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Problems

Electric circuits, which are collections of circuit elements connected together, are the most
fundamental structures of electrical engineering. A circuit is an interconnection of simple elec-
trical devices that have at least one closed path in which current may flow. However, we may
have to clarify to some of our readers what is meant by “current” and “electrical device,” a
task that we shall undertake shortly. Circuits are important in electrical engineering because
they process electrical signals, which carry energy and information; a signal can be any time-
varying electrical quantity. Engineering circuit analysis is a mathematical study of some useful
interconnection of simple electrical devices. An electric circuit, as discussed in this book, is
an idealized mathematical model of some physical circuit or phenomenon. The ideal circuit
elements are the resistor, the inductor, the capacitor, and the voltage and current sources. The
ideal circuit model helps us to predict, mathematically, the approximate behavior of the actual
event. The models also provide insights into how to design a physical electric circuit to perform a
desired task. Electrical engineering is concerned with the analysis and design of electric circuits,
systems, and devices. In Chapter 1 we shall deal with the fundamental concepts that underlie
all circuits.

Electrical quantities will be introduced first. Then the reader is directed to the lumped-
circuit elements. Then Ohm’s law and Kirchhoff’s laws are presented. These laws are sufficient
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4 CIRCUIT CONCEPTS

for analyzing and designing simple but illustrative practical circuits. Later, a brief introduc-
tion is given to meters and measurements. Finally, the analogy between electrical and other
nonelectric physical systems is pointed out. The chapter ends with a case study of practical
application.

1.1 ELECTRICAL QUANTITIES

In describing the operation of electric circuits, one should be familiar with such electrical quantities
as charge, current, and voltage. The material of this section will serve as a review, since it will
not be entirely new to most readers.

Charge and Electric Force

The proton has a charge of +1.602 10−19 coulombs (C), while the electron has a charge of
−1.602 × 10−19 C. The neutron has zero charge. Electric charge and, more so, its movement
are the most basic items of interest in electrical engineering. When many charged particles are
collected together, larger charges and charge distributions occur. There may be point charges (C),
line charges (C/m), surface charge distributions (C/m2), and volume charge distributions (C/m3).

A charge is responsible for an electric field and charges exert forces on each other. Like
charges repel, whereas unlike charges attract. Such an electric force can be controlled and utilized
for some useful purpose. Coulomb’s law gives an expression to evaluate the electric force in
newtons (N) exerted on one point charge by the other:

Force on Q1 due to Q2 = F̄21 = Q1Q2

4πε0R2
ā21 (1.1.1a)

Force on Q2 due to Q1 = F̄12 = Q2Q1

4πε0R2
ā12 (1.1.1b)

where Q1 and Q2 are the point charges (C); R is the separation in meters (m) between them; ε0

is the permittivity of the free-space medium with units of C2/N · m or, more commonly, farads
per meter (F/m); and ā21 and ā12 are unit vectors along the line joining Q1 and Q2, as shown in
Figure 1.1.1.

Equation (1.1.1) shows the following:

1. Forces F̄21 and F̄12 are experienced by Q1 and Q2, due to the presence of Q2 and Q1,
respectively. They are equal in magnitude and opposite of each other in direction.

2. The magnitude of the force is proportional to the product of the charge magnitudes.

3. The magnitude of the force is inversely proportional to the square of the distance between
the charges.

4. The magnitude of the force depends on the medium.

5. The direction of the force is along the line joining the charges.

Note that the SI system of units will be used throughout this text, and the student should be
conversant with the conversion factors for the SI system.

The force per unit charge experienced by a small test charge placed in an electric field is
known as the electric field intensity Ē, whose units are given by N/C or, more commonly, volts
per meter (V/m),

Ē = lim
Q→0

F̄

Q
(1.1.2)
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Figure 1.1.1 Illustration of Coulomb’s law.

Equation (1.1.2) is the defining equation for the electric field intensity (with units of N/C or V/m),
irrespective of the source of the electric field. One may then conclude:

F̄21 = Q1Ē2 (1.1.3a)

F̄12 = Q2Ē1 (1.1.3b)

where Ē2 is the electric field due to Q2 at the location of Q1, and Ē1 is the electric field due to
Q1 at the location of Q2, given by

Ē2 = Q2

4πε0R2
ā21 (1.1.4a)

Ē1 = Q1

4πε0R2
ā12 (1.1.4b)

Note that the electric field intensity due to a positive point charge is directed everywhere
radially away from the point charge, and its constant-magnitude surfaces are spherical surfaces
centered at the point charge.

EXAMPLE 1.1.1

(a) A small region of an impure silicon crystal with dimensions 1.25 × 10−6 m ×10−3 m
×10−3 m has only the ions (with charge+1.6 10−19 C) present with a volume density of
1025/m3. The rest of the crystal volume contains equal densities of electrons (with charge
−1.6× 10−19 C) and positive ions. Find the net total charge of the crystal.

(b) Consider the charge of part (a) as a point charge Q1. Determine the force exerted by this
on a charge Q2 = 3µC when the charges are separated by a distance of 2 m in free space,
as shown in Figure E1.1.1.

Q3 = −2 × 10−6 C

F12

F2F32

Q2 = 3 × 10−6 C
2 m

1 m

76°

y

xQ1 = 2 × 10−6 C

−

+ +

Figure E1.1.1
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(c) If another charge Q3 = −2µC is added to the system 1 m above Q2, as shown in Figure
E1.1.1, calculate the force exerted on Q2.

So l u t i on

(a) In the region where both ions and free electrons exist, their opposite charges cancel, and
the net charge density is zero. From the region containing ions only, the volume-charge
density is given by

ρ = (1025)(1.6× 10−19) = 1.6× 106 C/m3

The net total charge is then calculated as:

Q = ρv = (1.6× 106)(1.25× 10−6 × 10−3 × 10−3) = 2× 10−6 C

(b) The rectangular coordinate system shown defines the locations of the charges: Q1 =
2×10−6 C; Q2 = 3×10−6 C. The force that Q1 exerts on Q2 is in the positive direction
of x, given by Equation (1.1.1),

F̄12 = (3× 10−6)(2× 10−6)

4π(10−9/36π)22
āx = āx 13.5× 10−3 N

This is the force experienced by Q2 due to the effect of the electric field of Q1. Note the
value used for free-space permittivity, ε0, as (8.854×10−12), or approximately 10−9/36π
F/m. āx is the unit vector in the positive x-direction.

(c) When Q3 is added to the system, as shown in Figure E1.1.1, an additional force on Q2

directed in the positive y-direction occurs (since Q3 and Q2 are of opposite sign),

F̄32 = (3× 10−6)(−2× 10−6)

4π(10−936π)12
(−āy) = āy 54× 10−3 N

The resultant force F̄2 acting on Q2 is the superposition of F̄12 and F̄32 due to Q1 and
Q3, respectively.

The vector combination of F̄12 and F̄32 is given by:

F̄2 =
√
F 2

12 + F 2
32
� tan−1 F̄32

F̄12

=
√

13 .52 + 542 × 10−3 � tan−1 54

13 .5

= 55.7× 10−3 � 76° N

Conductors and Insulators

In order to put charge in motion so that it becomes an electric current, one must provide a path
through which it can flow easily by the movement of electrons. Materials through which charge
flows readily are called conductors. Examples include most metals, such as silver, gold, copper,
and aluminum. Copper is used extensively for the conductive paths on electric circuit boards and
for the fabrication of electrical wires.
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Insulators are materials that do not allow charge to move easily. Examples include glass,
plastic, ceramics, and rubber. Electric current cannot be made to flow through an insulator, since
a charge has great difficulty moving through it. One sees insulating (or dielectric) materials often
wrapped around the center conducting core of a wire.

Although the term resistance will be formally defined later, one can say qualitatively that
a conductor has a very low resistance to the flow of charge, whereas an insulator has a very
high resistance to the flow of charge. Charge-conducting abilities of various materials vary in
a wide range. Semiconductors fall in the middle between conductors and insulators, and have
a moderate resistance to the flow of charge. Examples include silicon, germanium, and gallium
arsenide.

Current and Magnetic Force

The rate of movement of net positive charge per unit of time through a cross section of a conductor
is known as current,

i(t) = dq

dt
(1.1.5)

The SI unit of current is the ampere (A), which represents 1 coulomb per second. In most
metallic conductors, such as copper wires, current is exclusively the movement of free electrons
in the wire. Since electrons are negative, and since the direction designated for the current
is that of the net positive charge movement, the charges in the wire are thus moving in the
direction opposite to the direction of the current designation. The net charge transferred at a
particular time is the net area under the current–time curve from the beginning of time to the
present,

q(t) =
t∫

−∞
i(τ ) dτ (1.1.6)

While Coulomb’s law has to do with the electric force associated with two charged bodies,
Ampere’s law of force is concerned with magnetic forces associated with two loops of wire carrying
currents by virtue of the motion of charges in the loops. Note that isolated current elements do
not exist without sources and sinks of charges at their ends; magnetic monopoles do not exist.
Figure 1.1.2 shows two loops of wire in freespace carrying currents I1 and I2.

