωT

(
cos

ωT

2
− 1

)
(16.1.2)

Using the relationships f = 1/T and ω = 2πf , we obtain

Vdc = Vm

π
= 0.318Vm (16.1.3)

Idc = Vdc

R
= 0.318Vm

R
(16.1.4)
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The rms value of a periodic waveform is given by

Vrms =
[

1

T

∫ T

0
v2
L(t) dt

]1/2

(16.1.5)

For a sinusoidal voltage vL(t) = Vm sin ωt for 0 ≤ t ≤ T/2, the rms value of the output voltage is

Vrms =
[

1

T

∫ T/2

0
(Vm sin ωt)2 dt

]1/2

= Vm

2
= 0.5Vm (16.1.6)

Irms = Vrms

R
= 0.5Vm

R
(16.1.7)

The output dc power Pdc is given by

Pdc = VdcIdc = (0.318Vm)
2

R
(16.1.8)

The output average ac power Pac is given by

Pac = VrmsIrms = (0.5Vm)
2

R
(16.1.9)

The efficiency or the rectification ratio of the rectifier, which is a figure of merit used for
comparison, is then

Efficiency = η = Pdc

Pac

= (0.318Vm)
2

(0.5Vm)2
= 0.404, or 40.4% (16.1.10)

The form factor is FF = Vrms/Vdc, which gives a measure of the shape of the output voltage.
In our case,

FF = Vrms

Vdc
= 0.5Vm

0.318Vm

= 1.57, or 157% (16.1.11)

The ripple factor is RF = Vac/Vdc, which gives a measure of the ripple content. In our case,

RF = Vac

Vdc
=
√(

Vrms

Vdc

)2

− 1 =
√

FF2 − 1 =
√

1.572 − 1 = 1.21, or 121% (16.1.12)

The transformer utilization factor (TUF) is given by

TUF = Pdc

VsIs
(16.1.13)

where Vs and Is are the rms voltage and rms current, respectively, of the transformer secondary.
In our case, the rms voltage of the transformer secondary is

Vs =
[

1

T

∫ T

0
(Vm sin ωt)2 dt

]1/2

= Vm√
2
= 0.707Vm (16.1.14)

The rms value of the transformer secondary current is the same as that of the load,

Is = 0.5Vm

R
(16.1.15)

Hence,

TUF = 0.3182

0.707× 0.5
= 0.286 (16.1.16)

The peak inverse voltage (PIV), which is the peak reverse blocking voltage, is given by
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PIV = Vm (16.1.17)

The displacement factor DF is given by cos φ, where φ is the angle between the fundamental
components of the input current and voltage.

The harmonic factor HF of the input current is given by

HF =
(
I 2
s − I 2

1

I 2
1

)1/2

=
[(

Is

I1

)2

− 1

]1/2

(16.1.18)

where I1 is the fundamental rms component of the input current.
The input power factor is given by

PF = I1

Is
cos φ (16.1.19)

For an ideal rectifier,

η = 1.00; Vac = 0; FF = 1.0; RF = 0;
TUF = 1.0; HF = 0; PF = 1.0 (16.1.20)

Solid-State Control of DC Motors

Dc motors, which are easily controllable, have historically dominated the adjustable-speed
drive field. The torque–speed characteristics of a dc motor can be controlled by adjusting
the armature voltage or the field current, or by inserting resistance into the armature circuit
(see Section 13.4). Solid-state motor controls are designed to use each of these modes. The
control resistors, in which much energy is wasted, are being eliminated through the develop-
ment of power semiconductor devices and the evolution of flexible and efficient converters.
Thus, the inherently good controllability of a dc machine has been significantly increased
in recent years by rectifier control, chopper control, and closed-loop control of dc motors.
When a dc source of suitable and constant voltage is already available, designers can employ
dc-to-dc converters or choppers. When only an ac source is available, phase-controlled rec-
tifiers are used. When the steady-state accuracy requirement cannot be satisfied in an open-
loop configuration, the drive is operated as a closed-loop system. Closed-loop rectifier drives
are more widely used than chopper drives. Only rectifier control of dc motors is consid-
ered here.

Controlled rectifier circuits are classified as fully controlled and half-controlled rectifiers,
which are fed from either one-phase or three-phase supply. Figure 16.1.11 shows a fully controlled,
rectifier-fed, separately excited dc motor drive and its characteristics. A transformer might be
required if the motor voltage rating is not compatible with the ac source voltage. To reduce ripple
in the motor current, a filter inductor can be connected in series between the rectifier and the motor
armature. The field can be supplied from the same ac source supplying the armature, through a
transformer and a diode bridge or a controlled rectifier. While single-phase controlled rectifiers
are used up to a rating of 10 kW, and in special cases even up to 50 kW, three-phase controlled
rectifiers are used for higher ratings.

Va and Ia in Figure 16.1.11 denote the average values of the converter output voltage
and current, respectively. Assuming continuous conduction when the armature currents flow
continuously without becoming zero for a finite time interval, the variation of Va with the firing
angle is shown in Figure 16.1.11(b). Providing operation in the first and fourth quadrants of
the Va–Ia plane, as shown in Figure 16.1.11(c), the fully controlled rectifiers are two-quadrant
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Figure 16.1.11 Fully controlled rectifier-fed separately excited dc motor drive and its characteristics. (a)
Line diagram. (b) Output voltage versus firing angle curve. (c) Quadrants of operation.

converters. Imax is the rated rectifier current. In quadrant 4, the rectifier works like a line-
commutated inverter with a negative output voltage, and the power flows from the load to the ac
source.

Let us now consider the single-phase, fully controlled, rectifier-fed separately excited dc
motor shown in Figure 16.1.12(a). Note that the armature has been replaced by its equivalent
circuit, in which Ra and La, respectively, represent the armature-circuit resistance and inductance
(including the effect of a filter, if connected), and E is the back emf.

Figure 16.1.12(b) shows the source voltage and thyristor firing pulses. The pair T1 and T3

receives firing pulses from α to π , and the pair T2 and T4 receives firing pulses from (π + α) to
2π .
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(b)(a)
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+

−

+
−

ωt

vs −vs

2π0

0

π

π

2-pulse fully
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Seperately
excited motor

ia

iG2

vs = Vm sin ωt
E = Kmωm

va
La

Ra
T2

iG3

T3
ωtα 2π

0 π π + α ωtα 2π

iG1, iG3

iG2, iG4

Figure 16.1.12 Single-phase two-pulse fully controlled rectifier-fed separately excited dc motor.
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Only the continuous conduction mode of operation of the drive for motoring and regenerative
braking will be considered here. The angle α can be greater or less than γ , which is the angle at
which the source voltage vs is equal to the back emf E,

γ = sin−1

(
E

Vm

)
(16.1.21)

where Vm is the peak value of the supply voltage. For the case of α < γ , waveforms are shown in
Figure 16.1.13(a) for the motoring operation. It is possible to turn on thyristors T1 and T3 because
ia > 0, even though vs < E. The same is true for thyristors T2 and T4.

When T1 and T3 conduct during the interval α ≤ ωt ≤ (π + α), the following volt–ampere
equation holds:

vs = E + iaRa + La

dia

dt
(16.1.22)

Multiplying both sides by ia�t , where �t is a small time interval, we obtain

vsia�t = Eia�t + i2
aRa�t + Laia

(
dia

dt

)
�t (16.1.23)

in which the terms can be identified as the energy supplied or consumed by the respective elements.
Figure 16.1.13(b) corresponds to the regenerative braking operation, in which

γ ′ = π − γ = π − sin−1

( |E|
Vm

)
(16.1.24)

and α can be greater or less than γ ′.
When T1 and T3 conduct, Equation (16.1.22) describes the motor operation withE = Kmωm.

Thus,

va = La

dia

dt
+ Raia +Kmωm = Vm sin ωt (16.1.25)

Similarly, when T2 and T4 conduct,

va = La

dia

dt
+ Raia +Kmωm = −Vm sin ωt (16.1.26)

where ω is the supply frequency, ωm is the motor speed, and Km is the motor back emf constant.

(a)

ωt

va

T1, T3 T2, T4

E

va

ia ia
ia

vs−vs

2π0 π π + αγα

(b)

ωt

vs

T2, T4 T2, T4T1, T3

E

−vs

ia

vava

2π0
γγ′

α π

Figure 16.1.13 Continuous conduction mode of operation. (a) Motoring (case shown for α < γ ). (b) re-
generative braking (case shown for α < γ ′).
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From α to π + α in the output voltage waveform of Figure 16.1.13(a), Equation (16.1.25)
holds and its solution can be found as

ia(ωt) = Vm

z
sin(ωt − ψ)− Kmωm

Ra

+K1e
−t/τa , for α ≤ ωt ≤ π + α (16.1.27)

where

z = [R2
a + (ωLa)

2
]1/2

(16.1.28)

τa = La

Ra

(16.1.29)

ψ = tan−1

(
ωLa

Ra

)
(16.1.30)

and K1 is a constant.
The first term on the right-hand side of Equation (16.1.27) is due to the ac source; the second

term is due to the back emf; and the third represents the combined transient component of the ac
source and back emf. In the steady state, however,

ia(α) = ia(π + α) (16.1.31)

Subject to the constraint in Equation (16.1.31), the steady-state expression of current can be
obtained. Flux being a constant, recall that the average motor torque depends only on the average
value or the dc component of the armature current, whereas the ac components produce only
pulsating torques with zero-average value. Thus, the motor torque is given by

Ta = KmIa (16.1.32)

To obtain the average value of Ia under steady state, we can use the following equation:

Average motor voltage Va = average voltage drop across Ra

+ average voltage drop across La

+ back emf (16.1.33)

in which

Va = 1

π

∫ π+α

α

Vm sin (ωt) d(ωt) = 2Vm

π
cos α (16.1.34)

The rated motor voltage will be equal to the maximum average terminal voltage 2Vm/π .

Average drop across Ra = 1

π

∫ π+α

α

Raia(ωt) d(ωt) = Raia (16.1.35)

Average drop across La = 1

π

∫ π+α

α

La

(
dia

dt

)
d(ωt) = ω

π

∫ ia(π+α)

ia(α)

La dia

= ωLa

π
[ia(π + α)− ia(α)] = 0 (16.1.36)

Substituting, we obtain

Va = IaRa +Kmωm (16.1.37)

for the steady-state operation of a dc motor fed by any converter. From Equations (16.1.34) and
(16.1.37), it follows that
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Ia = (2Vm/π) cos α −Kmωm

Ra

(16.1.38)

Substituting in Equation (16.1.32), we get the following equation after rearranging terms:

ωm = 2Vm

πKm

cos α − Ra

K2
m

Ta (16.1.39)

which is the relationship between speed and torque under steady state. The ideal no-load speed
ωm0 is obtained when Ia is equal to zero,

ωm0 = Vm

Km

, 0 ≤ α ≤ π

2
(16.1.40)

ωm0 = Vm sin α

Km

,
π

2
≤ α ≤ π (16.1.41)

For torques less than the rated value, a low-power drive operates predominantly in the discontinu-
ous conduction mode, for which a zero armature-current interval exists besides the duty interval.
With continuous conduction, as seen from Equation (16.1.39), the speed–torque characteristics
are parallel straight lines whose slope depends on Ra, the armature circuit resistance. A filter
inductor is sometimes included to reduce the discontinuous conduction zone, although such an
addition will lead to an increase in losses, armature circuit time constant, noise, cost, weight, and
volume of the drive.

EXAMPLE 16.1.2

Consider a 3-hp, 220-V, 1800-r/min separately excited dc motor controlled by a single-phase fully
controlled rectifier with an ac source voltage of 230 V at 60 Hz. Assume that the full-load efficiency
of the motor is 88%, and enough filter inductance is added to ensure continuous conduction for
any torque greater than 25% of rated torque. The armature circuit resistance is 1.5 �.

(a) Determine the value of the firing angle to obtain rated torque at 1200 r/min.

(b) Compute the firing angle for the rated braking torque at −1800 r/min.

(c) With an armature circuit inductance of 30 mH, calculate the motor torque for α = 60°
and 500 r/min, assuming that the motor operates in the continuous conduction mode.

(d) Find the firing angle corresponding to a torque of 35 N·m and a speed of 480 r/min,
assuming continuous conduction.

So l u t i on

(a) Vm =
√

2× 230 = 325.27 V

Ia = 3× 746

0.88× 220
= 11.56 A

E = 220− (11.56× 1.5) = 220.66 V at rated speed of 1800 r/min

ωm = 1800× 2π

60
= 188.57 rad/s
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Km = E

ωm

= 202.66

188.57
= 1.075

For continuous conduction, Equation (16.1.38) holds:
2Vm

π
cos α = IaRa +Kmωm = IaRa + E

At rated torque,

Ia = 11.56 A

Back emf at 1200 r/min = E1 = 1200

1800
× 202.66 = 135.11

Substituting these values, one gets

2× 325.27

π
cos α = 11.56× 1.5+ 135.11 = 152.45

or

cos α = 152.45× π

2× 325.27
= 0.7365, or α = 42.6°

(b) At −1800 r/min,

E = −202.66 V

So it follows that

2× 325.27

π
cos α = 11.56× 1.5− 202.66 = −185.32

or

cos α = −185.32× π

2× 325.27
= −0.8953, or α = 153.5°

(c) From part (a), Km = 1.075. Corresponding to a speed of 500 r/min,

ωm = 500× 2π

60
= 52.38 rad/s

From Equation (16.1.29), we have

52.38 = 2× 325.27

π × 1.075
cos 60°− 1.5

1.0752
Ta, or Ta = 33.82 N ·m

(d) From part (a), Km = 1.075. From Equation (16.1.39), we obtain

480× 2π

60
= 2π × 325.27

π × 1.075
cos α − 1.5

1.0752
× 35

or,

cosα = 0.497 or α = 60.2°

The most widely used dc drive is the three-phase, fully controlled, six-pulse, bridge-rectifier-
fed, separately excited dc motor drive shown in Figure 16.1.14. With a phase difference of
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60°, the firing of thyristors occurs in the same sequence as they are numbered. The line
commutation of an even-numbered thyristor takes place with the turning on of the next even-
numbered thyristor, and similarly for odd-numbered thyristors. Thus, each thyristor conducts
for 120° and only two thyristors (one odd-numbered and one even-numbered) conduct at
a time.

Considering the continuous conduction mode for the motoring operation, as shown in Figure
16.1.15, for the converter output voltage cycle from ωt = α + π/3 to ωt = α + 2π/3,

iG1

T1

T4

iA

+

−

ωt2π0

0

π

π/3

6-pulse fully controlled rectifier Motor

ia

E = Kmωm

va
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T5

T2

T3

T6

ωt2ππ

iG1

0 ωt2ππ

iG2

0 ωt2ππ

iG3

0 ωt2ππ

iG4

0 ωt2ππ

iG5

0 ωt2ππ

iG6

vAB
Vm

vBC vCA

vBA

a

vCB vAC

A

B

C

N

Figure 16.1.14 Three-phase fully
controlled six-pulse bridge-recti-
fier-fed separately excited dc mo-
tor.
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2ππ
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C
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Figure 16.1.15 Continuous conduc-
tion mode for the motoring operation.

Va = 3

π

∫ α+2π/3

α+π/3
Vm sin ωt d(ωt) = 3

π
Vm cos α = Vao cos α (16.1.42)

where the line voltage vAB = Vm sin ωt is taken as the reference. From Equations (16.1.32),
(16.1.37), and (16.1.42), we get

ωm = 3Vm

πKm

cos α − Ra

K2
m

Ta (16.1.43)

For normalization, taking the base voltage VB as the maximum average converter output voltage
Vao = 3Vm/π , and the base current as the average motor current (that will flow when ωm = 0
and Va = VB)IB = VB/Ra = 3Vm/πRa , the normalized speed and torque are given by

Speed ωmn = E

VB

= πE

3Vm

(16.1.44)

Torque Tan = Ian = πRa

3Vm

(Ia) (16.1.45)

EXAMPLE 16.1.3

Consider the 220-V, 1800-r/min dc motor of Example 16.1.2, controlled by a three-phase fully
controlled rectifier from a 60-Hz ac source. The armature-circuit resistance and inductance are
1.5 � and 30 mH, respectively.