Considering a differential element dl̄1 of loop 1 and a differential element dl̄2 of loop 2,
the differential magnetic forces dF̄21 and dF̄12 experienced by the differential current elements
I1 dl̄1, and I2 dl̄2, due to I2 and I1, respectively, are given by

dF̄21 = I1 dl̄1 ×
(
µ0

4π

I2dl̄2 × ā21

R2

)
(1.1.7a)

dF̄12 = I2 dl̄2 ×
(
µ0

4π

I1dl̄1 × ā12

R2

)
(1.1.7b)

where ā21 and ā12 are unit vectors along the line joining the two current elements,R is the distance
between the centers of the elements, µ0 is the permeability of free space with units of N/A2 or
commonly known as henrys per meter (H/m). Equation (1.1.7) reveals the following:

1. The magnitude of the force is proportional to the product of the two currents and the
product of the lengths of the two current elements.
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Loop 1 Loop 2

R

I1
I2

a12
dl1

dl2
a21

Figure 1.1.2 Illustration of Ampere’s law (of
force).

2. The magnitude of the force is inversely proportional to the square of the distance between
the current elements.

3. To determine the direction of, say, the force acting on the current element I1 dl̄1, the cross
product dl̄2 × ā21 must be found. Then crossing dl̄1 with the resulting vector will yield
the direction of dF̄21.

4. Each current element is acted upon by a magnetic field due to the other current element,

dF̄21 = I1 dl̄1 × B̄2 (1.1.8a)

dF̄12 = I2dl̄2 × B̄1 (1.1.8b)

where B̄ is known as the magnetic flux density vector with units of N/A ·m, commonly
known as webers per square meter (Wb/m2) or tesla (T).

Current distribution is the source of magnetic field, just as charge distribution is the source
of electric field. As a consequence of Equations (1.1.7) and (1.1.8), it can be seen that

B̄2 = µ0

4π
I2 dl̄2 × ā21 (1.1.9a)

B̄1 = µ0

4π

I1 dl̄1 × ā12

R2
(1.1.9b)

which depend on the medium parameter. Equation (1.1.9) is known as the Biot–Savart law.
Equation (1.1.8) can be expressed in terms of moving charge, since current is due to the flow
of charges. With I = dq/dt and dl̄ = v̄ dt , where v̄ is the velocity, Equation (1.1.8) can be
rewritten as

dF̄ =
(
dq

dt

)
(v̄ dt)× B̄ = dq (v̄ × B̄) (1.1.10)

Thus it follows that the force F̄ experienced by a test charge q moving with a velocity v̄ in a
magnetic field of flux density B̄ is given by

F̄ = q (v̄ × B̄) (1.1.11)

The expression for the total force acting on a test charge q moving with velocity v̄ in a region
characterized by electric field intensity Ē and a magnetic field of flux density B̄ is

F̄ = F̄E + F̄M = q (Ē + v̄ × B̄) (1.1.12)

which is known as the Lorentz force equation.
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EXAMPLE 1.1.2

Figure E1.1.2 (a) gives a plot of q(t) as a function of time t .

(a) Obtain the plot of i(t).

(b) Find the average value of the current over the time interval of 1 to 7 seconds.

3

t, seconds

−1

0 1 2 3 4 5 6 7 8 9 10

q(t), coulombs

(a)

t, seconds

i(t), amperes

−2.0

(b)

1.0
1.5

1 2 3 4 5 6 7 8 9 10

Figure E1.1.2 (a) Plot of q(t).
(b) Plot of i(t).

So l u t i on

(a) Applying Equation (1.1.5) and interpreting the first derivative as the slope, one obtains
the plot shown in Figure E1.1.2(b).

(b) Iav = (1/T )
∫ T

0 i dt . Interpreting the integral as the area enclosed under the curve, one
gets:

Iav = 1

(7− 1)
[(1.5× 2)− (2.0× 2)+ (0× 1)+ (1× 1)] = 0

Note that the net charge transferred during the interval of 1 to 7 seconds is zero in this case.
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EXAMPLE 1.1.3

Consider an infinitesimal length of 10−6 m of wire whose center is located at the point (1, 0, 0),
carrying a current of 2 A in the positive direction of x.

(a) Find the magnetic flux density due to the current element at the point (0, 2, 2).

(b) Let another current element (of length 10−3 m) be located at the point (0, 2, 2), carrying
a current of 1 A in the direction of (−āy + āz). Evaluate the force on this current element
due to the other element located at (1, 0, 0).

So l u t i on

(a) I1dl̄1 = 2× 10−6āx . The unit vector ā12 is given by

ā12 = (0− 1)āx + (2− 0)āy + (2− 0)āz√
12 + 22 + 22

= (−āx + 2āy + 2āz)

3
Using the Biot–Savart law, Equation (1.1.9), one gets

[B̄1](0,2,2) = µ0

4π

I1 dl̄1 × ā12

R2

where µ0 is the free-space permeability constant given in SI units as 4π × 10−7 H/m,
and R2 in this case is {(0− 1)2 + (2− 0)2 + (2− 0)2}, or 9. Hence,

[B̄1](0,2,2) = 4π × 10−7

4π

[
(2× 10−6āx)× (−āx + 2āy + 2āz)

9× 3

]

= 10−7

27
× 4× 10−6(āz − āy) Wb/m2

= 0.15× 10−13(āz − āy) T

(b) I2 dl̄2 = 10−3(−āy + āz)

dF̄12 = I2dl̄2 × B̄1

= [10−3(−āy + āz)
]× [0.15× 10−13(āz − āy)

] = 0

Note that the force is zero since the current element I2 dl̄2 and the field B̄1 due to I1 dl̄1

at (0, 2, 2) are in the same direction.

The Biot–Savart law can be extended to find the magnetic flux density due to a current-
carrying filamentary wire of any length and shape by dividing the wire into a number of
infinitesimal elements and using superposition. The net force experienced by a current loop can
be similarly evaluated by superposition.

Electric Potential and Voltage

When electrical forces act on a particle, it will possess potential energy. In order to describe the
potential energy that a particle will have at a point x, the electric potential at point x is defined as
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v(x) = dw(x)

dq
(1.1.13)

where w(x) is the potential energy that a particle with charge q has when it is located at the
position x. The zero point of potential energy can be chosen arbitrarily since only differences in
energy have practical meaning. The point where electric potential is zero is known as the reference
point or ground point, with respect to which potentials at other points are then described. The
potential difference is known as the voltage expressed in volts (V) or joules per coulomb (J/C).
If the potential at B is higher than that at A,

vBA = vB − vA (1.1.14)

which is positive. Obviously voltages can be either positive or negative numbers, and it follows that

vBA = −vAB (1.1.15)

The voltage at point A, designated as vA, is then the potential at point A with respect to the
ground.

Energy and Power

If a charge dq gives up energy dw when going from point a to point b, then the voltage across
those points is defined as

v = dw

dq
(1.1.16)

If dw/dq is positive, point a is at the higher potential. The voltage between two points is the
work per unit positive charge required to move that charge between the two points. If dw and dq
have the same sign, then energy is delivered by a positive charge going from a to b (or a negative
charge going the other way). Conversely, charged particles gain energy inside a source where dw
and dq have opposite polarities.

The load and source conventions are shown in Figure 1.1.3, in which point a is at a
higher potential than point b. The load receives or absorbs energy because a positive charge
goes in the direction of the current arrow from higher to lower potential. The source has
a capacity to supply energy. The voltage source is sometimes known as an electromotive
force, or emf, to convey the notation that it is a force that drives the current through the
circuit.

The instantaneous power p is defined as the rate of doing work or the rate of change of
energy dw/dt,

p = dw

dt
=
(
dw

dq

) (
dq

dt

)
= vi (1.1.17)

The electric power consumed or produced by a circuit element is given by its voltage–current
product, expressed in volt-amperes (VA) or watts (W). The energy over a time interval is found
by integrating power,

w =
T∫

0

p dt (1.1.18)

which is expressed in watt-seconds or joules (J), or commonly in electric utility bills in kilowatt-
hours (kWh). Note that 1 kWh equals 3.6× 106 J.
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Load iabvab

a

b

+

−

Source ibavab

a

i

b

+

−

Figure 1.1.3 Load and source conventions.

EXAMPLE 1.1.4

A typical 12-V automobile battery, storing about 5 megajoules (MJ) of energy, is connected to a
4-A headlight system.

(a) Find the power delivered to the headlight system.

(b) Calculate the energy consumed in 1 hour of operation.

(c) Express the auto-battery capacity in ampere-hours (Ah) and compute how long the
headlight system can be operated before the battery is completely discharged.

So l u t i on

(a) Power delivered: P = V I = 124 = 48W.

(b) Assuming V and I remain constant, the energy consumed in 1 hour will equal

W = 48(60× 60) = 172.8× 103J = 172.8kJ

(c) 1 Ah = (1 C/s)(3600 s) = 3600C. For the battery in question, 5 × 106J/12 V =
0.417 × 106C. Thus the auto-battery capacity is 0.417 × 106/3600 ∼= 116 Ah. Without
completely discharging the battery, the headlight system can be operated for 116/4= 29
hours.

Sources and Loads

A source–load combination is represented in Figure 1.1.4. A node is a point at which two or
more components or devices are connected together. A part of a circuit containing only one
component, source, or device between two nodes is known as a branch. A voltage rise indicates
an electric source, with the charge being raised to a higher potential, whereas a voltage drop
indicates a load, with a charge going to a lower potential. The voltage across the source is the
same as the voltage across the load in Figure 1.1.4. The current delivered by the source goes
through the load. Ideally, with no losses, the power (p = vi) delivered by the source is consumed
by the load.

When current flows out of the positive terminal of an electric source, it implies that non-
electric energy has been transformed into electric energy. Examples include mechanical energy
transformed into electric energy as in the case of a generator source, chemical energy changed
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into electric energy as in the case of a battery source, and solar energy converted into electric
energy as in the case of a solar-cell source. On the other hand, when current flows in the direction
of voltage drop, it implies that electric energy is transformed into nonelectric energy. Examples
include electric energy converted into thermal energy as in the case of an electric heater, electric
energy transformed into mechanical energy as in the case of motor load, and electric energy
changed into chemical energy as in the case of a charging battery.

Batteries and ac outlets are the familiar electric sources. These are voltage sources. An ideal
voltage source is one whose terminal voltage v is a specified function of time, regardless of the
current i through the source. An ideal battery has a constant voltage V with respect to time, as
shown in Figure 1.1.5(a). It is known as a dc source, because i = I is a direct current. Figure
1.1.5(b) shows the symbol and time variation for a sinusoidal voltage source with v = Vm cos ωt .
The positive sign on the source symbol indicates instantaneous polarity of the terminal at the
higher potential whenever cos ωt is positive. A sinusoidal source is generally termed an ac source
because such a voltage source tends to produce an alternating current.

The concept of an ideal current source, although less familiar but useful as we shall see later,
is defined as one whose current i is a specified function of time, regardless of the voltage across its
terminals. The circuit symbols and the corresponding i–v curves for the ideal voltage and current
sources are shown in Figure 1.1.6.

Even though ideal sources could theoretically produce infinite energy, one should recognize
that infinite values are physically impossible. Various circuit laws and device representations or
models are approximations of physical reality, and significant limitations of the idealized concepts
or models need to be recognized. Simplified representations or models for physical devices are
the most powerful tools in electrical engineering. As for ideal sources, the concept of constant V
or constant I for dc sources and the general idea of v or i being a specified function of time should
be understood.

When the source voltage or current is independent of all other voltages and currents, such
sources are known as independent sources. There are dependent or controlled sources, whose

Source

Node b

Node a

Ground

i

+

−

+

−

Load

Figure 1.1.4 Source–load combination.
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−

0

v

tV

(a)

V

i
+

+

−

−

0

v

t

(b)

v = Vm cos ωt

−Vm

Vm

2π/ω

i

Figure 1.1.5 Voltage sources. (a) Ideal dc source (battery). (b) Ideal sinusoidal ac source.
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Figure 1.1.6 Circuit symbols and i–v curves. (a) Ideal voltage source. (b) Ideal current source.

voltage or current does depend on the value of some other voltage or current. As an example, a
voltage amplifier producing an output voltage vout = Avin, where vin is the input voltage and A is
the constant-voltage amplification factor, is shown in Figure 1.1.7, along with its controlled-source
model using the diamond-shaped symbol. Current sources controlled by a current or voltage will
also be considered eventually.

Waveforms

We are often interested in waveforms, which may not be constant in time. Of particular interest
is a periodic waveform, which is a time-varying waveform repeating itself over intervals of time
T > 0.

f (t) = f (t ± nT ) n = 1, 2, 3, · · · (1.1.19)

The repetition time T of the waveform is called the period of the waveform. For a waveform
to be periodic, it must continue indefinitely in time. The dc waveform of Figure 1.1.5(a) can be
considered to be periodic with an infinite period. The frequency of a periodic waveform is the
reciprocal of its period,

f = 1

T
Hertz (Hz) (1.1.20)

A sinusoidal or cosinusoidal waveform is typically described by

f (t) = A sin(ωt + φ) (1.1.21)

where A is the amplitude, φ is the phase offset, and ω = 2πf = 2π/T is the radian frequency
of the wave. When φ = 0, a sinusoidal wave results, and when φ = 90°, a cosinusoidal wave
results. The average value of a periodic waveform is the net positive area under the curve for one
period, divided by the period,

Fav = 1

T

T∫
0

f (t) dt (1.1.22)

++

− −
vin vout

(a)

Voltage
amplifier

+
+

−
−

Avin vout

(b)

Figure 1.1.7 Voltage amplifier and its
controlled-source model.
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The effective, or root-mean square (rms), value is the square root of the average of f 2(t),

Frms =

√√√√√ 1

T

T∫
0

f 2(t) dt (1.1.23)

Determining the square of the function f (t), then finding the mean (average) value, and finally
taking the square root yields the rms value, known as effective value. This concept will be seen
to be useful in comparing the effectiveness of different sources in delivering power to a resistor.
The effective value of a periodic current, for example, is a constant, or dc value, which delivers
the same average power to a resistor, as will be seen later.

For the special case of a dc waveform, the following holds:

f (t) = F ; Fav = Frms = F (1.1.24)

For the sinusoid or cosinusoid, it can be seen that

f (t) = A sin(ωt + φ); Fav = 0; Frms = A/
√

2 ∼= 0.707 A (1.1.25)

The student is encouraged to show the preceding results using graphical and analytical means.
Other common types of waveforms are exponential in nature,

f (t) = Ae−t/τ (1.1.26a)

f (t) = A(1− e−t/τ ) (1.1.26b)

where τ is known as the time constant. After a time of one time constant has elapsed, looking at
Equation (1.1.26a), the value of the waveform will be reduced to 37% of its initial value; Equation
(1.1.26b) shows that the value will rise to 63% of its final value. The student is encouraged to
study the functions graphically and deduce the results.

EXAMPLE 1.1.5

A periodic current waveform in a rectifier is shown in Figure E1.1.5. The wave is sinusoidal for
π/3 ≤ ωt ≤ π , and is zero for the rest of the cycle. Calculate the rms and average values of the
current.

i

10

π
3

π 2π ωt

Figure E1.1.5

So l u t i on

Irms =

√√√√√√ 1

2π




π/3∫
0

i2 d(ωt)+
π∫

π/3

i2 d(ωt)+
2π∫
π

i2 d(ωt)






16 CIRCUIT CONCEPTS

Notice that ωt rather than t is chosen as the variable for convenience; ω = 2πf = 2π/T;
and integration is performed over three discrete intervals because of the discontinuous current
function. Since i = 0 for 0 ≤ ωt < π/3 and π ≤ ωt ≤ 2π ,

Irms =
√√√√√ 1

2π

π∫
π/3

102 sin2 ωt d(ωt) = 4.49 A

Iav = 1

2π

π∫
π/3

10 sin ωt d(ωt) = 2.39 A

Note that the base is the entire period 2π , even though the current is zero for a substantial part of
the period.

1.2 LUMPED-CIRCUIT ELEMENTS

Electric circuits or networks are formed by interconnecting various devices, sources, and com-
ponents. Although the effects of each element (such as heating effects, electric-field effects,
or magnetic-field effects) are distributed throughout space, one often lumps them together as
lumped elements. The passive components are the resistance R representing the heating effect,
the capacitance C representing the electric-field effect, and the inductance L representing the
magnetic-field effect. Their characteristics will be presented in this section. The capacitor models
the relation between voltage and current due to changes in the accumulation of electric charge, and
the inductor models the relation due to changes in magnetic flux linkages, as will be seen later.
While these phenomena are generally distributed throughout an electric circuit, under certain
conditions they can be considered to be concentrated at certain points and can therefore be
represented by lumped parameters.

Resistance

An ideal resistor is a circuit element with the property that the current through it is linearly
proportional to the potential difference across its terminals,

i = v/R = Gv, or v = iR (1.2.1)

which is known as Ohm’s law, published in 1827. R is known as the resistance of the resistor
with the SI unit of ohms (�), and G is the reciprocal of resistance called conductance, with the SI
unit of siemens (S). The circuit symbols of fixed and variable resistors are shown in Figure 1.2.1,
along with an illustration of Ohm’s law. Most resistors used in practice are good approximations
to linear resistors for large ranges of current, and their i–v characteristic (current versus voltage
plot) is a straight line.

The value of resistance is determined mainly by the physical dimensions and the resistivity
ρ of the material of which the resistor is composed. For a bar of resistive material of length l and
cross-sectional area A the resistance is given by

R = ρl

A
= l

σA
(1.2.2)

where ρ is the resistivity of the material in ohm-meters (� ·m), and σ is the conductivity of the
material in S/m, which is the reciprocal of the resistivity. Metal wires are often considered as ideal
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iab

vab

Ra b(Fixed)
+ −

iab

iab = vab/R = Gvab

vab

Ra b(Variable)
+ −

Figure 1.2.1 Circuit symbols of fixed
and variable resistors and illustration of
Ohm’s law.

TABLE 1.2.1 Resistivity of Some Materials

Type Material ρ(� ·m)

Conductors Silver 16× 10−9

(at 20°C) Copper 17× 10−9

Gold 24× 10−9

Aluminum 28× 10−9

Tungsten 55× 10−9

Brass 67× 10−9

Sodium 0.04× 10−6

Stainless steel 0.91× 10−6

Iron 0.1× 10−6

Nichrome 1× 10−6

Carbon 35× 10−6

Seawater 0.25

Semiconductors Germanium 0.46
(at 27°C or 300 K) Silicon 2.3× 103

Insulators Rubber 1× 1012

Polystyrene 1× 1015

conductors with zero resistance as a good approximation. Table 1.2.1 lists values of ρ for some
materials.

The resistivity of conductor metals varies linearly over normal operating temperatures
according to

ρ
T 2 = ρ

T 1

(
T2 + T

T1 + T

)
(1.2.3)

where ρT 2 and ρT 1 are resistivities at temperatures T2 and T1, respectively, and T is a temperature
constant that depends on the conductor material. All temperatures are in degrees Celsius. The
conductor resistance also depends on other factors, such as spiraling, frequency (the skin effect
which causes the ac resistance to be slightly higher than the dc resistance), and current magnitude
in the case of magnetic conductors (e.g., steel conductors used for shield wires).