(a) When the motor is operating in continuous conduction, find the ac source voltage required
to get rated voltage across the motor terminals.

(b) With the ac source voltage obtained in part (a), compute the motor speed corresponding
to α = 60° and Ta = 25 N·m assuming continuous conduction.

(c) Let the motor drive a load whose torque is constant and independent of speed. The
minimum value of the load torque is 1.2 N·m. Calculate the inductance that must be
added to the armature circuit to get continuous conduction for all operating points,
given that ψ = tan−1(ωLa/Ra) = 1.5 rad, Tan > 0.006, and all points on the
Tan–ωmn plane lie to the right of the boundary between continuous and discontinuous
conductions.
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So l u t i on

(a) From Equation (16.1.42), with α = 0, we get

220 = 3
√

2 V

π
or V = 163 V line-to-line; Vm = 230.5 V

(b) From Equation (16.1.43), we obtain

ωm = 3× 230.5× cos 60°

π × 1.075
− 1.5

1.0752
25 = 69.9 rad/s = 667 r/min

(c) From Equation (16.1.45), the normalized torque corresponding to 1.2 N·m is

Tan = πRa

3Vm

(
Ta

Km

)
= π × 1.5

3× 230.5

(
1.2

1.075

)
= 0.0076

The straight line Tan = 0.0076 is to the right of the boundary for

ψ = 1.5 rad = tan−1

(
ωL

Ra

)

Therefore,

La = Ra

ω
tan ψ = 1.5

2π × 60
tan 85.9° = 55.5 mH

The external inductance needed is 55.5− 30 = 25.5 mH.

Solid-State Control of Induction Motors

For our next discussions you might find it helpful to review Section 13.2. The speed-control
methods employed in power semiconductor-controlled induction motor drives are listed here:

• Variable terminal voltage control (for either squirrel-cage or wound-rotor motors)

• Variable frequency control (for either squirrel-cage or wound-rotor motors)

• Rotor resistance control (for wound-rotor motors only)

• Injecting voltage into rotor circuit (for wound-rotor motors only).

AC VOLTAGE CONTROLLERS

Common applications for these controllers are found in fan, pump, and crane drives. Figure
16.1.16 shows three-phase symmetrical ac voltage-controlled circuits for wye-connected and
delta-connected stators, in which the thyristors are fired in the sequence that they are numbered,
with a phase difference of 60°. The four-quadrant operation with plugging is obtained by the use
of the typical circuit shown in Figure 16.1.17. Closed-loop speed-control systems have also been
developed for single-quadrant and multiquadrant operation. Induction motor starters that realize
energy savings are one of the ac voltage controller applications. However, one should look into
the problems associated with harmonics.
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Figure 16.1.16 Three-phase symmetrical ac voltage-controlled circuits.
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Figure 16.1.17 Four-quadrant ac voltage controller.

FREQUENCY-CONTROLLED INDUCTION-MOTOR DRIVES

The converters employed for variable-frequency drives can be classified as:

• Voltage-source inverter (which is the only one considered here)

• Current-source inverters

• Cycloconverters, which allow a variable-frequency ac supply with voltage-source or
current-source characteristics obtained from a fixed-frequency voltage source.
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CS

Figure 16.1.18 Symbol of a self-commutated semiconductor switch.

A common symbol for the self-commutated semiconductor switch is shown in Figure 16.1.18.
The control signal (either voltage or current) is denoted by CS, and the diode gives the direction
in which the switch can conduct current. GTOs, power transistors, and MOSFETs are classified
as self-commutated semiconductor devices because they can be turned off by their respective
control signals: GTOs by a gate pulse, a power transistor by a base drive, and a MOSFET by
a gate-to-source voltage. A thyristor, on the other hand, is a naturally commutated device that
cannot be turned off by its gate signal. A thyristor combined with a forced commutation circuit
behaves like a self-commutated semiconductor device, however. The self-commutation capability
makes its turnoff independent of the polarity of the source voltage, the load voltage, or the nature
of load. Self-commutated semiconductor switches are suitable for applications for converters fed
from a dc source, such as inverters and choppers.

Figure 16.1.19 shows a three-phase voltage-source inverter circuit, along with the corre-
sponding voltage and current waveforms. The motor connected to terminals A, B, and C can have
wye or delta connection. Operating as a six-step inverter, the inverter generates a cycle of line
or phase voltage in six steps. The following Fourier-series expressions describe the voltages vAB

and vAN:

vAB = 2
√

3

π
Vd

[
sin
(
ωt + π

6

)
+ 1

5
sin
(

5ωt − π

6

)
+ 1

7
sin
(

7ωt + π

6

)
+ . . .

]
(16.1.46)

vAN = 2

π
Vd

[
sin ωt + 1

5
sin 5ωt + 1

7
sin 7ωt + · · ·

]
(16.1.47)

The rms value of the fundamental component of the phase voltage vAN is given by
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Figure 16.1.19 Three-phase voltage-source inverter circuit with corresponding voltage
and current waveforms.
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V1 =
√

2

π
Vd (16.1.48)

From Figure 16.1.18(b), the rms value of the phase voltage is given by

V =
[

1

π

{∫ π3

0

(
1

3
Vd

)2

d(ωt)+
∫ 2π/3

π/3

(
2

3
Vd

)2

d(ωt)

+
∫ π

2π/3

(
1

3
Vd

)2

d(ωt)

}]1/2

=
√

2

3
Vd (16.1.49)
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For a wye-connected stator, the waveform of the phase current is shown in Figure 16.1.19, which is

also the output current iA of the inverter. The output voltage of a six-step inverter can be controlled

by controlling either the dc input voltage or the ac output voltage with multiple inverters.

EXAMPLE 16.1.4

A 440-V, 60-Hz, six-pole, wye-connected, squirrel-cage induction motor with a full-load speed
of 1170 r/min has the following parameters per phase referred to the stator: R1 = 0.2 �, R′2 =
0.1 �, Xl1 = 0.75 �, X′l2 = 0.7 �, and Xm = 20 �. (See Chapter 13, Figure 13.2.6,
for the notation.) Consider the motor to be fed by a six-step inverter, which in turn is fed by a
six-pulse, fully controlled rectifier.

(a) Let the rectifier be fed by an ac source of 440 V and 60 Hz. Find the rectifier firing angle
that will obtain rated fundamental voltage across the motor.

(b) Calculate the inverter frequency at 570 r/min and rated torque when the motor is operated
at a constant flux.

(c) Now let the drive be operated at a constant V/f ratio. Compute the inverter frequency at
570 r/min and half the rated torque. Neglect the derating due to harmonics and use the
approximate equivalent circuit of Figure 13.2.6, with jXm shifted to the supply terminals.

So l u t i on

(a) From Equation (16.1.46), the fundamental rms line voltage of a six-step inverter is

VL =
√

6

π
Vd

For a six-pulse rectifier, from Equation (16.1.42), Vd = (3/π)Vm cos α, where Vm is the
peak ac source line voltage. Thus,

VL = 3
√

6

π2
Vm cos α or cos α = VL

Vm

π2

3
√

6

With VL = 440 V and Vm = 440
√

2 V,

cos α = π2

3
√

6
√

2
= 0.95 or α = 18.26°

(b) For a given torque, the motor operates at a fixed slip speed for all frequencies as long as
the flux is maintained constant. At rated torque, the slip speed NSl = 1200− 1170 = 30
r/min. Hence, synchronous speed at 570 r/min is NS = N + NSl = 570 + 30 = 600
r/min. Therefore, the inverter frequency is (600/1200)60 = 30 Hz.

(c) Based on the equivalent circuit, it can be shown that the torque for a constant V/f ratio is

T = 3

ωS

[
V 2

rated

(
R′2/S

)
(
R1 + R′2/S

)2 + (Xl1 +X′l2
)2
]

With a = f/frated,
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T = 3

ωS


 V 2

rated(R
′
2/aS)(

R1

a
+ R′2

aS

)2

+ (Xl1 +X′l2)
2


 , a < 1

Here,

ωS = 120× 60

6
× 2π

60
= 40π = 125.66 rad/s

Vrated = 440√
3
= 254 V

S = 30

1200
= 0.025

With a = 1,

Trated = 3

125.66


 2542(0.1/0.025)(

0.2+ 0.1

0.025

)2

+ (0.75+ 0.7)2


 = 312.11 N ·m

At half the rated torque,

0.5× 312.11 = 3

125.66


 2542(0.1/aS)(

0.2

a
+ 0.1

aS

)2

+ 1.452




or (
0.2

a
+ 0.1

aS

)2

+ 2.1 = 0.987

aS

Also,

S = aωS − ωm

aωS

or a = ωm

(1− S)ωS

= 59.7

(1− S)125.66
= 0.457

1− S

(Note: ωm = 570× 2π/60 = 59.7 rad/s.)

Based on the last two equations, we can solve for a and S using an iterative procedure,

a = 0.4864; S = 0.0235

Therefore, frequency = 0.4864 × 60 = 29.2 Hz.

The inverter can also be operated as a pulse-width modulated (PWM) inverter. Figure 16.1.20
shows the schemes when the supply is dc and when it is ac.

SLIP-POWER CONTROLLED WOUND-ROTOR INDUCTION-MOTOR DRIVES

Slip power is that portion of the air-gap power that is not converted into mechanical power. The
methods involving rotor-resistance control and voltage injection into the rotor circuit belong to this
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Figure 16.1.20 PWM inverter drives. (a) Supply is dc. (b) Supply is ac.

class of slip-power control. In order to implement these techniques using power semiconductor
devices, some of the schemes are static rotor resistance control; the static Scherbius drive; and
the static Kramer drive, of which only the first is considered here.

The rotor circuit resistance can be smoothly varied statically (instead of mechanically) by
using the principles of a chopper. Figure 16.1.21 shows a scheme in which the slip-frequency ac
rotor voltages are converted into direct current by a three-phase diode bridge and applied to an
external resistance R. The self-commutated semiconductor switch S, operating periodically with
a period T, remains on for an interval ton in each period, with a duty ratio δ defined by ton/T.

The filter inductor helps to reduce the ripple in current Id and eliminate discontinuous
conduction. Figure 16.1.22 shows input phase voltage waveforms of the diode bridge and a
six-step rotor phase-current waveform, assuming ripple-free Id. For a period T of the switch
operation, the energy absorbed by resistance R is given by I 2

d R(T − ton), while the average power
consumed by R is

R

S

Id

Vd

+

−

Ld, Rd

Wound-rotor
motor

Diode bridge

3-phase
ac supply

Figure 16.1.21 Static rotor resis-
tance control of a wound-rotor in-
duction motor.
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Figure 16.1.22 Rotor voltage and current waveforms.
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1

T

[
I 2
d R(T − ton)

]
or I 2

d R(1− δ)

The effective value of resistance is then given by

R∗ = (1− δ)R (16.1.50)

The total resistance across the diode bridge is

Rt = R∗ + Rd = Rd + (1− δ)R (16.1.51)

The per-phase power absorbed by Rt is 1/3 I
2
d Rt , where Id is related to the rms value of the rotor

phase current,
√

3/2Irms. Thus, the effective per-phase resistance Reff is given by

Reff = 0.5Rt (16.1.52)

From the Fourier analysis of the rotor phase current with quarter-wave symmetry, the fundamental
rotor current is (

√
6/π)Id , or (3/π)Irms. It can be shown (as in Problem 16.1.14) that the per-phase

fundamental equivalent circuit of the drive referred to the stator is given by Figure 16.1.23, where

Ra = R2 + Reff (16.1.53)

and

Rb =
(
π2

9
− 1

)
Ra (16.1.54)

As in Chapter 13, the primed notation denotes referral to the stator, and R2 is the per-phase
resistance of the rotor. The resistance R′a/S accounts for the mechanical power developed and
the fundamental rotor copper loss, whereas the resistance R′b represents the effect of the rotor
harmonic copper loss.
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Figure 16.1.24 Effect of static rotor resistance control on
speed–torque curves.

With jXm shifted to the stator terminals in Figure 16.1.23 as an approximation, we get

Ī ′2 =
V̄1[

R1 + R′b + (R′a/S)
]+ j (Xl1 +X′l2)

(16.1.55)

and

T = 3

ωs

(I ′2)
2

(
R′a
S

)
(16.1.56)

Figure 16.1.24 shows the nature of the speed–torque characteristics for different values of the
duty ratio δ.

EXAMPLE 16.1.5

A 440-V, 60-Hz, six-pole, wye-connected, wound-rotor induction motor with a full-load speed of
1170 r/min has the following per-phase parameters referred to the stator:R1 = R′2 = 0.5�,Xl1 =
X′l2 = 2 �,Xm = 40 �, and a stator-to-rotor turns ratio of 2.5.

The scheme of Figure 16.1.21 is employed for speed control with Rd = 0.02 � and R = 1 �.
For a speed of 1000 r/min at 1.5 times the rated torque, find the duty ratio δ, neglecting friction
and windage, and using the equivalent circuit with jXm moved adjacent to the stator terminals.

So l u t i on

Full-load torque without rotor resistance control is

T = 3

ωS

[
V 2

1 (R
′
2/S)

(R1 + R′2/S)2 + (Xl1 +X′l2)2

]
WithV1 = 440/

√
3 = 254 V;ωS=125.7 rad/s, and full-load slip= (1200−1170)/1200 = 0.025,

then

T = 3

125.7

[
2542(0.5/0.025)

(0.5+ 0.5/0.025)2 + 42

]
= 70.6 N ·m
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With rotor resistance control,

T = 3

ωS

[
V 2

1 (R
′
a/S)(

R1 + R′b + R′a/S
)2 + (Xl1 +X′l2)2

]

With R′b = (π2/9− 1)R′a = 0.0966R′a , and slip = (1200− 1000)/1200 = 0.167, we obtain

1.5× 70.6 = 3

125.7

[
2542(R′a/0.167)(

0.5+ 0.0966R′a + R′a/0.167
)2 + 42

]

Thus, R′2a − 2.18R′a + 0.44 = 0, or R′a = 0.225, or 1.955 �. The value of 0.225 being less than
R′2 is not feasible; therefore R′a = 1.955 �.

From Equation (16.1.53), Reff = (R′a −R′2)/(turns ratio)2 = (1.955− 0.5)/252 = 0.233 �.
From Equations (16.1.52) and (16.1.51), we calculate

(1− δ) = 2Reff − Rd

R
= 2× 0.233− 0.22

1
= 0.446, or δ = 0.554

Instead of wasting the slip power in the rotor circuit resistance, as was suggested by Scherbius,
we can feed it back to the ac mains by using a scheme known as a static Scherbius drive. The slip
power can be converted to mechanical power (with the aid of an auxiliary motor mounted on the
induction-motor shaft), which supplements the main motor power, thereby delivering the same
power to the load at different speeds, as in the Kramer drive.

Solid-State Control of Synchronous Motors

The speed of a synchronous motor can be controlled by changing its supply frequency. With
variable-frequency control, two modes of operation are possible: true synchronous mode, em-
ployed with voltage source inverters, in which the supply frequency is controlled from an
independent oscillator; and self-controlled mode, in which the armature supply frequency is
changed proportionally so that the armature field always rotates at the same speed as the rotor. The
true synchronous mode is used only in multiple synchronous-reluctance and permanent-magnet
motor drives, in applications such as paper mills, textile mills, and fiber-spinning mills, because
of the problems associated with hunting and stability. Variable-speed synchronous-motor drives,
commonly operated in the self-controlled mode, are superior to or competitive with induction-
motor or dc-motor variable-speed drives.

Drives fed from a load-commutated current-source inverter or a cycloconverter find applica-
tions in high-speed high-power drives such as compressors, conveyors, traction, steel mills, and
ship propulsion. The drives fed from a line-commutated cycloconverter are used in low-speed
gearless drives for mine hoists and ball mills in cement production. Self-controlled permanent-
magnet synchronous-motor drives are replacing the dc-motor drives in servo applications.