Practical resistors are manufactured in standard values, various resistance tolerances, several
power ratings (as will be explained shortly), and in a number of different forms of construction.
The three basic construction techniques are composition type, which uses carbon or graphite and
is molded into a cylindrical shape, wire-wound type, in which a length of enamel-coated wire
is wrapped around an insulating cylinder, and metal-film type, in which a thin layer of metal is
vacuum deposited. Table 1.2.2 illustrates the standard color-coded bands used for evaluating
resistance and their interpretation for the common carbon composition type. Sometimes a fifth
band is also present to indicate reliability. Black is the least reliable color and orange is 1000
times more reliable than black.

For resistors ranging from 1 to 9.1 �, the standard resistance values are listed in Table 1.2.3.
Other available values can be obtained by multiplying the values shown in Table 1.2.3 by factors



18 CIRCUIT CONCEPTS

TABLE 1.2.2 Standard Color-Coded Bands for Evaluating Resistance and Their Interpretation

Color bands 1–4 b1 b2 b3 b4

Color of Band Digit of Band Multiplier % Tolerance in Actual Value

Black 0 100 —
Brown 1 101 —
Red 2 102 —
Orange 3 103 —
Yellow 4 104 —
Green 5 105 —
Blue 6 106 —
Violet 7 107 —
Grey 8 108 —
White 9 — —
Gold — 10−1 ± 5%
Silver — 10−2 ± 10%
Black or no color — — ± 20%

Resistance value = (10b1 + b2)× 10b3 �.

of 10 ranging from 10 � to about 22 × 106 �. For example, 8.2 �, 82 �, 820 �, . . . , 820 k�
are standard available values.

The maximum allowable power dissipation or power rating is typically specified for com-
mercial resistors. A common power rating for resistors used in electronic circuits is 1�4 W; other
ratings such as 1�8, 1�2, 1, and 2 W are available with composition-type resistors, whereas larger
ratings are also available with other types. Variable resistors, known as potentiometers, with a
movable contact are commonly found in rotary or linear form. Wire-wound potentiometers may
have higher power ratings up to 1000 W.

The advent of integrated circuits has given rise to packaged resistance arrays fabricated by
using film technology. These packages are better suited for automated manufacturing and are
usually less costly than discrete resistors in large production runs.

An important property of the resistor is its ability to convert energy from electrical form into
heat. The manufacturer generally states the maximum power dissipation of the resistor in watts.
If more power than this is converted to heat by the resistor, the resistor will be damaged due to
overheating. The instantaneous power absorbed by the resistor is given by

p(t) = v(t)i(t) = i2R = v2/R = v2G (1.2.4)

where v is the voltage drop across the resistance and i is the current through the resistance. It can
be shown (see Problem 1.2.13) that the average value of Equation (1.2.4) is given by

Pav = VrmsIrms = I 2
rmsR = V 2

rms/R = V 2
rmsG (1.2.5)

for periodically varying current and voltage as a function of time. Equation (1.2.5) gives the
expression for the power converted to heat by the resistor.
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TABLE 1.2.3 Standard Available Values of Resistors

1.0 1.5 2.2 3.3 4.7 6.8
1.1 1.6 2.4 3.6 5.1 7.5
1.2 1.8 2.7 3.9 5.6 8.2
1.3 2.0 3.0 4.3 6.2 9.1

Series and parallel combinations of resistors occur very often. Figure 1.2.2 illustrates these
combinations.

Figure 1.2.2(a) shows two resistors R1 and R2 in series sharing the voltage v in direct
proportion to their values, while the same current i flows through both of them,

v = vAC = vAB + vBC = iR1 + iR2 = i(R1 + R2) = iReq

or, when R1 and R2 are in series,

Req = R1 + R2 (1.2.6)

Figure 1.2.2(b) shows two resistors in parallel sharing the current i in inverse proportion to
their values, while the same voltage v is applied across each of them. At node B,

i = i1 + i2 = v

R1
+ v

R2
= v

(
1

R1
+ 1

R2

)
= v/

(
R1R2

R1 + R2

)
= v

Req

or, when R1 and R2 are in parallel,

Req = R1R2

R1 + R2
or

1

Req
= 1

R1
+ 1

R2
or Geq = G1 +G2 (1.2.7)

Notice the voltage division shown in Figure 1.2.2(a), and the current division in Figure
1.2.2(b).

i

A

C

(a) (b)

B

+

−

v = vAC = vAB + vBC vAD = vBC = v

vAB = iR1

=

=

vR1

R1 + R2

vBC = iR2

R1

R2

A

D

B

C

+

−

i = i1 + i2

i2 = v/R2

= vG2

i1 = v/R1
= vG1

R1 R2=
iG2

G1 + G2

=
iG1

G1 + G2

vR2

R1 + R2

Figure 1.2.2 Resistances in series and in parallel. (a) R1 and R2 in series. (b) R1 and R2 in parallel.

EXAMPLE 1.2.1

A no. 14 gauge copper wire, commonly used in extension cords, has a circular wire diameter of
64.1 mils, where 1 mil = 0.001 inch.

(a) Determine the resistance of a 100-ft-long wire at 20°C.
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(b) If such a 2-wire system is connected to a 110-V (rms) residential source outlet in order
to power a household appliance drawing a current of 1 A (rms), find the rms voltage at
the load terminals.

(c) Compute the power dissipated due to the extension cord.

(d) Repeat part (a) at 50°C, given that the temperature constant for copper is 241.5°C.

So l u t i on

(a) d = 64.1 mils = 64.1 × 10−3 in = 64.1 × 10−3 × 2.54 cm/1 in × 1 m/100 cm =
1.628× 10−3 m. From Table 1.2.1, ρ of copper at 20°C is 17× 10−9 m,

l = 100 ft = 100 ft × 12 in

1 ft
× 2.54 cm

1 in
× 1 m

100 cm
= 30.48 m

A = πd2

4
= π(1.628× 10−3)2

4
= 2.08× 10−6 m2

Per Equation (1.2.2),

R20°C = 17× 10−9 × 30.48

2.08× 10−6
‘ ∼= 0.25 �

(b) Rms voltage at load terminals, V = 110 − (0.25)2 = 109.5 V (rms). Note that two
100-ft-long wires are needed for the power to be supplied.

(c) Power dissipated, per Equation (1.2.5), P = (1)2(0.25)(2) = 0.5 W.

(d) Per Equation (1.2.3),

ρ50°C = ρ20°C

(
50+ 241.5

20+ 241.5

)
= 17× 10−9 × 291.5

261.5
= 18.95× 10−9 � ·m

Hence,

R50°C = 18.95× 10−9 × 30.48

2.08× 10−6
∼= 0.28 �

EXAMPLE 1.2.2

(a) Consider a series–parallel combination of resistors as shown in Figure E1.2.2(a). Find
the equivalent resistance as seen from terminals A–B.

(b) Determine the current I and power P delivered by a 10-V dc voltage source applied at
terminals A–B, with A being at higher potential than B.

(c) Replace the voltage source by an equivalent current source at terminals A–B.

(d) Show the current and voltage distribution clearly in all branches of the original circuit
configuration.
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So l u t i on

(a) The circuit is reduced as illustrated in Figure E1.2.2(b).

(b) I = 5 A; P = V I = I 2R = V 2/R = 50 W [see Figure E1.2.2(c)].

(c) See Figure E1.2.2(d).

(d) See Figure E1.2.2(e).

(a)

A

B
B

2 Ω

1 Ω

1 Ω

2 Ω
2 ΩD

C

Figure E1.2.2

A

B

D

1 Ω

2 Ω || 2 Ω
= 1 Ω

2 Ω || 2 Ω
= 1 Ω

1 Ω + 1 Ω
(In series)
= 2 Ω

1 Ω + 1 Ω
(In series)
= 2 Ω

1 Ω

2 Ω

C

B

A

B

1 Ω

2 Ω

C

B

A

B

1 Ω C

B

A

B
(b)

Req = 2 Ω
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10 V

B

A
I = 10/2 = 5 A

2 Ω
+

−

(c) B

A

V = 5 × 2 = 10 V5 A 2 Ω

+

−
(d)

(e)

A

B B

2 Ω

1 Ω

1 Ω5 A

5 A

2.5 A
2.5 A

2.5 V

1.25 A1.25 A

5 V

5 V10 V

2 Ω

2 ΩD

C

+

+

−

+
−

2.5 V
+
−

2.5 V
+
−

+
−

−

Maximum Power Transfer

In order to investigate the power transfer between a practical source and a load connected to it,
let us consider Figure 1.2.3, in which a constant voltage source v with a known internal resistance
RS is connected to a variable load resistance RL. Note that when RL is equal to zero, it is called
a short circuit, in which case vL becomes zero and iL is equal to v/RS . When RL approaches
infinity, it is called an open circuit, in which case iL becomes zero and vL is equal to v. One is
generally interested to find the value of the load resistance that will absorb maximum power from
the source.

The power PL absorbed by the load is given by

PL = i2
LRL (1.2.8)

where the load current iL is given by

iL = v2

RS + RL

(1.2.9)

Substituting Equation (1.2.9) in Equation (1.2.8), one gets

PL = v2

(RS + RL)2
RL (1.2.10)

For given fixed values of v and RS , in order to find the value of RL that maximizes the power
absorbed by the load, one sets the first derivative dPL/dRL equal to zero,

dPL

dRL

= v2(RL + RS)
2 − 2v2RL(RL + RS)

(RL + RS)4
= 0 (1.2.11)
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v

B

A

RL

RS

vL

iL

iL

+

−

Source −

+

Load

Figure 1.2.3 Power transfer between source and load. Note: RL = 0
implies short circuit; vL = 0 and iL = v

RS
and RL → • implies open

circuit; iL = 0 and vL = v.

which leads to the following equation:

(RL + RS)
2 − 2RL(RL + RS) = 0 (1.2.12)

The solution of Equation (1.2.12) is given by

RL = RS (1.2.13)

That is to say, in order to transfer maximum power to a load, the load resistance must be matched
to the source resistance or, in other words, they should be equal to each other.

A problem related to power transfer is that of source loading. Figure 1.2.4(a) illustrates a
practical voltage source (i.e., an ideal voltage source along with a series internal source resistance)
connected to a load resistance; Figure 1.2.4(b) shows a practical current source (i.e., an ideal
current source along with a parallel or shunt internal source resistance) connected to a load
resistance. It follows from Figure 1.2.4(a) that

vL = v − vint = v − iLRS (1.2.14)

where vint is the internal voltage drop within the source, which depends on the amount of current
drawn by the load. As seen from Equation (1.2.14), the voltage actually seen by the load vL
is somewhat lower than the open-circuit voltage of the source. When the load resistance RL is
infinitely large, the load current iL goes to zero, and the load voltage vL is then equal to the
open-circuit voltage of the source v. Hence, it is desirable to have as small an internal resistance
as possible in a practical voltage source.

From Figure 1.2.4(b) it follows that

iL = i − iint = i − vL

RS

(1.2.15)

where iint is the internal current drawn away from the load because of the presence of the internal
source resistance. Thus the load will receive only part of the short-circuit current available from
the source. When the load resistance RL is zero, the load voltage vL goes to zero, and the load

v

(a)

RL

RS

vL

vint

iL

+
+ −

−

Voltage source −

+

Load

i

(b)

RL
RS

vL

iint

iL

Current source −

+

Load

Figure 1.2.4 Source-loading
effects.



24 CIRCUIT CONCEPTS

current iL is then equal to the short-circuit current of the source i. Hence, it is desirable to have
as large an internal resistance as possible in a practical current source.

Capacitance

An ideal capacitor is an energy-storage circuit element (with no loss associated with it) repre-
senting the electric-field effect. The capacitance in farads (F) is defined by

C = q/v (1.2.16)

where q is the charge on each conductor, and v is the potential difference between the two
perfect conductors. With v being proportional to q, C is a constant determined by the geometric
configuration of the two conductors. Figure 1.2.5(a) illustrates a two-conductor system carrying
+q and −q charges, respectively, forming a capacitor.

The general circuit symbol for a capacitor is shown in Figure 1.2.5(b), where the current
entering one terminal of the capacitor is equal to the rate of buildup of charge on the plate
attached to that terminal,

i(t) = dq

dt
= C

dv

dt
(1.2.17)

in which C is assumed to be a constant and not a function of time (which it could be, if the
separation distance between the plates changed with time).

The terminal v–i relationship of a capacitor can be obtained by integrating both sides of
Equation (1.2.17),

v(t) = 1

C

t∫
−∞

i(τ ) dτ (1.2.18)

which may be rewritten as

v(t) = 1

C

t∫
0

i(τ ) dτ + 1

C

0∫
−∞

i(τ ) dτ = 1

C

t∫
0

i(τ ) dτ + v(0) (1.2.19)

where v(0) is the initial capacitor voltage at t = 0.
The instantaneous power delivered to the capacitor is given by

p(t) = v(t)i(t) = C v(t)
dv(t)

dt
(1.2.20)

whose average value can be shown (see Problem 1.2.13) to be zero for sinusoidally varying current
and voltage as a function of time. The energy stored in a capacitor at a particular time is found
by integrating,

A

B A B

+q charge
Potential vA

−q charge
Potential vB

Potential difference = v = vA − vB;  C = q/v

Ci(t)

v(t)

(a) (b)
i(t) = = C ;

dq
dt C

1v(t) =
dv
dt i(τ) dτ∫

t

C
1=

+ −

i(τ) dτ + v(0)∫
0

t

Figure 1.2.5 Capacitor. (a) Two perfect conductors carrying +q and −q charges. (b) Circuit symbol.
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w(t) =
t∫

−∞
p(τ) dτ = C

t∫
−∞

v(τ)
dv(τ)

dτ
= 1

2
Cv2(t)− 1

2
Cv2(−∞) (1.2.21)

Assuming the capacitor voltage to be zero at t = −∞, the stored energy in the capacitor at some
time t is given by

w(t) = 1

2
Cv2(t) (1.2.22)

which depends only on the voltage of the capacitor at that time, and represents the stored energy
in the electric field between the plates due to the separation of charges.

If the voltage across the capacitor does not change with time, no current flows, as seen from
Equation (1.2.17). Thus the capacitor acts like an open circuit, and the following relations hold:

C = Q

V
; I = 0, W = 1

2
CV 2 (1.2.23)

An ideal capacitor, once charged and disconnected, the current being zero, will retain a potential
difference for an indefinite length of time. Also, the voltage across a capacitor cannot change
value instantaneously, while an instantaneous change in the capacitor current is quite possible.
The student is encouraged to reason through and justify the statement made here by recalling
Equation (1.2.17).

Series and parallel combinations of capacitors are often encountered. Figure 1.2.6 illustrates
these.

It follows from Figure 1.2.6(a),

v = vAC = vAB + vBC

dv

dt
= dvAB

dt
+ dvBC

dt
= i

C1
+ i

C2
= i

(
C1 + C2

C1C2

)
= i

Ceq

or, when C1 and C2 are in series,

Ceq = C1C2

C1 + C2
or

1

Ceq
= 1

C1
+ 1

C2
(1.2.24)

Referring to Figure 1.2.6(b), one gets

i = i1 + i2 = C1
dv

dt
+ C2

dv

dt
= (C1 + C2)

dv

dt
= Ceq

dv

dt

or, when C1 and C2 are in parallel,

Ceq = C1 + C2 (1.2.25)

Note that capacitors in parallel combine as resistors in series, and capacitors in series combine as
resistors in parallel.

B

C1
i1 i2

C2

C
D

A
B

C1
C2

A

C

v v

i i

+

−

+

−

(a) (b)

Figure 1.2.6 Capacitors in series and in parallel. (a) C1
and C2 in series. (b) C1 and C2 in parallel.
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The working voltage for a capacitor is generally specified by the manufacturer, thereby giving
the maximum voltage that can safely be applied between the capacitor terminals. Exceeding this
limit may result in the breakdown of the insulation and then the formation of an electric arc between
the capacitor plates. Unintentional or parasitic capacitances that occur due to the proximity of
circuit elements may have serious effects on the circuit behavior.

Physical capacitors are often made of tightly rolled sheets of metal film, with a dielectric
(paper or nylon) sandwiched in between, in order to increase their capacitance values (or ability
to store energy) for a given size. Table 1.2.4 lists the range of general-purpose capacitances together
with the maximum voltages and frequencies for different types of dielectric materials. Practical
capacitors come in a wide range of values, shapes, sizes, voltage ratings, and constructions. Both
fixed and adjustable devices are available. Larger capacitors are of the electrolytic type, using
aluminum oxide as the dielectric.

TABLE 1.2.4 Characteristics of General-Purpose Capacitors

Capacitance Maximum Voltage Frequency Range
Material Range Range (V) (Hz)

Mica 1 pF to 0.1 µF 50–600 103–1010

Ceramic 10 pF to 1 µF 50–1600 103–1010

Mylar 0.001 F to 10 µF 50–600 102–108

Paper 10 pF to 50 µF 50–400 102–108

Electrolytic 0.1 µF to 0.2 F 3–600 10–104

Note: 1 pF = 10−12 F; 1 µF = 10−6 F.

EXAMPLE 1.2.3

(a) Consider a 5-µF capacitor to which a voltage v(t) is applied, shown in Figure E1.2.3(a),
top. Sketch the capacitor current and stored energy as a function of time.

(b) Let a current source i(t) be attached to the 5-µF capacitor instead of the voltage source of
part (a), shown in Figure E1.2.3(b), top. Sketch the capacitor voltage and energy stored
as a function of time.

(c) If three identical 5-µF capacitors with an initial voltage of 1 mV are connected (i) in
series and (ii) in parallel, find the equivalent capacitances for both cases.

So l u t i on

(a) From Figure E1.2.3(a) it follows that

v(t) = 0 , t ≤ −1 µ s

= 5(t + 1) mV, − 1 ≤ t ≤ 1 µ s

= 10 mV, 1 ≤ t ≤ 3 µ s

= −10(t − 4) mV, 3 ≤ t ≤ 4 µ s

= 0 , 4 ≤ t µ s
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+
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Figure E1.2.3
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Since

i(t) = C
dv

dt
= (5× 10−6)

dv

dt

it follows that

i(t) = 0, t ≤ −1 µ s

= 25 mA, − 1 ≤ t ≤ 1 µ s

= 0, 1 ≤ t ≤ 3 µ s

= −50 mA, 3 ≤ t ≤ 4 µ s

= 0, 4 ≤ t µ s

which is sketched in the center of Figure E1.2.3(a).

Since the energy stored at any instant is

w(t) = 1

2
Cv2(t) = 1

2
(5× 10−6)v2(t)

it follows that:

w(t) = 0, t ≤ −1 µ s

= 62.5 (t2 + 2t + 1) pJ, − 1 ≤ t ≤ 1 µ s

= 250 pJ, 1 ≤ t ≤ 3 µ s

= 250 (t2 − 8t + 16) pJ, 3 ≤ t ≤ 4 µ s

= 0, 4 ≤ t µ s

which is sketched at the bottom of Figure E1.2.3(a).