Self-control can be applied to all variable-frequency converters, whether they are voltage-
source inverters, current-source inverters, current-controlled PWM inverters, or cycloconverters.
Rotor position sensors, i.e., rotor position encoders with optical or magnetic sensors, or armature
terminal voltage sensors, are used for speed tracking. In the optical rotor position encoder shown
in Figure 16.1.25 for a four-pole synchronous machine, the semiconductor switches are fired at
a frequency proportional to the motor speed. A circular disk, with two slots S ′ and S ′′ on an
inner radius and a large number of slots on the outer periphery, is mounted on the rotor shaft.
Four stationary optical sensors P1 to P4 with the corresponding light-emitting diodes and photo
transistors are placed as shown in Figure 16.1.25. Whenever the sensor faces a slot, an output
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results. Waveforms caused by the sensors are also shown in Figure 16.1.25. A detailed discussion
of this kind of microprocessor control of current-fed synchronous-motor drives is outside the
scope of this text.

0 180° 360° ωt

P1

0 120° 300° ωt

P2

0 60°

90°

90°

Slots

60°60°
240° ωt

P3

P2

P4

P3

S″ S ′

P1

0 180°
(b)

(a)

360° ωt

P4

Figure 16.1.25 Optical rotor position encoder and its output waveforms.

EXAMPLE 16.1.6

A 1500-hp, 6600-V, six-pole, 60-Hz, three-phase, wye-connected, synchronous motor, with a
synchronous reactance of 36 �, negligible armature resistance, and unity power factor at rated
power, is controlled from a variable-frequency source with constant V/f ratio. Determine the
armature current, torque angle, and power factor at full-load torque, one-half rated speed, and
rated field current. (Neglect friction, windage, and core loss.)

So l u t i on

The simplified per-phase equivalent circuits of the motor are shown in Figure E16.1.6. Phase
voltage V = 6600/

√
3 = 3810.6 V, and

Ī ′m =
V � 0°

jXs

= 3810.6

36 � 90°
= 105.9� − 90° A

With unity power factor at rated power, we obtain

1500× 746 = √3× 6600× Is

Hence, the rated armature current Is = 97.9 A. Then

Ī ′f = Ī ′m − Ī ′s = 105.9 � − 90°− 97.9 � 0° = −97.9− j105.9 = 144.2 � − 132.8° A

The synchronous speed is (120 × 60)/6 = 1200 rpm, or ωs = 125.7 rad/s. The rated torque is
then

Trated = 1500× 746

125.7
= 8902 N ·m
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and

sin δ = 1500× 746

3× (6600/
√

3)× 144.2
= 0.6788

or the torque angle δ = 42.75° electrical or 14.25° mechanical.
One-half of rated speed = 600 r/min. With a constant V/f ratio, I ′m is constant. Since

torque T = (3/ωs)V I ′f sin δ = (3Xs/ωs)I
′
mI

′
f sin δ, δ is unchanged. Noting that Īs =

Ī ′m − Ī ′f , Is sin φ = −Ī ′m + Ī ′f cos δ, and Is cos φ = Ī ′f sin δ, then, for constant values
of δ and I ′m, both Is and the power factor remain the same, which is true for any speed. Therefore,

Is = 97.9 A; δ = 42.75° electrical; power factor = 1.0

V∠0°

V

Vf

Vf∠−δ jXs

Is

I ′m

I ′f

I ′f −(δ + ) =

δ

φ

δ δ + π
2

δ′

φ

Is
jXs

IsXs

V∠0°

Is

V

π
2

(b)(a)

I ′m = V
jXs

Vf
jXs

Figure E16.1.6

Applications for the Electronic Control of Motors

A wide range of variable-speed drive systems are now available, each having particular advantages
and disadvantages. The potential user needs to evaluate each application on its own merit, with
consideration given to both technical limitations of particular systems and long-term economics.
A number of possible applications of the electronic control of motors are listed in Table 16.1.4.

16.2 FEEDBACK CONTROL SYSTEMS

An open-loop system is one in which the control action is independent of the output or desired
result, whereas a closed-loop (feedback) system is one in which the control action is dependent
upon the output. In the case of the open-loop system, the input command (actuating signal) is
the sole factor responsible for providing the control action, whereas for a closed-loop system the
control action is provided by the difference between the input command and the corresponding
output.
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TABLE 16.1.4 Applications for the Electronic Control of Motors

Practical
Speed

Typical Range for a
Output One- or Variables
Range Two-Quadrant Governing

Converter Motor (kW) Drive Quadrants of Operation Supply Speed Applications

Dc Drives

Single-phase
rectifier with
center-tapped
transformer

Separately excited
or permanent
magnet dc

0–5 1:50 Quad 1 driving
Quad 2 dynamic or mechanical braking
Reversal or armature connections or dual

converter for four-quadrant operation

120-V single-
phase ac

Armature
terminal pd

Field current

Small variable-speed
drives in general

Single-phase fully
controlled
bridge rectifier

Separately excited
or permanent
magnet dc

0–10 1:50 Quad 1 driving
Quad 2 dynamic braking
Reversal of armature connections or dual

converter for four-quadrant operation

240-V single-
phase ac

Armature
terminal pd

Field current

Processing machinery,
machine tools

Single-phase
half-controlled
bridge rectifier

Separately excited
or permanent
magnet dc

0–10 1:50 Quad 1 driving
Quad 2 dynamic braking
Reversal of armature connections for

four-quadrant operation

240-V single-
phase ac

Armature
terminal pd

Field current

Processing machinery,
machine tools

Three-phase
bridge rectifier

Separately excited
or permanent
magnet dc

10–200
(10–50 for
PM motor)

1:50 Quad 1 driving
Quad 2 dynamic braking
Dual converter for regenerative braking

with four-quadrant operation

240-V to
480-V
three-phase
ac

Armature
terminal pd

Field current

Hoists, machine tools,
centrifuges,
calender rollers

Three-phase
bridge rectifier

Separately excited
dc

200–1000 1:50 Quad 1 driving
Quad 2 dynamic braking
Dual converter for regenerative braking

with four-quadrant operation

460-V to
600-V
three-phase
ac

Armature
terminal pd

Field current

Winders, rolling mills

Chopper (dc-to-dc
converter)

Separately excited
dc

1:50 Alternatives are quad 1 only; quads 1
and 2; quads 1 and 4; all four

600-V to
1000-V dc

Armature
terminal pd

Field current

Electric trains, rapid
transit streetcars,
trolleys, buses,
cranes
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Ac Drives

AC power
controller

Class D
squirrel-cage
induction motor

0–25 1:2 Quad 1 driving
Quad 4 plugging with source

phase-sequence reversal
Quad 3 driving
Quad 2 plugging

240-V three-
phase ac

Stator terminal
pd

Centrifugal pumps
and fans

Slip-energy
recovery system

Wound-rotor
induction motor

Up to 20,000 1:2 Quad 1 driving, with source
phase-sequence reversal

Quad 3 driving

Up to 5000-V
three-phase
ac

Rotor terminal
pd

Centrifugal pumps
and fans

Voltage-source
inverter and
additional
converters

Class B or C
squirrel-cage
induction motor
or synchronous
motors

15–250 1:10 Quad 1 driving
Quad 2 regenerative braking, with

appropriate additional converters
Quad 3 driving
Quad 4 regenerative breaking

240-V to
600-V
three-phase
ac

Stator terminal
pd and
frequency

Group drives in textile
machinery and
runout tables

Current-source
inverter and
additional
converters

Class B or C
squirrel cage
induction motor

15–500 1:10 Quad 1 driving
Quad 2 regenerative braking, with

inverter control signal sequence
reversal

Quad 3 driving
Quad 4 regenerative braking

240-V to
600-V
three-phase
ac

Stator current
and
frequency

Single-motor dives,
centrifuges, mixers,
conveyors, etc.

Current-source
inverter and
additional
converters

Three-phase
synchronous
motor

Up to 15,000 1:50 Quad 1 driving
Quad 2 regenerative breaking, with

inverter control signal sequence
reversal

Quad 3 driving
Quad 4 regenerative braking

Up to 5000-V
three-phase
ac

Stator current
and
frequency

Single-motor drives,
processing
machinery of all
kinds

Adapted from S. A. Nasar, Editor, Handbook of Electric Machines, McGraw-Hill, New York, 1987.
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Activating
signal u

Controlled
variable c

Reference
input r

Controller Controlled
process

Figure 16.2.1 Elements of an open-loop control system.

The elements of an open-loop control system may be divided into two parts: the controller
and the controlled process, as shown by the block diagram of Figure 16.2.1. An input signal
or command r is applied to the controller, whose output acts as the actuating signal u. The
actuating signal then controls the controlled process such that the controlled variable c will
perform according to some prescribed standards. The controller may be an amplifier, mechanical
linkage, or other basic control means in simple cases, whereas in more sophisticated electronics
control, it can be an electronic computer such as a microprocessor.

Feedback control systems can be classified in a number of ways, depending upon the purpose
of the classification.

1. According to the method of analysis and design.

• Linear versus nonlinear control systems. Linear feedback control systems are idealized
models that are conceived by the analyst for the sake of simplicity of analysis and
design. For the design and analysis of linear systems there exist a wealth of analytical
and graphical techniques. On the other hand, nonlinear systems are very difficult to treat
mathematically, and there are no general methods that can be used for a broad class of
nonlinear systems.

• Time-invariant versus time-varying systems. When the parameters of a control system are
stationary with respect to time during the operation of the system, the system is known
as a time-invariant system. Even though a time-varying system without nonlinearity is
still a linear system, the analysis and design of such a class of systems are generally
much more complex than that of linear time-invariant systems.

2. According to the types of signal found in the system.

• Continuous-data and discrete-data systems. A continuous-data system is one in which
the signals at various parts of the system are all functions of the continuous-time variable
t. When one refers to an ac control system, it usually means that the signals in the system
are modulated by some kind of modulation scheme. On the other hand, a dc control system
implies that the signals are unmodulated, but they are still ac signals according to the
conventional definition. Typical components of a dc control system are potentiometers,
dc amplifiers, dc motors, and dc tachometers; typical components of an ac control system
are synchros, ac amplifiers, ac motors, gyroscopes, and accelerometers.

• Sampled-data and digital control systems. These differ from the continuous-data systems
in that the signals at one or more points of the system are in the form of either a pulse
train or a digital code. Sampled-data systems usually refer to a more general class of
systems whose signals are in the form of pulse data, whereas a digital control system
refers to the use of a digital computer or controller in the system. The term discrete-data
control system is used to describe both types of systems.
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3. According to the type of system components.

• Electromechanical control systems.

• Hydraulic control systems.

• Pneumatic control systems.

• Biological control systems.

4. According to the main purpose of the system.

• Position control systems. Here the output position, such as the shaft position on a motor,
exactly follow the variations of the input position.

• Velocity control systems.

• Regulators. Their function consists in keeping the output or controlled variable constant
in spite of load variations and parameter changes. Speed control of a motor forms a good
example. Feedback control systems used as regulators are said to be type 0 systems,
which have a steady-state position error with a constant position input.

• Servomechanisms. Their inputs are time-varying and their function consists in providing
a one-to-one correspondence between input and output. Position-control systems, includ-
ing automobile power steering, form good examples. Servomechanisms are usually type
1 or higher order systems. A type 1 system has no steady-state error with a constant
position input, but has a position error with a constant velocity input (the two shafts
running at the same velocity, but with an angular displacement between them).

Once the mathematical modeling of physical systems is done, while satisfying equations of
electric networks and mechanical systems, as well as linearizing nonlinear systems whenever
possible, feedback control systems can be analyzed by using various techniques and methods:
transfer function approach, root locus techniques, state-variable analysis, time-domain analysis,
and frequency-domain analysis. Although the primary purpose of the feedback is to reduce the
error between the reference input and the system output, feedback also has effects on such system
performance characteristics as stability, bandwidth, overall gain, impedance, transient response,
frequency response, effect of noise, and sensitivity, as we shall see later.

Transfer Functions and Block Diagrams

The transfer function is a means by which the dynamic characteristics of devices or systems are
described. The transfer function is a mathematical formulation that relates the output variable of
a device to the input variable. For linear devices, the transfer function is independent of the input
quantity and solely dependent on the parameters of the device together with any operations of time,
such as differentiation and integration, that it may possess. To obtain the transfer function, one
usually goes through three steps: (i) determining the governing equation for the device, expressed
in terms of the output and input variables, (ii) Laplace transforming the governing equation,
assuming all initial conditions to be zero, and (iii) rearranging the equation to yield the ratio of
the output to input variable. The properties of transfer functions are summarized as follows.

• A transfer function is defined only for a linear time-invariant system. It is meaningless for
nonlinear systems.

• The transfer function between an input variable and an output variable of a system is defined
as the ratio of the Laplace transform of the output to the Laplace transform of the input, or
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as the Laplace transform of the impulse response. The impulse response of a linear system
is defined as the output response of the system when the input is a unit impulse function.

• All initial conditions of the system are assumed to be zero.

• The transfer function is independent of the input.

The block diagram is a pictorial representation of the equations of the system. Each block
represents a mathematical operation, and the blocks are interconnected to satisfy the governing
equations of the system. The block diagram thus provides a chart of the procedure to be followed
in combining the simultaneous equations, from which useful information can often be obtained
without finding a complete analytical solution. The block-diagram technique has been highly
developed in connection with studies of feedback control systems, often leading to programming
a problem for solution on an analog computer.

The simple configuration shown in Figure 16.2.2 is actually the basic building block of a
complex block diagram. The arrows on the diagram imply that the block diagram has a unilateral
property; in other words, a signal can pass only in the direction of the arrows. A box is the
symbol for multiplication; the input quantity is multiplied by the function in the box to obtain the
output. With circles indicating summing points (in an algebraic sense), and with boxes or blocks
denoting multiplication, any linear mathematical expression can be represented by block-diagram
notation, as in Figure 16.2.3 for an elementary feedback control system. The expression for the
output quantity with negative feedback is given by

C = GE = G(R − B) = G(R −HC) (16.2.1)

or

C = G

1+HG
R (16.2.2)

G(s)
C(s) = G(s)R(s)

Output
R(s)
Input

Figure 16.2.2 Basic building block of a block diagram.

R(s) reference variable (input signal)
C(s) output signal (controlled variable)
B(s) feedback signal, = H(s)C(s)
E(s) actuating signal (error variable), = R(s) − B(s) 
G(s) forward path transfer function or open-loop transfer function, = C(s)/E(s) 
M(s) closed-loop transfer function, = C(s)/R(s) = G(s)/1 + G(s)H(s) 
H(s) feedback path transfer function

G(s)H(s) loop gain

Feedback elements (loop)

Controlled variable
(output signal)

Feedforward
elements (loop)

Actuating
signal

Reference variable
(input signal)

Error detector
(comparator)

Feedback
signal

H(s)

G(s)
C(s)
c(t)

E(s)+
− e(t)

R(s)
r(t)

B(s)
b(t)

Figure 16.2.3 Block diagram of an elementary feedback control system.
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The transfer function M of the closed-loop system is then given by

M = C

R
= G

1+HG

= direct transfer function

1+ loop transfer function
(16.2.3)

The block diagrams of complex feedback control systems usually contain several feedback
loops, which might have to be simplified in order to evaluate an overall transfer function for the
system. A few of the block diagram reduction manipulations are given in Table 16.2.1; no attempt
is made to cover all possibilities.

TABLE 16.2.1 Some Block Diagram Reduction Manipulations

Original Block Diagram Modified Block DiagramManipulation

Cascaded elements

Addition or subtraction
(eliminating auxiliary
forward path)

Shifting of pick-off
point ahead of block

Shifting of pick-off
point behind block

Shifting of summing
point ahead of block

Shifting of summing
point behind block

Removing H from
feedback path

Eliminating
feedback path

G1 G2
R C

G1

G2

R C+

+−

G1G2
CR

G1 + G2−
CR

G
R E

C

+

−

G
R E

C

+

−

G

H

R C+

−
H G1/H

R C+

−

G

G

R E

C

+

−

G

1/G

R E

C

+

−

G

1/G

R C

G

H

R C+

−

G
R C

G
1 + GH

R C

G
R C

G

G

R C



786 BASIC CONTROL SYSTEMS

EFFECT OF FEEDBACK ON SENSITIVITY TO PARAMETER CHANGES

A good control system, in general, should be rather insensitive to parameter variations, while it
is still able to follow the command quite responsively. It is apparent from Figure 16.2.1 that in an
open-loop system the gain of the system will respond in a one-to-one fashion to the variation in
G. Let us now investigate what effect feedback has on the sensitivity to parameter variations.