(b) From Figure E1.2.3(b) it follows that

i(t) = 0, t ≤ −1 µ s

= 5 (t + 1) mA, − 1 ≤ t ≤ 1 µ s

= 10 mA, 1 ≤ t ≤ 3 µ s

= −10 (t − 4) mA, 3 ≤ t ≤ 4 µ s

= 0, 4 ≤ t µ s

Since

v(t) = 1

C

t∫
−∞

i(τ ) dτ = 1

5× 10−6

t∫
−∞

i(τ ) dτ

it follows that

v(t) = 0, t ≤ −1 µ s

=
(
t2

2
+ t + 1

2

)
mV, − 1 ≤ t ≤ 1 µ s
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= 2t mV, 1 ≤ t ≤ 3 µ s

= −t2 + 8t − 9 mV, 3 ≤ t ≤ 4 µ s

= 7 mV, 4 ≤ t µ s

which is sketched in the center of Figure E1.2.3(b).

Since the energy stored at any instant is

w(t) = 1

2
Cv2(t) = 1

2
(5× 10−6)v2(t)

it follows that

w(t) = 0, t ≤ −1 µ s

= 2.5 (
t2

2
+ t + 1

2
)2 pJ, − 1 ≤ t ≤ 1 µ s

= 10t2 pJ, 1 ≤ t ≤ 3 µ s

= 2.5 (−t2 + 8t − 9)2 pJ, 3 ≤ t ≤ 4 µ s

= 122.5pJ, 4 ≤ t µ s

which is sketched at the bottom of Figure E1.2.3(b).

(c) (i)

1

Ceq
= 1

C1
+ 1

C2
+ 1

C3
= 3

5× 10−6
, or Ceq = 5

3
× 10−6F = 5

3
µF,

with an initial voltage v(0) = 3 mV [Figure E1.2.3(c)].

(ii)

Ceq = C1 + C2 + C3 = 3× 5× 10−6 F = 15 µF

with an initial voltage v(0) = 1 mV [Figure E1.2.3(d)].

Inductance

An ideal inductor is also an energy-storage circuit element (with no loss associated with it) like a
capacitor, but representing the magnetic-field effect. The inductance in henrys (H) is defined by

L = λ

i
= Nψ

i
(1.2.26)

where λ is the magnetic-flux linkage in weber-turns (Wb·t), N is the number of turns of the coil,
and Nψ is the magnetic flux in webers (Wb) produced by the current i in amperes (A). Figure
1.2.7(a) illustrates a single inductive coil or an inductor of N turns carrying a current i that is
linked by its own flux.

The general circuit symbol for an inductor is shown in Figure 1.2.7(b). According to Faraday’s
law of induction, one can write

v(t) = dλ

dt
= d(Nψ)

dt
= N

dψ

dt
= d(Li)

dt
= L

di

dt
(1.2.27)
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i(t)
i(t)

(a)

L

+

−

+

−

v(t)v(t) N turns

L = λ/i = Nψ/i

λ = Nψ

ψ

(b)

v(t) = L ;di
dt L

1i(t) = ∫  v(τ) dτ
t

L
1= ∫  v(τ) dτ + i(0)

0

t

Figure 1.2.7 An inductor. (a) A single inductive coil of N turns. (b) Circuit symbol.

where L is assumed to be a constant and not a function of time (which it could be if the physical
shape of the coil changed with time). Mathematically, by looking at Equations (1.2.17) and
(1.2.27), the inductor is the dual of the capacitor. That is to say, the terminal relationship for
one circuit element can be obtained from that of the other by interchanging v and i, and also by
interchanging L and C.

The terminal i–v relationship of an inductor can be obtained by integrating both sides of
Equation (1.2.27),

i(t) = 1

L

∫ t

−∞
v(τ) dτ (1.2.28)

which may be rewritten as

i(t) = 1

L

∫ t

0
v(τ) dτ + 1

L

∫ 0

−∞
v(τ) dτ = 1

L

∫ t

0
v(τ) dτ + i(0) (1.2.29)

where i(0) is the initial inductor current at t = 0.
The instantaneous power delivered to the inductor is given by

p(t) = v(t)i(t) = Li(t)
di(t)

dt
(1.2.30)

whose average value can be shown (see Problem 1.2.13) to be zero for sinusoidally varying current
and voltage as a function of time. The energy stored in an inductor at a particular time is found
by integrating,

w(t) =
∫ t

−∞
p(τ) dτ = 1

2
Li2(t)− 1

2
Li2(−∞) (1.2.31)

Assuming the inductor current to be zero at t = −∞, the stored energy in the inductor at some
time t is given by

w(t) = 1

2
Li2(t) (1.2.32)

which depends only on the inductor current at that time, and represents the stored energy in the
magnetic field produced by the current carried by the coil.

If the current flowing through the coil does not change with time, no voltage across the coil
exists, as seen from Equation (1.2.27). The following relations hold:

L = λ

I
; V = 0; W = 1

2
LI 2 (1.2.33)
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Under dc conditions, an ideal inductor acts like an ideal wire, or short circuit. Note that the
current through an inductor cannot change value instantaneously. However, there is no reason to
rule out an instantaneous change in the value of the inductor voltage. The student should justify
the statements made here by recalling Equation (1.2.27).

If the medium in the flux path has a linear magnetic characteristic (i.e., constant permeability),
then the relationship between the flux linkages λ and the current i is linear, and the slope of the
linear λ–i characteristic gives the self-inductance, defined as flux linkage per ampere by Equation
(1.2.26). While the inductance in general is a function of the geometry and permeability of the
material medium, in a linear system it is independent of voltage, current, and frequency. If the
inductor coil is wound around a ferrous core such as iron, the λ–i relationship will be nonlinear
and even multivalued because of hysteresis. In such a case the inductance becomes a function
of the current, and the inductor is said to be nonlinear. However, we shall consider only linear
inductors here.

Series and parallel combinations of inductors are often encountered. Figure 1.2.8 illustrates
these.

By invoking the principle of duality, it can be seen that the inductors in series combine like
resistors in series and capacitors in parallel; the inductors in parallel combine like resistors in
parallel and capacitors in series. Thus, when L1 and L2 are in series,

Leq = L1 + L2 (1.2.34)

and when L1 and L2 are in parallel,

Leq = L1L2

L1 + L2
or

1

Leq
= 1

L1
+ 1

L2
(1.2.35)

A practical inductor may have considerable resistance in the wire of a coil, and sizable
capacitances may exist between various turns. A possible model for a practical inductor could
be a combination of ideal elements: a combination of resistance and inductance in series, with a
capacitance in parallel. Techniques for modeling real circuit elements will be used extensively in
later chapters.

Practical inductors range from about 0.1 µH to hundreds of millihenrys. Some, meant for
special applications in power supplies, can have values as large as several henrys. In general, the
larger the inductance, the lower its frequency is in its usage. The smallest inductance values are
generally used at radio frequencies. Although inductors have many applications, the total demand
does not even remotely approach the consumption of resistors and capacitors. Inductors generally
tend to be rather bulky and expensive, especially in low-frequency applications. Industry-wide
standardization for inductors is not done to the same degree as for more frequently used devices
such as resistors and capacitors.

i

A

C

(a) (b)

B

+

−

L1

L2

A

D

B

vv

C

+

−

i

i2i1

L1 L2

Figure 1.2.8 Inductors in series and par-
allel. (a) L1 and L2 in series. (b) L1 and L2
in parallel.
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EXAMPLE 1.2.4

(a) Consider a 5-µH inductor to which a current source i(t) is attached, as shown in Figure
E1.2.3(b). Sketch the inductor voltage and stored energy as a function of time.

(b) Let a voltage source v(t) shown in Figure E1.2.3(a) be applied to the 5-µH inductor
instead of the current source in part (a). Sketch the inductor current and energy stored as
a function of time.

(c) If three identical 5-µH inductors with initial current of 1 mA are connected (i) in series
and (ii) in parallel, find the equivalent inductance for each case.

So l u t i on

(a) From the principle of duality and for the given values, it follows that the inductor-voltage
waveform is the same as the capacitor-current waveform of Example 1.2.3(a), in which
i(t) is to be replaced by v(t), and 25 and −50 mA are to be replaced by 25 and −50 mV.
The stored energy w(t) is the same as in the solution of Example 1.2.3(a).

(b) The solution is the same as that of Example 1.2.3(b), except that v(t) in mV is to be
replaced by i(t) in mA.

(c) (i) Looking at the solution of Example 1.2.3(c), part (ii),

Leq = L1 + L2 + L3 = 3× 5× 10−6 H = 15 µH

with an initial current i(0) = 1 mA.

(ii) Following the solution of Example 1.2.3(c), part (i),

1

Leq
= 1

L1
+ 1

L2
+ 1

L3
= 3

5× 10−6
or Leq = 5

3
× 10−6 H = 5

3
µH

with an initial current i(0) = 3 mA.

When more than one loop or circuit is present, the flux produced by the current in one
loop may link another loop, thereby inducing a current in that loop. Such loops are said to
be mutually coupled, and there exists a mutual inductance between such loops. The mutual
inductance between two circuits is defined as the flux linkage produced in one circuit by a current
of 1 ampere in the other circuit. Let us now consider a pair of mutually coupled inductors, as
shown in Figure 1.2.9. The self-inductances L11 and L22 of inductors 1 and 2, respectively, are
given by

L11 = λ11

i1
(1.2.36)

and

L22 = λ22

i2
(1.2.37)

where λ11 is the flux linkage of inductor 1 produced by its own current i1, and λ22 is the flux
linkage of inductor 2 produced by its own current i2. The mutual inductances L12 and L21 are
given by
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L12 = λ12

i2
(1.2.38)

and

L21 = λ21

i1
(1.2.39)

where λ12 is the flux linkage of inductor 1 produced by the current i2 in inductor 2, and λ21 is the
flux linkage of inductor 2 produced by the current i1 in inductor 1.

If a current of i1 flows in inductor 1 while the current in inductor 2 is zero, the equivalent
fluxes are given by

ψ11 = λ11

N1
(1.2.40)

and

ψ21 = λ21

N2
(1.2.41)

where N1 and N2 are the number of turns of inductors 1 and 2, respectively. That part of the flux
of inductor 1 that does not link any turn of inductor 2 is known as the equivalent leakage flux of
inductor 1,

ψl1 = ψ11 − ψ21 (1.2.42)

Similarly,

ψl2 = ψ22 − ψ12 (1.2.43)

The coefficient of coupling is given by

k = √k1k2 (1.2.44)

i1 i2i2 = 0 i1 = 0

v2
open

v1
open

(a) (b)

+

−

+

−

+

−

+

−

v1 v2

N1
turns

N2
turns

N1
turns

N2
turns

ψ21

ψl1 ψl2

ψ12

i1 i2

v2

(c)

+

−

+

−

v1

N2 turnsN1 turns

ψ21

ψ12

ψl1

ψl2

Figure 1.2.9 Mutually coupled inductors.
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where k1 = ψ21/ψ11 and k2 = ψ12/ψ22. When k approaches unity, the two inductors are said
to be tightly coupled; and when k is much less than unity, they are said to be loosely coupled.
While the coefficient of coupling can never exceed unity, it may be as high as 0.998 for iron-core
transformers; it may be smaller than 0.5 for air-core transformers.

When there are only two inductively coupled circuits, the symbol M is frequently used to
represent the mutual inductance. It can be shown that the mutual inductance between two electric
circuits coupled by a homogeneous medium of constant permeability is reciprocal,

M = L12 = L21 = k
√
L11L22 (1.2.45)

The energy considerations that lead to such a conclusion are taken up in Problem 1.2.30 as an
exercise for the student.

Let us next consider the energy stored in a pair of mutually coupled inductors,

Wm = i1λ1

2
+ i2λ2

2
(1.2.46)

where λ1 and λ2 are the total flux linkages of inductors 1 and 2, respectively, and subscript m
denotes association with the magnetic field. Equation (1.2.46) may be rewritten as

Wm = i1

2
(λ11 + λ12)+ i2

2
(λ22 + λ21)

= 1

2
L11i

2
1 +

1

2
L12i1i2 + 1

2
L22i

2
2 +

1

2
L21i1i2

or

Wm = 1

2
L11i

2
1 +Mi1i2 + 1

2
L22i

2
2 (1.2.47)

Equation (1.2.47) is valid whether the inductances are constant or variable, so long as the
magnetic field is confined to a uniform medium of constant permeability.

Where there are n coupled circuits, the energy stored in the magnetic field can be expressed as

Wm =
n∑

j=1

n∑
k=1

1

2
Ljkij ik (1.2.48)

Going back to the pair of mutually coupled inductors shown in Figure 1.2.9, the flux-linkage
relations and the voltage equations for circuits 1 and 2 are given by the following equations, while
the resistances associated with the coils are neglected:

λ1 = λ11 + λ12 = L11i1 + L12i2 = L11i1 +Mi2 (1.2.49)

λ2 = λ21 + λ22 = L21i1 + L22i2 = Mi1 + L22i2 (1.2.50)

υ1 = dλ1

dt
= L11

di1

dt
+M

di2

dt
(1.2.51)

υ2 = dλ2

dt
= M

di1

dt
+ L22

di2

dt
(1.2.52)

For the terminal voltage and current assignments shown in Figure 1.2.9, the coil windings
are such that the fluxes produced by currents i1 and i2 are additive in nature, and in such a case
the algebraic sign of the mutual voltage term is positive, as in Equations (1.2.51) and (1.2.52).

In order to avoid drawing detailed sketches of windings showing the sense in which each
coil is wound, a dot convention is developed, according to which the pair of mutually coupled
inductors of Figure 1.2.9 are represented by the system shown in Figure 1.2.10. The notation
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is such that a current i entering a dotted (undotted) terminal in one coil induces a voltage
M[di/dt] with a positive polarity at the dotted (undotted) terminal of the other coil. If the two
currents i1 and i2 were to be entering (or leaving) the dotted terminals, the adopted convention
is such that the fluxes produced by i1 and i2 will be aiding each other, and the mutual and
self-inductance terms for each terminal pair will have the same sign; otherwise they will have
opposite signs.

Although just a pair of mutually coupled inductors are considered here for the sake of
simplicity, complicated magnetic coupling situations do occur in practice. For example, Figure
1.2.11 shows the coupling between coils 1 and 2, 1 and 3, and 2 and 3.

i1 i2

(a)

+

−

+

−

L11

M

L22v1 v2

i1 i2

(b)

+

−

+

−

L11

M

L22v1 v2

Figure 1.2.10 Dot notation for a pair of mutually coupled inductors. (a) Dots on upper terminals. (b) Dots
on lower terminals.

2

31

Figure 1.2.11 Polarity markings for complicated magnetic coupling
situations.

EXAMPLE 1.2.5

Referring to the circuit of Figure 1.2.8, let

L11 = L22 = 0.1 H

and

M = 10 mH

Determine v1 and v2 if:

(a) i1 = 10 mA and i2 = 0.

(b) i1 = 0 and i2 = 10 sin 100t mA.

(c) i1 = 0.1 cos t A and i2 = 0.3 sin(t + 30°) A.
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Also find the energy stored in each of the above cases at t = 0.

So l u t i on

L11 = L22 = 0.1H; M = 10 mH = 10× 10−3 H

v1 = L11
di1

dt
+M

di2

dt
; v2 = M

di1

dt
+ L22

di2

dt

Wm = energy stored = 1

2
L11i

2
1 + L12i1i2 + 1

2
L22i

2
2

(a) Since both i1 and i2 are constant and not a function of time,

v1 = 0; v2 = 0

Wm = 1
2 (0.1)(10× 10−3)2 + 0+ 0 = 5× 10−6 J = 5 µJ

(b) v1 = 0+ 10× 10−3(10× 100 cos 100t)10−3 = 10 cos 100t mV

v2 = 0+ 0.1(10× 100 cos 100t)10−3 = 100 cos 100t mV = 0.1 cos 100t V

Wm = 0+ 0+ 1
2 (0.1)(100 sin2 100t)10−6; Wm = 0 at t = 0

(c) v1 = 0.1(−0.1 sin t)+10×10−3[0.3 cos(t +30°)] = −10 sin t +3 cos(t +30°) mV

v2 = 10×10−3 (−0.01 sin t)+0.1[0.3 cos(t +30°)] = − sin t +30 cos(t +30°) mV

Wm = 1
2 (0.1)(0.01 cos2 t)+ (10× 10−3)(0.1 cos t)[0.3 sin(t + 30°)]+ 1

2 (0.1)
[0.09 sin2(t + 30°)]; at t = 0

Wm = 1
2 (0.1)(0.01)+ 10× 10−3(0.1)(0.15)+ 1

2 (0.1)
(

0.09
4

) = 1.775 µJ

Transformer

A transformer is basically a static device in which two or more stationary electric circuits are
coupled magnetically, the windings being linked by a common time-varying magnetic flux. All
that is really necessary for transformer action to take place is for the two coils to be so positioned
that some of the flux produced by a current in one coil links some of the turns of the other coil.
Some air-core transformers employed in communications equipment are no more elaborate than
this. However, the construction of transformers utilized in power-system networks is much more
elaborate to minimize energy loss, to produce a large flux in the ferromagnetic core by a current in
any one coil, and to see that as much of that flux as possible links as many of the turns as possible
of the other coils on the core.

An elementary model of a two-winding core-type transformer is shown in Figure 1.2.12.
Essentially it consists of two windings interlinked by a mutual magnetic field. The winding that
is excited or energized by connecting it to an input source is usually referred to as the primary
winding, whereas the other, to which the electric load is connected and from which the output
energy is taken, is known as the secondary winding. Depending on the voltage level at which
the winding is operated, the windings are classified as HV (high voltage) and LV (low voltage)
windings. The terminology of step-up or step-down transformer is also common if the main
purpose of the transformer is to raise or lower the voltage level. In a step-up transformer, the
primary is a low-voltage winding whereas the secondary is a high-voltage winding. The opposite
is true for a step-down transformer.
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Mutual flux

LoadPrimary
winding
(N1 turns)

Secondary
winding
(N2 turns)

Ferromagnetic core
of infinite permeability

Resistive load
with resistance R2

+

−

+

−

+

−

e1 = v1

e2 = v2

i1

v1

i2

φ

Figure 1.2.12 Elementary model of a two-winding core-type transformer (ideal transformer).