The sensitivity S of a closed-loop system with Equation (16.2.3) to a parameter change p in
the direct transmission function G is defined as

SM
p = per-unit change in closed-loop transmission

per-unit change in open-loop transmission

= ∂M/M

∂Gp/Gp

(16.2.4)

where Gp denotes that the derivative is to be taken with respect to the parameter p of the function
G. From Equation (16.2.3) it follows that

∂M = −HGp ∂Gp

(1+HGp)2
+ ∂Gp

1+HGp

= ∂Gp

(1+HGp)2
(16.2.5)

Substituting Equations (16.2.5) and (16.2.3) into Equation (16.2.4), one gets

SM
p = ∂M/M

∂Gp/Gp

=
[
∂Gp/(1+HGp)

2
] [
(1+HGp)/Gp

]
∂Gp/Gp

= 1

1+HGp

(16.2.6)

or

∂M

M
=
(

1

1+HGp

)
∂Gp

Gp

(16.2.7)

Equation (16.2.6) shows that the sensitivity function can be made arbitrarily small by increasing
HGp, provided that the system remains stable.

EFFECT OF FEEDBACK ON STABILITY

Let us consider the direct transfer function of the unstable first-order system of Figure 16.2.4(a).
The transfer function is given by

G = C

E
= K

1− pτ
= −K/τ

p − 1/τ
(16.2.8)

where p = d/dt is the differential operator. If a unit-step function is applied as the input quantity
E, the output becomes

C(p) = −K/τ

p − 1/τ
E(p) = −K/τ

p(p − 1/τ)
(16.2.9)

H

(b)(a)

R CE

−
K

1 − pτG =

Note:  p ≡ 

E C K
1 − pτ

d
dt

Figure 16.2.4 (a) Block-diagram representation of an unstable first-order system. (b) System of part (a)
modified with a feedback path.
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for which the corresponding time solution is given by

c(t) = K(1− et/τ ) (16.2.10)

which is clearly unstable, since the response increases without limit as time passes. By placing a
negative feedback path H around the direct transfer function, as shown in Figure 16.2.4(b), the
closed-loop transfer function is then

M = C

R
=

K

1− pτ

1+ KH

1− pτ

= K

1− pτ +HK
(16.2.11)

By choosing H = ap and aK > τ , it follows that

M = K

1− pτ + paK
(16.2.12)

and the corresponding time response of the closed-loop system, when subjected to a unit step,
becomes

cf (t) = K(1− e−t/(aK−τ)) (16.2.13)

where cf(t) denotes response with feedback. The system is now clearly stable with aK > τ . Thus,
the insertion of feedback causes the unstable direct transmission system of Figure 16.2.4(a) to
become stable. Such a technique is often used to stabilize space rockets and vehicles, which are
inherently unstable because of their large length-to-diameter ratios.

Note that the direct transfer function of Equation (16.2.8) has a pole located in the right half
p-plane at p = 1/τ , whereas the pole of the closed-loop transfer function of Equation (16.2.12)
with aK > τ is located in the left half p-plane.

EFFECT OF FEEDBACK ON DYNAMIC RESPONSE AND BANDWIDTH

Let us consider the block-diagram representation of the open-loop system shown in Figure
16.2.5(a), whose direct transfer function is given by

G = C

E
= K

1+ pτ
= K/τ

p + 1/τ
(16.2.14)

corresponding to which, the transient solution of the system is of the form given by

c(t) = Ae−t/τ (16.2.15)

The transient in this system is seen to decay in accordance with a time constant of τ seconds. By
placing a feedback path H around the direct transfer function, as shown in Figure 16.2.5(b), the
closed-loop transfer function is then

H

(b)(a)

R CE

−
K

1 + pτG =

Note:  p ≡ 

E C K
1 + pτ

d
dt

Figure 16.2.5 Block-diagram representation of system. (a) Without feedback. (b) With feedback.
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M = C

R
=

K/τ

p + 1/τ

1+ HK/τ

p + 1/τ

= K/τ

p + 1+HK

τ

(16.2.16)

and the corresponding transient solution of the closed-loop system is of the form

cf (t) = Af e
−[(1+HK)/τ ]t (16.2.17)

where cf(t) represents the transient response of the output variable with feedback. Comparing
Equations (16.2.15) and (16.2.17), it is clear that the time constant with feedback is smaller by
the factor 1/(1+HK), and hence the transient decays faster.

By treating the differential operator p as the sinusoidal frequency variable jω, i.e., p = jω =
j (1/τ), it follows from Equation (16.2.14) that the bandwidth of the open-loop system spreads
over a range from zero to a frequency of 1/τ rad/s. On the other hand, for the system with feedback,
Equation (16.2.16) reveals that the bandwidth spreads from zero to (1+HK)/τ rad/s, showing
that the bandwidth has been augmented by increasing the upper frequency limit by 1+KH .

Dynamic Response of Control Systems

The existence of transients (and associated oscillations) is a characteristic of systems that possess
energy-storage elements and that are subjected to disturbances. Usually the complete solution of
the differential equation provides maximum information about the system’s dynamic performance.
Consequently, whenever it is convenient, an attempt is made to establish this solution first.
Unfortunately, however, this is not easily accomplished for high-order systems. Hence we are
forced to seek out other easier and more direct methods, such as the frequency-response method
of analysis.

Much of linear control theory is based on the frequency-response formulation of the sys-
tem equations, and several quasi-graphical and algebraic techniques have been developed to
analyze and design linear control systems based on frequency-response methods. Although
frequency-response techniques are limited to relatively simple systems, and apply only to lin-
ear systems in the rigorous mathematical sense, they are still most useful in system design
and the stability analysis of practical systems and can give a great deal of information about
the relationships between system parameters (such as time constants and gains) and system
response.

Once the transfer function of Equation (16.2.3) is developed in terms of the complex frequency
variable s, by letting s = jω, the frequency-response characteristic and the loop gain GH(jω) can
be determined. The Bode diagram, displaying the frequency response and root-locus techniques,
can be used to study the stability analysis of feedback control systems. The dc steady-state
response, which becomes one component of the step response of the control system, can also
be determined by allowing s to be zero in the transfer function. The step response, in turn, can
be used as a measure of the speed of response of the control system. Thus, the transfer function
obtained from the block diagram can be used to describe both the steady-state and the transient
response of a feedback control system.

The matrix formulations associated with state-variable techniques have largely replaced
the block-diagram formulations. Computer software for solving a great variety of state-equation
formulations is available on most computer systems today. However, in the state-variable for-
mulation, much of the physical reality of any system is lost, including the relationships between
system response and system parameters.
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With the development and widespread use of digital (discrete) control systems and the advent
of relatively inexpensive digital computers, time-response methods have become more necessary
and available. These may be divided into two broad methodologies:

1. The actual simulation or modeling of the system differential equations by either analog
or digital computers.

2. The state-variable formulation of the system state equations and their solution by a digital
computer. State-variable methods offer probably the most general approach to system
analysis and are useful in the solution of both linear and nonlinear system equations.

The transient portion of the time response of a stable control system is that part which goes to
zero as time increases and becomes sufficiently large. The transient behavior of a control system
is usually characterized by the use of a unit-step input. Typical performance criteria that are used
to characterize the transient response to a unit-step input include overshoot, delay time, rise time,
and settling time. Figure 16.2.6 illustrates a typical unit-step response of a linear control system.
The following four quantities give a direct measure of the transient characteristics of the step
response:

• Maximum (or peak) overshoot A is the largest deviation of the output over the step input
during the transient state. It is used as a measure of the relative stability of the system. The
percentage maximum overshoot is given by the ratio of maximum overshoot to final value,
expressed in percent.

• Delay time td is defined as the time required for the step response to reach 90% of its final
value.

• Rise time tr is defined as the time needed for the step response to rise from 10% to 90% of
its final value.

c(t)
Response

Rise time tr

Delay
time

td

Unit-step input

Maximum
overshoot A

Decrement = A/B

Steady-state
error

(t → ∞)

B

t0
0.10

0.50

1.00
0.95
0.90

1.05

Settling time ts

tmax

Figure 16.2.6 Typical unit-step response of a control system.
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• Settling time ts is the time required for the step response to decrease and stay within a
specified percentage (usually 5%) of its final value.

While these quantities are relatively easy to measure once a step response is plotted, they
cannot easily be determined analytically, except for simple cases.

Steady-State Error of Linear Systems

If the steady-state response of the output does not agree exactly with the steady state of the input,
the system is said to have a steady-state error. Steady-state errors in practical control systems are
almost unavoidable because of friction, other imperfections, and the nature of the system. The
objective is then to keep the error to a minimum, or below a certain value. The steady-state error
is a measure of system accuracy when a specific type of input is applied to a control system.

Referring to Figure 16.2.3, assuming the input and output signals are of the same dimension
and are at the same level before subtraction, with a nonunity element H(s) incorporated in the
feedback path, the error of the feedback control system is defined as

e(t) = r(t)− b(t) or E(s) = R(s)− B(s) = R(s)−H(s)C(s)

or using Equation (16.2.2),

E(s) = R(s)

1+G(s)H(s)
(16.2.18)

Applying the final-value theorem, the steady-state error of the system is

eSS = lim
t→∞ e(t) = lim

s→0
sE(s) (16.2.19)

in which sE(s) is to have no poles that lie on the imaginary axis and in the right half of the s-plane.
Substituting Equation (16.2.18) into Equation (16.2.19), we get

eSS = lim
s→0

sR(s)

1+G(s)H(s)
(16.2.20)

which apparently depends on the reference input R(s) and the loop gain (loop transfer function)
G(s)H(s).

The type of feedback control system is decided by the order of the pole of G(s)H(s) at s = 0.
Thus, if the loop gain is expressed as

G(s)H(s) = KN(s)

sqD(s)
= K(1+ T1s)(1+ T2s) · · · (1+ Tms)

sq(1+ Tas)(1+ Tbs) · · · (1+ Tns)
(16.2.21)

where K and all of the T are constants, the exponent of s, i.e., q, in the denominator represents
the number of integrations in the open loop, and the exponent q defines the system type. With q
= 0, 1, or 2, the system is classified as position, velocity, or acceleration system, respectively.
Table 16.2.2 summarizes the error response for different unit inputs and three system types. The
development of these results is left as Problem 16.2.32 at the end of this chapter.

Classification of Feedback Control Systems by Control Action

A more common means of describing industrial and process controllers is by the way in which
the error signal E(s) is used in the forward loop of Figure 16.2.3. The basic control elements are

• A proportional device, such as an amplifier

• A differentiating device, such as an inductor
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TABLE 16.2.2 Steady-State Error Response for Unit Inputs

System Type Unit Step
(
1
s

)
Unit Ramp

(
1

s2

)
Unit Acceleration

(
1

s3

)

0 Finite Infinite Infinite
1 0 Finite Infinite
2 0 0 Finite

• An integrating device, such as an operational amplifier with feedback.

Many industrial controllers utilize two or more of the basic control elements. The classification
by control action is summarized in Table 16.2.3.

Error-Rate Control, Output-Rate Control, and Integral-Error (Reset)
Control

Let us consider a typical second-order servomechanism (containing two energy-storing elements)
whose defining differential equation for obtaining the dynamic behavior of the system is given
by

J
d2c

dt2
+ F

dc

dt
+Kc + TL = Kr (16.2.22)

where J, F, and TL represent, respectively, effective inertia, equivalent viscous friction, and
resultant load torque appearing at the motor shaft; K = KpKaKm, where Kp is the potentiometer
transducer constant (V/rad), Ka is the amplifier gain factor (V/V), and Km is the motor-developed
torque constant (N·m/V) of the physical servomechanism shown in Figure 16.2.7; r is the input
command and c is the output displacement, both in radians.

The block diagram of the servomechanism of Figure 16.2.7 is given in Figure 16.2.8, in
which the transfer function of each component is shown. Since the actuating signal is given by
E = Kp(R − C), the block diagram may be simplified, as shown in Figure 16.2.9, in which
TL is assumed to be zero for simplicity. The direct transmission function (forward path transfer
function) for the system can be seen to be

G(s) = KpKaKm

Js2 + Fs
= K

Js2 + Fs
(16.2.23)

The corresponding closed-loop transfer function is given by

M(s) = C(s)

R(s)
= G(s)

1+HG(s)
= K/(J s2 + Fs)

1+K/(J s2 + Fs)
= K

Js2 + Fs +K
(16.2.24)

TABLE 16.2.3 Classification by Control Action

Control Action G(s)

Proportional Kp

Differential sKd

Integral Ki /s
Proportional and differential (PD) Kp + sKd

Proportional and integral (PI) Kp + Ki /s
Proportional and integral and differential (PID) Kp + Ki /s + sKd
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E

Feedback
potentiometer

Input
potentiometer

Servo
amplifier

Gain factor Ka

Load

J, F, TL

c
Output

displacementMotor-developed
torque = e Ka Km

Direct connection
between servomotor
and feedback
potentiometer
as well as load

Servomotor
(torque constant

= Km)

Actuating signal
e = Kp(r − c)

Er
Eb

+

Figure 16.2.7 Second-order servomechanism.

Servomotor

Input potentiometer

Feedback potentiometer

Amplifier−Eb

−TL

Js2 + Fs
1Er EaER(s) C (s)

Kp Ka
TdKm

Kp

Figure 16.2.8 Block diagram of the servomechanism of Figure 16.2.7.

H = 1

−
Js2 + Fs

1R E CKp
TdKa Km

Figure 16.2.9 Simplified block
diagram of the servomechanism
of Figure 16.2.7 (with zero load
torque).

or

M(s) = C(s)

R(s)
= K/J

s2 + (F/J )s +K/J
(16.2.25)

or

C(s) = R(s)
K/J

s2 + (F/J )s +K/J
= R(s)

ω2
n

s2 + 2ξωns + ω2
n

(16.2.26)

where ωn ≡ √K/J is known as the system natural frequency, and

ξ ≡ F

2
√
KJ

= total damping

critical damping

is known as the damping ratio. ξ and ωn are the two figures of merit that describe the dynamic
behavior of any linear second-order system. The damping ratio ξ provides information about
the maximum overshoot (see Figure 16.2.6) in the system when it is excited by a step-forcing
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function, whereas the natural frequency ωn of a system provides a measure of the settling time
(see Figure 16.2.6). The settling time is no greater than ts = 3/ξωn for the response to a step input
to reach 95% of its steady-state value. For a 1% tolerance band, the settling time is no greater than
ts = 5/ξωn. Figure 16.2.10 depicts the percent maximum overshoot as a function of the damping
ratio ξ for a linear second-order system. For two different systems having the same damping ratio
ξ , the one with the larger natural frequency will have the smaller settling time in responding to
input commands or load disturbances.

The particular form of the forced solution of Equation (16.2.26) depends upon the type of
forcing function used. If a step input of magnitude r0 is applied, then R(s) = r0/s, so that the
complete transformed solution becomes

C(s) =
( r0

s

) ω2
n

s2 + 2ξωns + ω2
n

(16.2.27)

Note that the steady-state solution is generated by the pole associated with R(s), while the transient
terms resulting from a partial-fraction expansion are associated with the poles of the denominator.

In order to meet the requirements for the steady-state performance, as well as dynamic
performance of the feedback control system of Figure 16.2.7, it becomes necessary to provide
independent control of both performances. Practical methods that have gained widespread accep-
tance are

• Error-rate control

• Output-rate control

• Integral-error (or reset) control.

ERROR-RATE CONTROL

A system is said to possess error-rate damping when the generation of the output in some way
depends upon the rate of change of the actuating signal. For the system of Figure 16.2.7, if the
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amplifier is so designed that it provides an output signal containing a term proportional to the
derivative of the input, as well as one proportional to the input itself, error-rate damping will be
introduced. For the system that includes error rate, the only modification needed is in the transfer
function of the servoamplifier. Instead of the gain Ka, the new transfer function will be Ka+ sKe,
where Ke denotes the error-rate gain factor of the amplifier. The complete block diagram is shown
in Figure 16.2.11. In this case the direct transmission function becomes

G(s) = KpKm(Ka + sKe)

J s2 + Fs
(16.2.28)

and the closed-loop transfer function is given by

M(s) = C(s)

R(s)
= G(s)

1+HG(s)
= K + sQe

J s2 + (F +Qe)s +K
(16.2.29)

where K = KpKaKm and Qe = KpKeKm are known as the loop proportional gain factor and the
loop error-rate gain factor, respectively.

Note that the steady-state solution for a step input r0 is the same whether or not error-rate
damping is present. The advantage of error-rate damping lies in the fact that it allows higher
gains to be used without adversely affecting the damping ratio, and thereby makes it possible to
satisfy the specifications for the damping ratio as well as for the steady-state performance. Also,
the system’s natural frequency is increased, which in turn implies smaller settling times.

OUTPUT-RATE CONTROL

A system is said to have output-rate damping when the generation of the output quantity in some
way is made to depend upon the rate at which the controlled variable is varying. Output-rate control
often involves the creation of an auxiliary loop, making the system multiloop. For the system of
Figure 16.2.7, output-rate damping can be obtained by means of a tachometer generator, driven
from the servomotor shaft. The complete block diagram of the servomechanism with output-rate
damping is depicted in Figure 16.2.12, where Ko is the output-rate gain factor (V·s/rad) and the
output-rate signal is given by Ko(dc/dt). By applying the feedback relationship of Equation
(16.2.3) to the minor (inner) loop, one gets

C(s)

E(s)
=

KaKm

Js2 + sF

1+ sKoKaKm

Js2 + Fs

= KaKm

Js2 + (F +Qo)s
(16.2.30)

where Qo = KoKaKm is known as the loop output-rate gain factor. Figure 16.2.12 may then be
simplified, as shown in Figure 16.2.13. The closed-loop transfer function for the complete system
is then given by

AmplifierPotentiometer Servomotor
−

Js2 + Fs
1R E CKp Km

TdEaKa + sKe

Figure 16.2.11 Block diagram of servomechanism with error-rate damping.
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Amplifier

Tachometer generator
Output rate

Potentiometer Servomotor
−

−Et

Js2 + Fs
1R E CKp Ka Km

TdEa

sKo

Figure 16.2.12 Block diagram of servomechanism with output-rate damping.

M(s) = C(s)

R(s)
=

K

Js2 + (F +Qo)s

1+ K

Js2 + (F +Qo)s

= K

Js2 + (F +Qo)s +K
(16.2.31)

where K = KpKaKm is known as the loop proportional gain factor, as stated earlier.
The manner in which output-rate damping effects in controlling the transient response are

most easily demonstrated is by assuming a step input applied to the system. The output-rate signal
appears in opposition to the proportional signal, thereby removing the tendency for an excessively
oscillatory response. With error-rate damping and output-rate damping, the damping ratio can be
seen to be

ξ = F +Q

2
√
KJ

(16.2.32)

where Q = Qe or Qo, in which a term is added to the numerator, while the natural frequency is
unchanged (as given by ωn = √K/J ). The damping ratio can then be adjusted independently
through Qe or Qo, while K can be used to meet accuracy requirements.

INTEGRAL-ERROR (OR RESET) CONTROL

A control system is said to possess integral-error control when the generation of the output in
some way depends upon the integral of the actuating signal. By designing the servoamplifier such
that it makes available an output voltage that contains an integral term and a proportional term,
integral-error control can be obtained. By modifying the transfer function of the servoamplifier in
the block diagram, the complete block diagram of the servomechanism with integral-error control
is shown in Figure 16.2.14, where Ki is the proportionality factor of the integral-error component.
The direct transmission function is then given by

G(s) = KpKm(Ki + sKa)

J s3 + Fs2
(16.2.33)

and the corresponding closed-loop transfer function becomes

−
Js2 + (F + Qo)s

KaKmR E CKp

Figure 16.2.13 Simplified block diagram of Figure 16.2.12.
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Potentiometer Servoamplifier Servomotor
−

Js2 + Fs
1R E CKp Ka + Ki

s
Km

TdEa

Figure 16.2.14 Block diagram of servomechanism with integral-error control.

M(s) = C(s)

R(s)
= Qi + sK

Js3 + Fs2 +Ks +Qi

(16.2.34)

where Qi = KiKpKm and K = KpKaKm, as defined earlier. Since the integral term stands alone
without combining with the viscous-friction F term (as was the case with error-rate and output-rate
controls), its influence on system performance differs basically from the previous compensation
schemes. Also note that the order of the system is changed from second to third, because of the
integral-error compensation. The inclusion of the integral term implies that a third independent
energy-storing element is present. The position lag error, which exists with error-rate and output-
rate control, disappears with integral-error control. This is a characteristic of integral control
which greatly improves steady-state performance and system accuracy. However, it may make
the dynamic behavior more difficult to cope with successfully.

Let us now present some illustrative examples.

EXAMPLE 16.2.1

Since dc motors of various types are used extensively in control systems, it is essential for
analytical purposes that we establish a mathematical model for the dc motor. Let us consider the
case of a separately excited dc motor with constant field excitation. The schematic representation
of the model of a dc motor is shown in Figure E16.2.1(a). We will investigate how the speed
of the motor responds to changes in the voltage applied to the armature terminals. The linear
analysis involves electrical transients in the armature circuit and the dynamics of the mechanical
load driven by the motor. At a constant motor field current If, the electromagnetic torque and the
generated emf are given by

Te = Kmia (1)

ea = Kmωm (2)

where Km = kIf is a constant, which is also the ratio ea/ωm. In terms of the magnetization curve,
ea is the generated emf corresponding to the field current If at the speed ωm. Let us now try to find
the transfer function that relates �m(s) to Vt(s).

So l u t i on

The differential equation for the motor armature current ia is given by

vt = ea + La

dia

dt
+ Raia (3)

or

Ra(1+ τap)ia = vt − ea (4)
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Figure E16.2.1 (a) Model of a separately excited dc motor. (b) Block diagram representing Equations (8)
and (9). (c) Block diagram representing Equation (11). (d) Analog electric circuit for a separately excited
dc motor.
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where vt is the terminal voltage applied to the motor, ea is the back emf given by Equation (2), Ra

and La include the series resistance and inductance of the armature circuit and electrical source
put together, and τa = La/Ra is the electrical time constant of the armature circuit. Note that the
operator p stands for (d/dt). The electromagnetic torque is given by Equation (1), and from the
dynamic equation for the mechanical system given by

Te = Jpωm + Bωm + TL (5)

the acceleration is then given by

(B + Jp)ωm = Te − TL (6)

or

B(1+ τmp)ωm = Te − TL (7)

where τm = J/B is the mechanical time constant. The load torque TL, in general, is a function of
speed, J is the combined polar moment of inertia of the load and the rotor of the motor, and B is
the equivalent viscous friction constant of the load and the motor.

Laplace transforms of Equations (4) and (7) lead to the following:

Ia(s) = Vt(s)− Ea(s)

Ra(1+ τas)
= Vt(s)−Km�m(s)

Ra(1+ τas)
(8)

�m(s) = [Te(s)− TL(s)]
1

B

1

(1+ τms)
(9)

The corresponding block diagram representing these operations is given in Figure E16.2.1(b) in
terms of the state variables Ia(s) and �m(s), with Vt(s) as input.

The application of the closed-loop transfer function M(s), shown in Figure 16.2.3, to the
block diagram of Figure E16.2.1(b) yields the following transfer function relating �m(s) and
Vt(s), with TL = 0:

�m(s)

Vt (s)
= Km/ [Ra(1+ τms)B(1+ τms)]

1+ [K2
m/Ra(1+ τas)B(1+ τms)

] (10)

With mechanical damping B neglected, Equation (10) reduces to
�m(s)

Vt (s)
= 1

Km [τis(τas + 1)+ 1]
(11)

where τi = JRa/K
2
m is the inertial time constant, and the corresponding block diagram is shown

in Figure E16.2.1(c). The transfer function relating speed to load torque with Vt = 0 can be
obtained from Figure E16.2.1(c) by eliminating the feedback path as follows:

�m(s)

TL(s)
= − 1/J s

1+ (1/J s)
[
K2

m/Ra(1+ τas)
] = − τas + 1

J s(1+ τas)+ (K2
m/Ra)

(12)

Expressing the torque equation for the mechanical system as

Te = Kmia = Jpωm + Bωm + TL (13)

then dividing by Km, and substituting ωm = ea/Km, we obtain

ia = J

K2
m

dea

dt
+ B

K2
m

ea + TL

Km

(14)

Equation (14) can be identified to be the node equation for a parallel Ceq–Geq–ZL circuit with

Ceq = J/K2
m; Geq = B/K2

m; ZL = Kmea/TL (15)
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and a common voltage ea. An analog electric circuit can then be drawn as in Figure E16.2.1(d) for
a separately excited dc motor, in which the inertia is represented by a capacitance, the damping
by a shunt conductance, and the load–torque component of current is shown flowing through an
equivalent impedance ZL. The time constants, τ i associated with inertia and τm associated with the
damping-type load torque that is proportional to speed (in terms of the analog-circuit notations),
are given by

τi = RaCeq and τm = Ceq/Geq (16)

Note in the preceding analysis that Km is proportional to the constant motor field current If.
The self-inductance of the armature can often be neglected except for a motor driving a load

that has rapid torque pulsations of appreciable magnitude.

EXAMPLE 16.2.2

A voltage amplifier without feedback has a nominal gain of 500. The gain, however, varies in
the range of 475 to 525 due to parameter variations. In order to reduce the per-unit change to
0.02, while maintaining the original gain of 500, if the feedback is introduced, find the new direct
transfer gain G and the feedback factor H.

So l u t i on

If G′ is the gain without feedback, it follows that

∂G′

G′
= 525− 475

500
= 0.1

From Equation (16.2.7),

∂M

M
= ∂G

G

(
1

1+HG

)
= 0.02 (1)

where G stands for the new transmission gain with feedback. Also, from Equation (16.2.3),

M = G

1+HG
= 500 (2)

From Equation (1),

1+HG = 0.1

0.02
= 5 (3)

Substituting Equation (3) into Equation (2), one obtains

G = 500(1+HG) = 500(5) = 2500

and from Equation (3),

H = 5− 1

2500
= 0.0016

EXAMPLE 16.2.3

The Ward–Leonard system, which is used in the control of large dc motors employed in rolling
mills, is a highly flexible arrangement for effecting position and speed control of a separately
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excited dc motor. A simplified schematic diagram of such a system is shown in Figure E16.2.3(a),
in which the tachometer, error detector, and amplifier are represented functionally rather than by
electric circuit connections. Assume the motor field current is held constant, the load torque is
ignored, and the generator speed is held constant under all conditions of operation.

Determine the transfer functions �o/Eg and �o/Ee, and develop a block diagram for the
system.

(a)

(b)

if
ia

ef

Lf
Rf

Generator
field

Constant
field

Tachometer

ωg = constant

Rag + Ram
= Re

Lag + Lam
= Le

+
−

Speed

Reference
voltage er

efb = Kωω0
Bm, Jm

Td

ee

eg em
Amplifier

Ka

−
(Ra + sLa) (Bm + sJm) + K 2

mRf + sLf

Ω
Ka

Kg Km

Kω

EgEe Ef

Efb

ER

ω0

Figure E16.2.3 (a) Schematic representation of a simplified Ward–Leonard dc motor control. (b) Block
diagram of (a).

So l u t i on

For the dc generator with constant speed, we have

ef = if Rf + Lf

dif

dt

eg = Kgif

where Kg is a constant, and
Eg(s)

Ef (s)
= Kg

Rf + sLf

The differential equation in the armature circuits is given by

eg = iaRe + Le

dia

dt
+ em (1)

where

em = Kmωo (2)
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for the constant field current, with Km a constant, and

Td = Kmia = Bmωo + Jm
dωo

dt
(3)

neglecting load torque. Transforming Equations (1), (2), and (3) and rearranging, we get
�o

Eg

= Km

(Ra + sLa)(Bm + sJm)+K2
m

Accounting for the amplifier gain Ka, we have
�o

Ee

= KaKgKm

(Rf + sLf )
[
(Ra + sLa)(Bm + sJm)+K2

m

]
The block diagram, including the feedback loop due to the tachometer, is shown in Figure
E16.2.3(b).

EXAMPLE 16.2.4

Consider an elementary feedback control system, as shown in Figure 16.2.3, with H = 1. The
output variable c and the input e to the direct transmission path are related by

d2c

dt2
+ 8

dc

dt
+ 12c = 68e

(a) Assuming the system to be initially at rest, for e = u(t), find the complete solution for
c(t) when the system is operated in open-loop fashion without any feedback.

(b) With the feedback loop connected and with a forcing function of a unit step, i.e., R(s) =
1/s, describe the nature of the dynamic response of the controlled variable by working
with the differential equation for the closed-loop system, without obtaining a formal
solution for c(t).

(c) By working solely in terms of transfer functions, discuss the closed-loop behavior.

So l u t i on

(a) Laplace transforming the given equation with zero initial conditions, we have

s2C(s)+ 8sC(s)+ 12C(s) = 68

s
(1)

or

C(s) = 68

s(s2 + 8s + 12)
= 68

s(s + 2)(s + 6)
= K0

s
+ K1

s + 2
+ K2

s + 6
(2)

Evaluating the coefficients of the partial-fraction expansion, we get

C(s) = 17

3

(
1

s

)
− 17

2

(
1

s + 2

)
+ 17

6

(
1

s + 6

)
(3)

The corresponding time solution is then given by
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c(t) = 17

3
− 17

2
e−2t + 17

6
e−6t (4)

(b) The differential equation describing the closed-loop system operation is

d2c

dt2
+ 8

dc

dt
+ 12c = 68(r − c) (5)

The output and input variables of the closed-loop system are related by

d2c

dt2
+ 8

dc

dt
+ 80c = 68r (6)

The two figures of merit, damping ratio ξ and natural frequency ωn, follow from the
characteristic equation of the closed-loop system,

s2 + 8s + 80 = 0 (7)

(when the input is set equal to zero and the left side of Equation (6) is Laplace transformed
with zero initial conditions).

Identifying Equation (7) with the general form that applies to all linear second order
systems,

s2 + 2ξωns + ω2
n = 0 (8)

we obtain the following by comparing coefficients:

ωn =
√

80 = 8.95 rad/s (9)

and

ξ = 8

2ωn

= 4

8.95
= 0.448 (10)

Referring to Figure 16.2.10, the maximum overshoot can be seen to be 17%. With
ξωn = 4, it follows that the controlled variable reaches within 1% of its steady-state
value after the time elapse of

ts = 5

ξωn

= 5

4
= 1.25 s

(c) The transfer function of the direct transmission path is given by

G(s) = C(s)

E(s)
= 68

s2 + 8s + 12
(11)

The closed-loop transfer function is

M(s) = C(s)

R(s)
= G(s)

1+HG(s)
=

68

s2 + 8s + 12

1+ 68

s2 + 8s + 12

(12)
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or
C(s)

R(s)
= 68

s2 + 8s + 80
(13)

Noting that the denominator of Equation (13) is the same as the left side of Equation (7),
it follows that the damping ratio and the natural frequency will have the same values as
found in part (b). The oscillatory dynamic behavior can be described with the two figures
of merit ξ and ωn, along with percent maximum overshoot and settling time.

EXAMPLE 16.2.5

A feedback control system with the configuration of Figure 16.2.7 has the following parameters:
Kp = 0.5 V/rad, Ka = 100 V/V, Km = 2.7 × 10−4 N·m/V, J = 1.5 × 10−5 kg·m2, and
F = 2× 10−4 kg·m2/s.

(a) With an applied step-input command, describe the dynamic response of the system,
assuming the system to be initially at rest.

(b) Find the position lag error in radians, if the load disturbance of 1.5×10−3 N·m is present
on the system when the step command is applied.

(c) In order that the position lag error of part (b) be no greater than 0.025 rad, determine the
new amplifier gain.

(d) Evaluate the damping ratio for the gain of part (c) and the corresponding percent
maximum overshoot.

(e) With the gain of part (c), in order to have the percent maximum overshoot not to exceed
25%, find the value of the output-rate gain factor.

So l u t i on

(a) K = KpKaKm = 0.5× 100× 2.7× 10−4 = 0.0135 N·m/rad

ξ = F

2
√
KJ

= 2× 10−4

2
√

0.0135× 1.5× 10−5
= 10−4

0.45× 10−3
= 0.222

From Figure 16.2.10, the percent maximum overshoot is 48%,

ωn =
√
K

J
=
√

0.0135

1.5× 10−5
= 30 rad/s

The commanded value of the controlled variable reaches within 1% of its final value in

ts = 5

ξωn

= 5

0.222× 30
= 0.75 s

The roots of the characteristic equation

s2 + F

J
s + K

J
= 0
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are

s1, 2 = − F

2J
±
√(

F

2J

)2

− K

J

The system is:

(i) Overdamped if

(
F

2J

)2

>
K

J

(ii) Underdamped if

(
F

2J

)2

<
K

J

(iii) Critically damped if

(
F

2J

)2

= K

J

To make the servomechanism fast acting, the underdamped case is desirable. For the
underdamped situation, the roots are given by

s1, 2 = − F

2J
± j

√
K

J
−
(
F

2J

)2

which can be expressed as

s1, 2 = −ξωn ± jωd

where ωd = ωn

√
1− ξ 2 is known as damped frequency of oscillation. The damped

oscillations in our example occur at a frequency of

ωd = 30
√

1− 0.2222 = 29.25 rad/s

(b) Starting from Equation (16.2.22), with a step command of magnitude r0 and a step change
in load of magnitude TL, assuming the system to be initially at rest, one obtains

C(s) · (s2J + sF +K) = Kr0

s
− TL

s

or

C(s) = (K/J )r0

s

(
s2 + s

F

J
+ K

J

) − TL/J

s

(
s2 + s

F

J
+ K

J

)

If TL= 0, at steady state, cSS = r0. In the presence of a fixed load torque, cSS = r0−TL/K .
The position lag error for our example is given by

TL

K
= 1.5× 10−3

0.0135
= 0.111 rad

(c) The loop gain must be increased by a factor of 0.111/0.025 = 4.44. Hence the new value
of the amplifier gain is

K ′
a = 4.44 Ka = 4.44× 100 = 444 V/V
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(d) Since ξ = F/2
√
KJ , it follows that

ξ ′ = ξ√
4.44

= 0.4746ξ = 0.4746× 0.222 = 0.105

corresponding to which the percent maximum overshoot from Figure 16.2.10 is 72%.

(e) For a 25% overshoot, Figure 16.2.10 shows that ξ = 0.4. Then from Equation (16.2.32),
ξ = (F +Qo)/2

√
KJ , or

0.4 = 2× 10−4 +Qo

2
√

0.0135× 1.5× 10−5
= 2× 10−4 +Qo

2× 0.45× 10−3

Hence,

Qo = 0.36× 10−3 − 0.2× 10−3 = 0.16× 10−3

Then

Ko = Qo

K ′
aKm

= 0.16× 10−3

444× 2.7× 10−4
= 0.0013, or 1.3× 10−3 V·s/rad.

16.3 DIGITAL CONTROL SYSTEMS

Significant progress has been made in recent years in discrete-data and digital control systems
because of the advances made in digital computers and microcomputers, as well as the advantages
found in working with digital signals. Discrete-data and digital control systems differ from the
continuous-data or analog systems in that the signals in one or more parts of these systems
are in the form of either a pulse train or a numerical (digital) code. The terms, sampled-data
systems, discrete-data systems, discrete-time systems, and digital systems have been loosely used
in the control literature. However, sampled-data systems usually refer to a general class of systems
whose signals are in the form of pulse data; sampled data refers to signals that are pulse-amplitude
modulated, i.e., trains of pulses with signal information carried by the amplitudes. Digital control
systems refers to the use of a digital computer or controller in the system; digital data usually
refers to signals that are generated by digital computers or digital transducers and are thus in
some kind of coded form. A practical system such as an industrial process control is generally
of such complexity that it contains analog and sampled as well as digital data. Hence the term
discrete-data systems is used in a broad sense to describe all systems in which some form of
digital or sampled signals occur. When a microprocessor receives and outputs digital data, the
system then becomes a typical discrete-data or digital control system.

Figure 16.3.1(a) illustrates the basic elements of a typical closed-loop control system with
sampled data; Figure 16.3.1(b) shows the continuous-data input e(t) to the sampler, whereas
Figure 16.3.1(c) depicts the discrete-data output e*(t) of the sampler. A continuous input signal
r(t) is applied to the system. The continuous error signal is sampled by a sampling device, the
sampler, and the output of the sampler is a sequence of pulses. The pulse train may be periodic
or aperiodic, with no information transmitted between two consecutive pulses. The sampler in
the present case is assumed to have a uniform sampling rate, even though the rate may not be
uniform in some other cases. The magnitudes of the pulses at the sampling instants represent
the values of the input signal e(t) at the corresponding instants. Sampling schemes, in general,
may have many variations: periodic, cyclic-rate, multirate, random, and pulse-width modulated
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(a)

(b) (c)

−

+
Sampler

Input

r(t)

Error signal

e(t)

e(t)

Data
hold

(filter)

Discrete data

e*(t)

e*(t)
p

2T
0

3TT 4T

t t

Output

c (t)
Controlled

process

Figure 16.3.1 (a) Typical closed-loop sampled-data control system. (b) Continuous-data input to sampler
of (a). (c) Discrete-data output of sampler of (a).

samplings. Incorporating sampling into a control system has several advantages, including that
of time sharing of expensive equipment among various control channels.

The purpose of the filter located between the sampler and the controlled process is for
smoothing, because most controlled processes are normally designed to receive analog signals.

Figure 16.3.2 illustrates a typical digital control system, in which the signal at one or more
points of the system is expressed in a numerical code for digital-computer or digital-transducer
processing in the system. Because of the digitally coded (such as binary-coded) signals in some
parts of the system, it becomes necessary to employ digital-to-analog (D/A) and analog-to-digital
(A/D) converters. In spite of the basic differences between the structures and components of a
sampled-data and a digital control system, from an analytical standpoint both types of systems
are treated by the same analytical tools.

Sampled data and digital control offer several advantages over analog systems:

• More compact and lightweight

• Improved sensitivity

• Better reliability, speed, and accuracy

• More flexibility and versatility (in programming)

• Lower cost

• More rugged in construction

Digital
coded
input OutputDigital

computer
Controlled

processDigital-to-analog converter

Analog-to-digital converter

Figure 16.3.2 Typical digital control system.
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• No drift

• Less effect due to noise and disturbance.

Many physical systems have inherent sampling, and hence their behavior can be described by
sampled data or digital models. Even the dynamics of the social, economic, and biological systems
can be modeled by sampled-data system models.

The block diagram of Figure 16.3.3 is a functional representation of a type of digital control
system, in which G and H serve the same function as in any feedback system. Note that the
error signal is sampled and a digital processor is used. The controller in this system is the digital
processor whose output, reconverted to an analog signal, becomes the excitation for the block G.
As usual, G is the subsystem that provides the output to be controlled. A central computer which
controls several functions could be used as a digital processor; or a microprocessor (special-
purpose computer) designed for the particular control function may also be used as a digital
processor. Large, high-speed computers with their speed, memory, and computational ability,
as well as programmability, are utilized for central control in large automated manufacturing
facilities. The control process may be summarized as follows:

1. The computer is programmed to indicate the sequence of operations required. Data are
fed continuously from various monitoring stations on the progress of the process.

2. By comparing the actual and desired performance, the computer generates a new set of
instructions to correct for the deviations.

3. The new set of instructions are usually converted to an analog signal, which in turn forms
the excitation applied to the machines that actually do the manufacturing.

Examples of Discrete-Data and Digital Control Systems

A few simplified examples are presented to illustrate some of the essential components of the
control systems.

SINGLE-AXIS AUTOPILOT CONTROL SYSTEM OF AN AIRCRAFT OR MISSILE

Figure 16.3.4(a) shows the block diagram of a simplified single-axis (pitch, yaw, or roll) autopilot
control system with digital data. The objective of the control is to make the position of the airframe
follow the command signal. The rate loop included here helps to improve system stability. Figure
16.3.4(b) illustrates a digital autopilot control system in which the position and rate information
are obtained by digital transducers. Sample-and-hold devices are shown on the block diagram.
While a sampler essentially samples an analog signal at some uniform sampling period, the hold

−

+
Sampler G

H

R E CSampled-data

error signal
A/D

converter
D/A

converter

Analog
signal

Numeric
signal

Digital
processor

Figure 16.3.3 Block diagram of a type of digital control system.
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device simply holds the value of the signal until the next sample comes along. Two samplers with
two different sampling periods (T1 and T2) are shown in Figure 16.3.4(b), which is known as a
multirate sampled-data system. If the rate of variation of the signal in one loop is relatively much
less than that of the other loop, the sampling period of the sampler employed in the slower loop
can be larger. With sampling and multirate sampling, some of the expensive components of the
system can be utilized on a time-sharing basis.

DIGITAL CONTROLLER FOR A STEAM-TURBINE DRIVEN GENERATOR

Figure 16.3.5 illustrates the basic elements of a minicomputer system in terms of a block diagram
for speed and voltage control (as well as data acquisition) of a turbine-generator unit. Typical
output variables of the generator are speed, rotor angle, terminal voltage, field (excitation) current,
armature current, and real and reactive power. Some output variables are measured by digital
transducers, whose outputs are then digitally multiplexed and sent back to the minicomputer.
Some other output variables may be measured by analog transducers, whose outputs are processed
through an analog multiplexer which performs a time-division multiplexing operation. The output
of the analog multiplexer is connected to a sample-and-hold device, which samples the output
of the multiplexer at a fixed time interval and then holds the signal level at its output until the
A/D converter performs the analog-to-digital conversion. Thus, following the multiplexer, time
sharing is done amid a number of signal channels.

MACHINE-TOOL PROCESS TO DRILL OR PUNCH HOLES (DIGITALLY CONTROLLED DRILL PRESS)

Figure 16.3.6 depicts an elementary system, including the input, digital processor, drill-positioning
mechanism, and sampled-data position-control system. The process is controlled as follows:

1. The processor receives the input data and determines the sequence of operations, while
storing both the sequence and the hole positions in its memory.

2. The sampled-data system helps in positioning the drill at the first hole location.

3. If the actual drill position agrees with the desired location stored in the memory, the
processor sends a signal, thereby causing the drilling process to begin.

4. At the end of the first drilling operation, the process is continued until all the required
holes are drilled.

To the basic system illustrated in Figure 16.3.6, additional controls such as speed control (to
accommodate different kinds of materials to be drilled) and timing control (to control the time
duration of the drilling process) can be added rather easily.

STEP-MOTOR CONTROL SYSTEM FOR READ–WRITE HEAD POSITIONING ON A DISK DRIVE

Figure 16.3.7 illustrates a system in which the prime mover used in the disk-drive system is a
step motor driven by pulse commands. In response to each pulse input, the step motor moves by
some fixed displacement. This all-digital system does not need an A/D or D/A converter.

POSITION SERVO IN A RADAR SYSTEM

Figure 16.3.8 depicts the essential elements of a position servo system. In a radar system, an
electromagnetic pulse is radiated from an antenna into space. An echo pulse is received back
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sampling.
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Figure 16.3.6 Simplified block diagram of a digitally controlled drill press.

Digital computer Drive circuit Step motorSequencer

Digital position
encoder

Read–write head

Figure 16.3.7 Step-motor control system for read–write head positioning on a disk drive.

when a conductive surface, such as an airplane, appears in the signal path. While the antenna
is continuously rotated in search of a target, the antenna is stopped when the target is located.
It is pointed toward the target by varying its angular direction until a maximum echo is heard.
The position coordinate θ(t) of the antenna is usually controlled through a gear train by a dc
servomotor. The motor torque is varied in both magnitude and direction by means of a control
voltage obtained from the amplifier output. The control problem is then to command the motor
such that the output θ (t) is nearly the same as the reference angular position θ r(t). The closed
loop can be controlled by a digital controller.

Microprocessor Control

The microprocessor, which has rapidly become a key component in digital control systems, and
its associated circuits function as the digital processor. It is often used as a dedicated computer

Transducer Controller
(amplifier)

Motor and
antenna

Transducer

Position
command
θr(t)

Position θ(t)

Figure 16.3.8 Plant model of a position servo in a radar system.
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in which the chip itself is programmed to perform specific functions. Digital watches and auto
fuel-injection systems are examples. With microprocessor control, not only the same hardware
can be used to perform a variety of tasks by reprogramming, but also distributed computation
(which results in less expensive and more reliable operation than centralized control) is possible
with interconnection and intercommunication of several microprocessors.

Figure 16.3.9 shows a block diagram of a microprocessor-controlled dc motor system, in
which the controlled process consists of a dc motor, the load, and the power amplifier.

The block diagram of Figure 16.3.10 illustrates a typical microprocessor system used to
implement the digital PI controller. It would be simple to include the derivative operation to
implement the PID controller. While an analog timer is shown in Figure 16.3.10 to determine
the start of the next sampling period, a software timing loop can be used to keep track of when
T seconds have elapsed. The output pulse, once every T seconds, is applied to the interrupt
line of the microprocessor. This will cause the processor to execute the interrupt routine to
output the next value of the control, u[(k + 1)T ], which is sent to the D/A converter, whose
output in turn controls the power amplifier. The timing pulse from the timer is also sent to the
“sample” command line, thereby triggering the sample-and-hold circuitry; the motor velocity
ω(t) is sampled and held constant for one sampling period. The value of ω(kT) is then converted
to an N-bit binary number by the A/D circuitry. The microprocessor is signaled via “data ready”
line (which may be attached to the interrupt line of the microprocessor) that the sampled data
have been converted. The second interrupt will cause the processor to read in the value of

D/A
converter

Dc motor and
power amplifier

Feedback signal
from motor

A/D
converter

Microprocessor-
based

controller

Output, updated
every T seconds

Desired
system
motion

Sampler with
sampling period T

Figure 16.3.9 Block diagram of a microprocessor-controlled dc motor system.
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"Sample"
command

line

Motor

Timer

Tachometer

Microprocessor

Output
port

Figure 16.3.10 Block diagram of discretized proportional and integral (PI) controller.
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ω(kT) and then compute the next value of control, u[(k + 1)T]. After calculation of the control,
the microprocessor waits for another interrupt from the timer before it outputs the control at
t = (k + 1)T . An assembly-language program can be developed for the implementation of the
PI controller.

The control of a dc motor can be achieved with a PI controller discretized for microprocessor
programming. The starting point is that the PI controller is described by a differential equation.
The latter is discretized at the sampling instants by one of the numerical approximation methods,
and then is programmed in the microprocessor machine language.

Practical limitations of microprocessor-based control systems stem from the following
considerations:

• Finite-word-length characteristic, that is, an 8-bit word would only allow 28 = 256 levels
of resolution.

• Time delays encountered in executing the data handling, which may have a significant effect
on the system response.

• Quantization effects, which affect accuracy and stability.

Adaptive Control

Another type of control system that makes use of the computer is known as adaptive control,
which is functionally represented in Figure 16.3.11. While the block G provides the system
output for the system input, the feedback is provided by H and is converted to a digital signal.
This digital signal is processed by the digital processor to effect the necessary control. The
characteristic feature of the adaptive control is that the characteristics of the block G are
changed with time so that, for a given input, the desired output is obtained. Based on the
prediction of the performance of the system, the digital processor determines how G is to be
changed.

Figure 16.3.12 illustrates the adaptive control process as applied to a motor-speed control
system, which is based on adjustments of the armature resistance. Using all of the data inputs,
the computer computes the optimum value of Ra such that the motor speed is appropriate to
the load. The signal corresponding to the computed value of Ra is in turn used to position the
potentiometer arm of the variable resistance. The actual armature resistance is then controlled by
the position of the potentiometer arm, which in turn may be controlled by a sampled-data version
of the position-control system.

The speed and power of the digital computer (in predicting the response to a wide range of
changes that affect the system) are the main reasons for the use of adaptive systems in industrial
control. Large-scale systems may have multiple inputs applied simultaneously, and control is
successfully achieved because the process of predicting the desired response, and comparing
with the actual response, can be accomplished in a relatively short time compared to the response
time of the system to be controlled.

Digital processor

Output
Input

H

G
Figure 16.3.11 Functional representation of
an adaptive control system.
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Figure 16.3.12 Adaptive control process as applied to a motor-speed control system.

Methods of Analysis

Just as differential equations are used to represent systems with analog signals, difference
equations are used for systems with discrete or digital data. Difference equations are also used
to approximate differential equations, since the former are more easily programmed on a digital
computer, and are generally easier to solve.

One of the mathematical tools devised for the analysis and design of discrete-data systems
is the z-transform with z = eT s . The role of the z-transform for digital systems is similar to that
of the Laplace transform for continuous-data systems. While the Laplace transform can be used
to solve linear ordinary differential equations, for linear difference equations and linear systems
with discrete or digital data, the z-transform becomes more appropriate to use. Since it is not a
simple matter to perform an inverse Laplace transform on transcendental functions which involve
terms like e−kT s , the need arises to convert transcendental functions in s into algebraic ones in
z. The development of z-transform methods of analysis are considered to be outside the scope of
this book.

Various techniques and methods mentioned earlier, such as state-variable analysis, time-
domain analysis, frequency-domain analysis, root-locus techniques, and Bode diagrams, are
applied to the analysis of digital control systems. Details of these are obviously outside the
scope of this introductory text.

Finally, no one can be an expert in all areas discussed in this chapter, or indeed in the preceding
chapters. Therefore, it is always good advice to consult with those who are. The basics you have
been exposed to will help you to select such consultants, either in or out of house, who will provide
the knowledge to solve the problem confronting you.

16.4 LEARNING OBJECTIVES

The learning objectives of this chapter are summarized here, so that the student can check whether
he or she has accomplished each of the following.



16.5 PRACTICAL APPLICATION: A CASE STUDY 815

• Basic notions of power semiconductor devices and analysis of power electronic circuits.

• Solid-state control of dc motors.

• Solid-state control of induction motors.

• Solid-state control of synchronous motors.

• Transfer functions and block diagrams of feedback control systems.

• Dynamic response of control systems.

• Steady-state error of linear systems.

• Error-rate control, output-rate control, and integral-error control.

• Elementary concepts of digital control systems and their applications.

16.5 PRACTICAL APPLICATION: A CASE STUDY

Digital Process Control

Figure 16.5.1 shows a block diagram for microcomputer-based control of a physical process, such
as a chemical plant. A slight variation of the system can be used for automotive instrumentation
in which sensors furnish various signals for speed, fuel reserve, battery voltage, oil pressure,
engine temperature, and so on. The data are presented to the driver in one or more displays on
the dashboard. In a physical process on the other hand, based on the display information, an
operator can assess and direct the operation of the control process through a keyboard or other
input devices to the microcomputer.

Various physical inputs, such as power and materials, are regulated by actuators, which
are in turn controlled by the microcomputer. Electric signals related to the controlled-process
parameters, such as pressure and temperature, are produced by various sensors, which in turn

Analog
sensors

A/D
converter

D/A
converter

Display
information

Operator
inputs

Microcomputer

Physical inputs

Acuators Contolled
process Product output

Analog Digital

Digital
sensors

Figure 16.5.1 Block diagram for miocrocomputer-based control of a physical process.
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feed the information to the microcomputer. Actuators and sensors may be either analog or digital.
Digital-to-analog (D/A) converters are used to convert the digital signals to analog form so as to
suit the analog actuators, where as analog-to-digital (A/D) converters are employed to convert
the analog sensor signals to digital form so as to suit the microcomputer.

One can think of so many systems in daily practice controlled or monitored by microcom-
puters. Some examples include monitoring patients in intensive cardiac-care units of hospitals,
nuclear-reactor controls, traffic signals, aircraft and automobile instrumentation, chemical plants,
and various manufacturing processes.

PROBL EMS

16.1.1 (a) Consider a diode circuit with RC load as
shown in Figure P16.1.1. With the switch
closed at t = 0 and with the initial condition
at t = 0 that vC = 0, obtain the functional
forms of i(t) and vC(t), and plot them.

(b) Then consider a diode circuit with an RL load
with the initial condition at t = 0 that i = 0.
With the switch closed at t = 0, obtain the
functional forms of i(t) and vL(t).

(c) In part (b), if t >> L/R, describe what hap-
pens. If an attempt is then made to open switch
S, comment on what is likely to happen.

(d) Next consider a diode circuit with an LC load
with the initial condition at t = 0 that i = 0
and vC = 0. With the switch closed at t = 0,
obtain the waveforms of i(t) and vC(t).

16.1.2 (a) Figure P16.1.2(a) contains a freewheeling
diode Dm, commonly connected across an in-
ductive load to provide a path for the current
in the inductive load when the switch S is
opened after time t (during which the switch
was closed). Consider the circuit operation in
two modes, with mode 1 beginning when the
switch is closed at t = 0, and mode 2 starting
when the switch is opened after the current i

has reached its steady state in mode 1. Obtain
the waveforms of the currents i(t) and if(t).

(b) Consider the energy-recovery diode circuit
shown in Figure P16.1.2(b), along with a feed-
back winding. Assume the transformer to have
a magnetizing inductance of Lm and an ideal
turns ratio of a = N2/N1. Let mode 1 begin
when the switch S is closed at t = 0, and mode
2 start at t = t1, when the switch is opened.
Let t1 and t2 be the durations of modes 1 and 2,
respectively. Develop the equivalent circuits
for the two modes of operation, and obtain
the various waveforms for the currents and
voltages.

16.1.3 (a) Consider a full-wave rectifier circuit with a
center-tapped transformer, as shown in Figure
P16.1.3, with a purely resistive load of R. Let
vs = Vm sin ωt . Determine: (i) efficiency,
(ii) form factor, (iii) ripple factor, (iv) TUF,
and (v) PIV of diode D1. Compare the perfor-
mance with that of a half-wave rectifier. (See
Example 16.1.2.)

(b) Let the rectifier in part (a) have an RL load.
Obtain expressions for output voltage vL(t)
and load current iL(t) by using the Fourier
series.

t = 0

VS

vR
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R

C

+ +

−
+

−−
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D I

Figure P16.1.1
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Figure P16.1.2 (a) Diode circuit with freewheeling diode. (b) Energy-recovery diode circuit with
feedback winding.
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*16.1.4 Consider a full-wave single-phase bridge rectifier
circuit with dc motor load, as shown in Figure
P16.1.4(a). Let the transformer turns ratio be unity.
Let the load be such that the motor draws a ripple-
free armature current of Ia. Given the waveforms
for the input current and input voltage of the rec-
tifier, as in Figure P16.1.4(b), determine: (i) har-
monic factor HF of the input current, and (ii) input
power factor PF of the rectifier.

16.1.5 (a) Consider a three-phase star or wye half-wave
rectifier with a purely resistive load R. Deter-
mine: (i) efficiency, (ii) form factor, (iii) ripple
factor, (iv) TUF, and (v) PIV of each diode.

(b) Express the output voltage of the three-phase
rectifier in Fourier series.

16.1.6 Consider a three-phase, full-wave bridge rectifier,
as shown in Figure P16.1.6, with a purely resistive
load R. For each diode, determine: (i) efficiency,
(ii) form factor, (iii) ripple factor, (iv) TUF, and
(v) PIV.

16.1.7 Consider Example 16.1.2 in the text.

(a) Calculate the firing angle corresponding to
a torque of 35 N·m and a speed of −1350
r/min, assuming continuous conduction. What

is the quadrant of operation in the torque–
speed relationship?

(b) Find the motor speed at the rated torque and
α = 160° for the regenerative braking in the
second quadrant.

16.1.8 For a three-phase, fully controlled, rectifier-fed,
separately excited dc motor, corresponding to
ideal no-load operation, find the expression for
the no-load speeds. Comment on whether no-load
speeds could be negative. Compared to the one-
phase case, would you expect a considerable re-
duction in the zone of discontinuous conduction?

*16.1.9 Consider the motor of Example 16.1.3 in the text.
Calculate the motor speed for: (a) α = 120°,
Ta = 25 N·m, and (b) α = 60°, Ta = 5 N·m.
Assume continuous conduction in both cases.

16.1.10 Consider Example 16.1.4 in the text. For part (c),
compute the corresponding rms fundamental sta-
tor current.

16.1.11 A 60-Hz, six-pole, wye-connected, three-phase
induction motor, with the parameters R1 = R′2 =
0.025 � and Xl1 = X′l2 = 0.125 �, is controlled
by variable-frequency control with constant V/f
ratio. Use the approximate equivalent circuit of
Figure 13.2.6, with jXm moved over to the supply
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terminals. For an operating frequency of 15 Hz,
find:

(a) The maximum motoring torque as a ratio of
its value at the rated frequency.

(b) The starting torque and rotor current in terms
of their values at the rated frequency.

16.1.12 Given that the motor of Problem 16.1.11 has a
full-load slip of 0.05, compute the motor speed
corresponding to rated torque and a frequency of
30 Hz.

16.1.13 Consider the motor of Example 16.1.4 in the text.
Let the motor be controlled by variable frequency
at a constant flux of rated value. By using the
equivalent circuit of Figure 13.2.6,

(a) Determine the motor speed and the stator cur-
rent at one-half the rated torque and 30 Hz.

(b) Redo part (a), assuming the speed–torque
curves to be straight lines for S < Smax.

16.1.14 For the static rotor resistance control considered
in the text for an induction motor drive, develop
the fundamental frequency equivalent circuit of
Figure 16.1.23.

*16.1.15 Consider the induction motor drive of Example
16.1.5 in the text. Compute the motor speed cor-
responding to δ = 0.65 and 1.5 times the rated
full-load torque.

16.1.16 Let the simplified per-phase equivalent circuit of
an underexcited, cylindrical-rotor, synchronous
machine be given by a source Vf � − δ in series
with an impedance jXs. Let V � 0° and Is � − φ be
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the applied voltage at the terminals and the current
drawn by the motor, respectively.

(a) With V̄ as reference, draw a phasor diagram
for the motor.

(b) Develop an equivalent circuit with a current
source and draw the corresponding phasor
diagram with V̄ as reference.

(c) Obtain expressions for power and torque for
parts (a) and (b).

(d) Now consider the variable-frequency opera-
tion of the synchronous motor, with the per-
unit frequency a to be f /f rated. Taking V̄f as
reference in the quadrature axis, draw the pha-
sor diagram and comment on the effect of the
variable frequency.

16.1.17 Consider the motor of Example 16.1.6 in the text.

(a) Determine the armature current and power
factor at one-half the rated speed, one-half the
rated torque, and rated field current.

(b) Find the torque and field current correspond-
ing to rated armature current, 1.25 times the
rated speed, and unity power factor.

16.2.1 Consider the electrical transients on a linear ba-
sis in a separately excited dc generator (whose
model is shown in Figure P16.2.1), resulting from
changes in excitation. Let the generator speed be
a constant, so that the dynamics of the mechanical
drive do not enter the problem. Obtain expressions
forEa(s)/Vf (s) and Ia(s)/Vf (s), and develop the
corresponding block diagrams. Let RL and LL be
the load resistance and load inductance, respec-
tively.

16.2.2 A separately excited dc generator has the follow-
ing parameters: Rf = 100 �,Lf = 20 H, Ra =
0.1 �,La = 0.1 H, and Kg = 100 V per field
ampere at rated speed. The load connected to the
generator has a resistance RL = 4.5 � and an
inductance LL = 2.2 H. Assume that the prime
mover is rotating at rated speed, the load switch
is closed, and the generator is initially unexcited.
Determine the armature current as a function of
time when a 230-V dc supply is suddenly applied
to the field winding, assuming the generator speed
to be essentially constant.

16.2.3 A 5-hp, 220-V, separately excited dc motor has
the following parameters: Ra = 0.5 �, k = 2 H,

Rf = 220 �, and Lf = 110 H. The armature
winding inductance is negligible. The torque re-
quired by the load is proportional to the speed,
and the combined constants of the motor armature
and the load are J = 3 kg·m2 and B = 0.3
kg·m2/s. Consider the armature-controlled dc mo-
tor, whose speed is made to respond to variations
in the applied motor armature voltage vt. Let the
field current be maintained constant at 1 A.

(a) Develop a block diagram relating the motor
speed and the motor applied voltage, and find
the corresponding transfer function.

(b) Compute the steady-state speed correspond-
ing to a step-applied armature voltage of 220
V.

(c) How long does the motor take to reach 0.95
of the steady-state speed of part (b)?

(d) Determine the value of the total effective vis-
cous damping coefficient of the motor-load
configuration.

−

+

+

−

−+

ea

vt

vf

if

Lf

Rf

La

wm
Te

Ts

ia

Ra Figure P16.2.1 Schematic representation
of the model of a separately excited dc motor.
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*16.2.4 A separately excited dc generator has the follow-
ing parameters:
Field winding resistance Rf = 60 �

Field winding inductance Lf = 60 H
Armature resistance Ra = 1 �

Armature inductance La = 0.4 H
Generated emf constant Kg = 120 V per field

ampere at rated speed
The armature terminals of the generator are con-
nected to a low-pass filter with a series inductance
L = 1.6 H and a shunt resistance R = 1 �.
Determine the transfer function relating the output
voltage Vt(s) across the shunt resistance R, and the
input voltage Vf(s) applied to the field winding.

16.2.5 A separately excited dc generator, running at con-
stant speed, supplies a load having a 1-� resistance
in series with a 1-H inductance. The armature
resistance is 0.1� and its inductance is negligible.
The field, having a resistance of 50 � and an in-
ductance of 5 H, is suddenly connected to a 100-V
source. Determine the armature current buildup as
a function of time, if the generator voltage constant
Kg = 50 V per field ampere at rated speed.

16.2.6 The following test data are taken on a 20-hp, 250-
V, 600-r/min dc shunt motor: Rf = 150 �, τf =
0.5 s, Ra = 0.15 �, and τa = 0.05 s. When the
motor is driven at rated speed as a generator with
no load, a field current of 2 A produces an armature
emf of 250 V. Determine the following:

(a) Lf, the self-inductance of the field circuit.

(b) La, the self-inductance of the armature circuit.

(c) The coefficient K relating the speed voltage
to the field current.

(d) The friction coefficient BL of the load at rated
load and rated speed, assuming that the torque
required by the load TL is proportional to the
speed.

16.2.7 A separately excited dc generator can be treated as
a power amplifier when driven at constant angular
velocity ωm. If the armature circuit is connected to
a load having a resistanceRL, obtain an expression
for the voltage gain VL(s)/Vf (s). With Ra =
0.1 �,Rf = 10 �,RL = 1 �, and Kg = 100
V per field ampere at rated speed, determine the
voltage gain and the power gain if the generator is
operating at steady state with 25 V applied across
the field.

16.2.8 Consider the motor of Problem 16.2.6 to be ini-
tially running at constant speed with an impressed

armature voltage of 250 V, with the field separately
excited by a constant field current of 2 A. Let
the motor be driving a pure-inertia load with a
combined polar moment of inertia of armature and
load of 3 kg·m2. The rotational losses of the motor
can be neglected.

(a) Determine the speed.

(b) Neglecting the self-inductance of the arma-
ture, obtain the expressions for the armature
current and the speed as functions of time,
if the applied armature voltage is suddenly
increased from 250 V to 260 V.

(c) Repeat part (b), including the effect of the
armature self-inductance.

*16.2.9 A separately excited dc motor carries a load of
300ω̇m + ωm N·m. The armature resistance is 1
� and its inductance is negligible. If 100 V is
suddenly applied across the armature while the
field current is constant, obtain an expression for
the motor speed buildup as a function of time,
given a motor torque constant Km = 10 N·m/A.

16.2.10 Consider the motor of Problem 16.2.3 to be op-
erated as a separately excited dc generator at a
constant speed of 900 r/min, with a constant field
current of 1.5 A. Let the load current be initially
zero. Determine the armature current and the ar-
mature terminal voltage as functions of time for a
suddenly applied load impedance consisting of a
resistance of 11.5 � and an inductance of 0.1 H.

16.2.11 Consider a motor supplied by a generator, each
with a separate and constant field excitation. As-
sume the internal voltage E of the generator to be
constant, and neglect the armature reaction of both
machines. With the motor running with no external
load, and the system being in steady state, let a load
torque be suddenly increased from zero to T. The
machine parameters are as follows:
Armature inductance of motor + generator, L =

0.008 H
Armature resistance of motor + generator, R =

0.04 �

Internal voltage of the generator E = 400 V
Moment of inertia of motor armature and load

J = 42 kg·m2

Motor constant Km = 4.25 N·m/A
No-load armature current i0 = 35 A
Suddenly applied torque T = 2000 N·m
Determine the following:

(a) The undamped angular frequency of the tran-
sient speed oscillations, and the damping ratio
of the system.
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(b) The initial speed, final speed, and the speed
drop in r/min.

16.2.12 Consider a separately excited dc motor having
a constant field current and a constant applied
armature voltage. It is accelerating a pure-inertia
load from rest. Neglecting the armature inductance
and the rotational losses, show that by the time the
motor reaches its final speed, the energy dissipated
in the armature resistance is equal to the energy
stored in the rotating parts.

16.2.13 Determine the parameters of the analog capacitive
circuit shown in Figure E16.2.1(d) for the motor
in Problem 16.2.3 and its connected load. With the
aid of the equivalent circuit, obtain the expression
for the armature current, with a 3.5-� starting
resistance included in series with the armature to
limit the starting current.

*16.2.14 Neglecting the self-inductance of the armature cir-
cuit, show that the time constant of the equivalent
capacitive circuit for a separately excited dc mo-
tor with no load is RaReqCeq/(Ra + Req), where
Req = 1/Geq, as shown in Figure E16.2.1(d).

16.2.15 Consider the dc motor of Problem 16.2.3 to be
operating at rated voltage in steady state with a
field current of 1 A, and with the starting resistance
in series with the armature reduced to zero.

(a) Obtain the equivalent capacitive circuit ne-
glecting the armature self-inductance and cal-
culate the steady armature current.

(b) If the field current is suddenly reduced to 0.8 A
while the armature applied voltage is constant
at 220 V, compute the initial armature current
ia(0) on the basis that the kinetic energy stored
in the rotating parts cannot change instanta-
neously.

(c) Determine the final armature current ia(∞) for
the condition of part (b).

(d) Obtain the time constant τ ′am of the armature
current for the condition of part (b), and ex-

press the armature current as a function of
time on the basis that ia = ia(∞)+ [ia(0)−
ia(∞)] e−t/τ ′am .

16.2.16 A separately excited dc motor, having a constant
field current, accelerates a pure inertia load from
rest. If the system is represented by an electrical
equivalent circuit, with symbols as shown in Fig-
ure P16.2.16, express R, L, and C in terms of the
motor parameters.

16.2.17 Figure P16.2.17 represents the Ward–Leonard sys-
tem for controlling the speed of the motor M.
With the generator field voltage vfg as the input
and the motor speed ωm as the output, obtain an
expression for the transfer function for the system,
assuming idealized machines. Let the load on the
motor be given by J ω̇m + Bωm. The generator
runs at constant angular velocity ωg .

16.2.18 A separately excited dc generator has the follow-
ing parameters:Rf = 100�,Ra = 0.25�,Lf =
25 H, La = 0.02 H, and Kg = 100 V per field
ampere at rated speed.

(a) The generator is driven at rated speed, and a
field circuit voltage ofVf = 200 V is suddenly
applied to the field winding.

(i) Find the armature generated voltage as a
function of time.

(ii) Calculate the steady-state armature volt-
age.

(iii) How much time is required for the arma-
ture voltage to rise to 90% of its steady-
state value?

(b) The generator is driven at rated speed, and
a load consisting of RL = 1 � and LL =
0.15 H in series is connected to the armature
terminals. A field circuit voltage Vf = 200
V is suddenly applied to the field winding.
Determine the armature current as a function
of time.
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16.2.19 For the position control system shown in Figure
P16.2.19, let the potentiometer transducers give a
voltage of 1 V per radian of position. The transfer
function of the servoamplifier is G(s) = 10(1 +
0.01571s)/(7+ s). Let the initial angular position
of the radar be zero, and the transfer function
between the motor control phase voltage Va and
the radar position θ be M(s) = 2.733/s(1 +
0.01571s).

(a) Obtain the transfer function of the system.

(b) For a step change in the command angle of
180° (= π radians), find the time response of
the angular position of the antenna.

*16.2.20 A separately excited dc motor has the following
parameters: Ra = 0.5 �,La

∼= 0, and B ∼= 0.
The machine generates an open-circuit armature
voltage of 220 V at 2000 r/min, and with a field
current of 1.0 A. The motor drives a constant load
torque TL = 25 N·m. The combined inertia of
motor and load is J = 2.5 kg·m2. With field
current If = 1.0 A, if the armature terminals are
connected to a 220-V dc source:

(a) Obtain expressions for speedωm and armature
current ia as functions of time.

(b) Find the steady-state values of speed and ar-
mature current.

16.2.21 The process of plugging a motor involves revers-
ing the polarity of the supply to the armature of
the machine. Plugging corresponds to applying
a step voltage of −V u(t) to the armature of the
machine, where V is the rated terminal voltage.
A separately excited 200-V dc motor operates at
rated voltage with constant excitation on zero load.
The torque constant of the motor is 2 N·m/A, its
armature resistance is 0.5 �, and the total moment
of inertia of the rotating parts is 4 kg·m2. Neglect
the rotational losses and the armature inductance.
Obtain an expression for the speed of the machine
after plugging as a function of time, and calculate
the time taken for the machine to stop.

16.2.22 The schematic diagram of a Ward–Leonard system
is shown in Figure P16.2.22, including a separately
excited dc generator, the armature of which is con-
nected directly to the armature of the separately
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excited dc motor driving a mechanical load. Let
J be the combined polar moment of inertia of
the load and motor, and B the combined viscous
friction constant of the load and motor. Assuming
that the mechanical angular speed of the generator
ωmG is a constant, develop the block diagram for
the system and obtain an expression for the transfer
function �mM(s)/VfG(s).

16.2.23 Consider the elementary motor-speed regulator
scheme shown in Figure P16.2.23 for a separately
excited dc motor, whose armature is supplied from
a solid-state controlled rectifier. The motor speed
is measured by means of a dc tachometer genera-
tor, and its voltage et is compared with a reference
voltage ER. The error voltage ER− et is amplified
and made to control the output voltage of the
power-conversion equipment, so as to maintain
substantially constant speed at the value set by the
reference voltage. Let the armature-circuit param-
eters be Ra and La, and the speed–voltage constant

of the motor be Km, with units of V·s/rad. Assume
that the combination of A and P is equivalent to
a linear controlled voltage source vs = KA (error
voltage), with negligible time lag and gain KA.
Assume also that the load torque TL is independent
of the speed, with zero damping. Neglect no-load
rotational losses.

(a) Develop the block diagram for the feedback
speed-control system with ER/Kt, the steady-
state no-load speed setting, as input, and �m

as output. Kt is the tachometer speed–voltage
constant in V/(r/min).

(b) With TL = 0, evaluate the transfer function
�m/ER.

(c) With ER = 0, obtain the transfer function
�m/TL.

(d) Find the expressions for the underdamped nat-
ural frequency ωn, the damping factor α, and
the damping ratio ξ = α/ωn.
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(e) For a step input �ER, obtain the final steady-
state response �ωm(∞), i.e., evaluate
�ωm(∞)/�ER .

(f) Evaluate �ωm(∞)/�TL for the step input
�TL of a load torque.

16.2.24 Consider the motor of Problem 16.2.3 to be used
as a field-controlled dc machine. Let the armature
be energized from a constant current source of 15
A. Assume no saturation.

(a) Develop a block diagram relating the motor
speed and the applied field voltage.

(b) Determine the steady-state speed for a step-
applied field voltage of 220 V.

(c) How long does the motor take to reach 0.95
of the steady-state speed of part (b)?

*16.2.25 The output voltage of a 10-kW, 240-V dc generator
is regulated by means of the closed-loop system
shown in Figure P16.2.25. The generator parame-
ters areRf = 150�,Ra = 0.5�,Lf = 75 H, and
KE = 150 V per field ampere at 1200 r/min. The
self-inductance of the armature is negligible. The
amplifier has an amplification factor A = 10, and
the potentiometers are set such that a is unity and
the reference voltage vr is 250 V. The generator is
driven by an induction motor, the speed of which
is almost 1200 r/min when the generator output is
zero, and 1140 r/min when the generator delivers
an armature current of 42 A.

(a) Compute the steady-state armature terminal
voltage at no load, and when the generator is
delivering 42 A.

(b) Calculate the time constant for part (a).

(c) With the value of the field current as in part
(a), for an armature current of 42 A, calculate
the steady-state armature voltage.

16.2.26 (a) A common analog control element is the dc
tachometer, which is basically a permanent

magnet generator, as illustrated schematically
in Figure P16.2.26(a). Determine the transfer
function of this device, with speed as the input
and voltage as the output. See what happens
to the transfer function if RL →∞.

(b) A dc servomotor is another common analog
element in control systems, shown schemat-
ically in Figure P16.2.26(b). Obtain an ex-
pression for�m(s)/Ei(s), assuming constant-
field configuration and linear elements.

(c) Add load torque to the load on the servomotor
of Figure P16.2.26(b). Develop a block dia-
gram with a voltage signal that will serve as a
speed reference and a load torque as a second
input (or load disturbance).

16.2.27 (a) Consider a single loop system of the con-
figuration shown in Figure P16.2.27(a) with
positive feedback. Although positive feedback
generally results in instability, it is frequently
employed at low magnitudes or in portions of
a large control system, particularly in an inner
loop. Obtain an expression for C(s)/R(s).

(b) Figure P16.2.27(b) illustrates a multiple-loop
feedback control system, where the argument
s is omitted for simplicity. Reduce it to a
single-loop configuration.

16.2.28 Loop topography that is relatively common in con-
trol systems is shown in Figure P16.2.28. Obtain
its single-loop representation.

*16.2.29 A generalized two-input system is illustrated in
Figure P16.2.29. Treating multiple inputs by
means of the principle of superposition, which
holds in linear control systems, find the system
response C.

16.2.30 Simplify the loop topography shown in Figure
P16.2.30 to that of a single-loop configuration.

16.2.31 Determine the steady-state error of a type 0 system
with a unit-step reference input function for the
Ward–Leonard system of Figure E16.2.3(a).
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16.2.32 Verify the error-response conclusions listed in
Table 16.2.2.

16.2.33 (a) Determine the system type, the steady-state
error for a unit-step reference function, and
the closed-loop time constant for the speed-
control system of Figure P16.2.33(a), which
uses proportional control.

(b) Determine the system type, the steady-state

error for a unit-step reference function, and
the damping ratio for the speed-control sys-
tem of Figure P16.2.33(b), which uses integral
control.

(c) Add proportional control to the system of part
(b) by replacing Ki/s with Kp + Ki/s, and
find the new damping ratio.

*16.2.34 Consider the speed-control system shown in
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Figure P16.2.34, which uses proportional control.
With Td(s) = 0, if a unit-step function is applied
to the reference input, find the expression for the
time response ωc(t).

16.2.35 Figure P16.2.35 shows a block diagram of a speed-
control system that uses proportional as well as
integral control action. Show that this will result
in the elimination of the steady-state system error
in response to a unit-step disturbance torque input.

16.2.36 Consider two type-1 systems, as shown in Figures
P16.2.36(a) and (b), with the integrator located
in two different locations. Check whether both

systems eliminate the steady-state error for unit-
step function disturbance input U(s).

16.2.37 It is desirable to have an amplifier system of sev-
eral stages with an overall gain of 1000± 20. The
gain of any one stage is given to drift from 10 to
20. Determine the required number of stages and
the feedback function needed to meet the speci-
fications. Consider the closed-loop system as one
that has an initial value of 980 and a final value of
1020, while each stage has an initial value of 10
and a final value of 20.
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16.2.38 The parameters of the FET in a grounded-source
amplifier are affected because aging causes a net
per-unit decrease in gain of 25%. Each amplifier
circuit is designed to yield a gain (between the
input–output terminals) of 80, with the change at
no time exceeding 0.1%.

(a) Find the minimum number of stages needed
to meet the specification.

(b) Determine the corresponding feedback fac-
tor H.

16.2.39 (a) A system has a direct transmission function
given by
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G(s) = 10

s2 + s − 2

(i) Is the system stable?

(ii) If it is unstable, can it be made stable
by employing a feedback path with a
transfer function H around G(s)? If so,
find H.

(b) Redo part (a) for the case where

G(s) = 10

s(s2 + s − 2)

16.2.40 The output response of a second-order servomech-
anism is given as

c(t)

r0
= 1− 1.66e−8t sin(6t + 37°)

when the input is a step function of magnitude r0.

(a) Determine the damped frequency of oscilla-
tion.

(b) Obtain the value of the damping ratio.

(c) Find the natural frequency of the system.

(d) Evaluate the loop gain if the inertia of the
output member is 0.01 kg·m2 and the viscous
coefficient is 0.2 kg·m2/s.

(e) To what value should the loop gain be in-
creased if the damping ratio is not to be less
than 0.4?

(f) Obtain the closed-loop transfer function.

(g) Find the corresponding open-loop transfer
function.

(h) When the system is operated in open-loop
configuration, determine the complete output
response for a unit-step input.

16.2.41 Figure P16.2.41 shows the block diagram of a
control system. Determine:

(a) The closed-loop transfer function.

(b) The frequency of oscillation of the output vari-
able in responding to a step command before
reaching steady state.

(c) The percent maximum overshoot in part (b).

(d) The time required for the output to reach up
to 99% of steady state in part (b).

*16.2.42 The feedback control system is characterized by

d2c

dt2
+ 6.4

dc

dt
= 160e

where c is the output variable and e = r−0.4c. De-
termine the damping ratio ξ , the natural frequency
ωn, and percent maximum overshoot.

16.2.43 A second-order servomechanism with the config-
uration of Figure 16.2.7 has the following param-
eters:

Open-loop gain K = 24× 10−4 N·m/rad
System inertia J = 1.4× 10−5 kg·m2

System viscous-friction coefficient F = 220 ×
10−6 kg·m2/s

(a) Find the damping ratio.

(b) If the loop gain has to be increased to 250 ×
10−4 N·m/rad in order to meet the accuracy
requirements during steady-state operation,
determine the error-rate damping coefficient
needed, while keeping the damping ratio un-
changed.

16.2.44 The system of Problem 16.2.41 is modified, as
shown in Figure P16.2.44, to include error-rate
damping. Find the value of the error-rate factor
Ke so that the damping ratio of the modified char-
acteristic equation is 0.6.

16.2.45 For the system shown in Figure P16.2.45, deter-
mine the value of the output-rate factor that yields
a response (to a step command) with a maximum
overshoot of 10%.

*16.2.46 Redo Problem 16.2.45 for the system whose block
diagram is depicted in Figure P16.2.46.
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