An ideal transformer is one that has no losses (associated with iron or copper) and no
leakage fluxes (i.e., all the flux in the core links both the primary and the secondary windings).
The winding resistances are negligible. While these properties are never actually achieved in
practical transformers, they are, however, approached closely. When a time-varying voltage v1

is applied to the N1-turn primary winding (assumed to have zero resistance), a core flux φ is
established and a counter emf e1 with the polarity shown in Figure 1.2.12 is developed such that
e1 is equal to v1. Because there is no leakage flux with an ideal transformer, the flux φ also links
all N2 turns of the secondary winding and produces an induced emf e2, according to Faraday’s
law of induction. Since v1 = e1 = dλ1/dt = N1 dφ/dt and v2 = e2 = dλ2/dt = N2 dφ/dt , it
follows from Figure 1.2.12 that

v1

v2
= e1

e2
= N1

N2
= a (1.2.53)

where a is the turns ratio. Thus, in an ideal transformer, voltages are transformed in the direct
ratio of the turns. For the case of an ideal transformer, since the instantaneous power input equals
the instantaneous power output, it follows that

v1i1 = v2i2 or
i1

i2
= v2

v1
= N2

N1
= 1

a
(1.2.54)

which implies that currents are transformed in the inverse ratio of the turns.
Equivalent circuits viewed from the source terminals, when the transformer is ideal, are

shown in Figure 1.2.13. As seen from Figure 1.2.13(a), since v1 = (N1/N2)v2, i1 = (N2/N1)i2,
and v2 = i2RL, it follows that

v1

i1
=
(
N1

N2

)2

RL = a2RL = R′L (1.2.55)

where R′L is the secondary-load resistance referred to the primary side. The consequence of
Equation (1.2.55) is that a resistance RL in the secondary circuit can be replaced by an equivalent
resistance R′L in the primary circuit in so far as the effect at the source terminals is concerned. The
reflected resistance through a transformer can be very useful in resistance matching for maximum
power transfer, as we shall see in the following example. Note that the circuits shown in Figure
1.2.13 are indistinguishable viewed from the source terminals.
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Figure 1.2.13 Equivalent circuits viewed from source
terminals when the transformer is ideal.

EXAMPLE 1.2.6

Consider a source of voltage v(t) = 10
√

2 sin 2t V, with an internal resistance of 1800 �. A
transformer that can be considered ideal is used to couple a 50-� resistive load to the source.

(a) Determine the primary to secondary turns ratio of the transformer required to ensure
maximum power transfer by matching the load and source resistances.

(b) Find the average power delivered to the load.

So l u t i on

By considering a constant voltage source (with a given internal resistance RS) connected to a
variable-load resistance RL, as shown in Figure E1.2.6(a), for a value of RL equal to RS given
by Equation (1.2.13), the maximum power transfer to the load resistance would occur when the
load resistance is matched with the source resistance.

(a) For maximum power transfer to the load, R′L (i.e., RL referred to the primary side of the
transformer) should be equal to RS , which is given to be 1800 �. Hence,

R′L = a2RL = 50a2 = 1800 or a2 = 36, or a = 6.

Thus N1/N2 = 6 [see Figure E1.2.6(b)].
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(b) By voltage division [see Figure E1.2.6(c)] one gets

v′L =
1800

1800+ 1800
(10
√

2 sin 2t) = (5
√

2 sin 2t) V

which has an rms value of 5 V. Hence, the average power delivered to the load resistance
(R′L or RL) is

Pav = (V ′L RMS)
2

1800
= 25

1800
W ∼= 13.9 mW

Note that vL across RL is (5
√

2/6) sin 2t V, and iL through RL is (5
√

2/6× 50) sin 2t
A. The rms value of iL is then 5/300 A, and the rms value of vL is 5/6 V. Thus,

Pav = 5

300
× 5

6
W ∼= 13.9 mW

which is also the same as

Pav = I 2
L RMS RL = V 2

L RMS/RL

−

+ RS
v RL

(a)

Lυ Lυ′
−

+

RS = 1800 Ω

RL = 50 Ω10 2 sin 2t V

N1 N2
iLiL

Ideal transformer

(b)

Source Load

+

−

+

−

:′

Lυ ′ ′
−

+

RS = 1800 Ω

RL = 1800 Ω10 2 sin 2t V

iL

(c)

+

−

′

Figure E1.2.6

1.3 KIRCHHOFF’S LAWS

The basic laws that must be satisfied among circuit currents and circuit voltages are known as
Kirchhoff’s current law (KCL) and Kirchhoff’s voltage law (KVL). These are fundamental for
the systematic analysis of electric circuits.

KCL states that, at any node of any circuit and at any instant of time, the sum of all currents
entering the node is equal to the sum of all currents leaving the node. That is, the algebraic sum of
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all currents (entering or leaving) at any node is zero, or no node can accumulate or store charge.
Figure 1.3.1 illustrates Kirchhoff’s current law, in which at node a,

i1 − i2 + i3 + i4 − i5 = 0 or − i1 + i2 − i3 − i4 + i5 = 0

or i1 + i3 + i4 = i2 + i5 (1.3.1)

Note that so long as one is consistent, it does not matter whether the currents directed toward the
node are considered positive or negative.

KVL states that the algebraic sum of the voltages (drops or rises) encountered in traversing
any loop (which is a closed path through a circuit in which no electric element or node is
encountered more than once) of a circuit in a specified direction must be zero. In other words, the
sum of the voltage rises is equal to the sum of the voltage drops in a loop. A loop that contains no
other loops is known as a mesh. KVL implies that moving charge around a path and returning to the
starting point should require no net expenditure of energy. Figure 1.3.2 illustrates the Kirchhoff’s
voltage law.

For the mesh shown in Figure 1.3.2, which depicts a portion of a network, starting at node a and
returning back to it while traversing the closed path abcdea in either clockwise or anticlockwise
direction, Kirchhoff’s voltage law yields

− v1 + v2 − v3 − v4 + v5 = 0 or v1 − v2 + v3 + v4 − v5 = 0

or v1 + v3 + v4 = v2 + v5 (1.3.2)

Note that so long as one is consistent, it does not matter whether the voltage drops are considered
positive or negative. Also notice that the currents labeled in Figure 1.3.2 satisfy KCL at each of
the nodes.

i4 i5

i2

i1

i3
Node a

Figure 1.3.1 Illustration of Kirchoff’s current law.
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Box
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d

e

a

b
Dependent source

−

−
−

−

−

+
+

+

+

+

i3i2

v2

v1

Av2 = v4

v5

v3

i1

i5

i1 − i5

i1 − i2

i2 + i3

i3 + i4

i4 − i5

i4

Figure 1.3.2 Illustration of Kirchhoff’s
voltage law.
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In a network consisting of one or more energy sources and one or more circuit elements,
the cause-and-effect relationship in circuit theory can be studied utilizing Kirchhoff’s laws and
volt-ampere relationships of the circuit elements. While the cause is usually the voltage or current
source exciting the circuit, the effect is the voltages and currents existing in various parts of
the network.

EXAMPLE 1.3.1

Consider the circuit shown in Figure E1.3.1 and determine the unknown currents using KCL.

iS = 10 A i1 = 5 A

i4 = 3 A i2 = 4 Ai5 = ? i3 = ?

+
−

Node a
Node b

Node c

Figure E1.3.1

So l u t i on

Let us assign a + sign for currents entering the node and a − sign for currents leaving the node.
Applying KCL at node a, we get

+ iS − i1 − i4 − i5 = 0

or

10− 5− 3− i5 = 0 or i5 = 2 A

Applying KCL at node b, we get

+ i1 − i2 − i3 = 0

or

5− 4− i3 = 0 or i3 = 1 A

The student is encouraged to rework this problem by:

(a) Assigning a − sign for currents entering the node and a + sign for currents leaving the
node; and

(b) Applying the statement that the sum of the currents entering a node is equal to the sum
of the currents leaving that node.



42 CIRCUIT CONCEPTS

EXAMPLE 1.3.2

For the circuit shown in Figure E1.3.2, use KCL and KVL to determine i1, i2, vbd and vx . Also,
find veb.

d

e

b fa c

+
−

+

−
+

+ −

−

−+

8 A

20 V

3 V

i1 = ?

ibfab = 5 V

i2 = ?

−3 A

10 A 8 V

υ

bd = ?υ +

−
x = ?υ

Figure E1.3.2

So l u t i on

Using KCL at node c, we get

i1 = 8+ (−3 = 5 A

Using KCL at node f, we have

ibf = i1 − (−3) = 5+ 3 = 8 A

Applying KCL at node b, we get

10 = i2 + ibf = i2 + 8 or i2 = 2 A

Using KVL around the loop abdea in the clockwise direction, we have

vab + vbd + vde + vea = 0

or

5+ vbd + 8− 20 = 0 or vbd = 20− 8− 5 = 7 V

Note that in writing KVL equations with + and − polarity symbols, we write the voltage with a
positive sign if the+ is encountered before the− and with a negative sign if the− is encountered
first as we move around the loop.

Applying KVL around the loop abfcea in the clockwise direction, we get

vab + vbf + vf c + vce + vea = 0

or

5+ 0+ 3+ vx + (−20) = 0 or vx = 20− 3− 5 = 12 V

Note that a direct connection between b and f implies ideal connection, and hence no voltage
between these points.

The student is encouraged to rewrite the loop equations by traversing the closed path in the
anticlockwise direction.

Noting that veb = ved + vdb, we have
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veb = −8− 7 = −15 V

Alternatively,

veb = vea + vab = −20+ 5 = −15 V

or

veb = vec + vcf + vf b = −vx + vcf + 0 = −12− 3 = −15 V

The student should observe that vbe = −veb = 15 V and node b is at a higher potential than
node e.

EXAMPLE 1.3.3

Referring to Figure 1.3.2, let boxes 2, 3, and 5 consist of a 0.2-H inductor, a 5-� resistor, and a
0.1-F capacitor, respectively. Given A = 5, and v1 = 10 sin 10t, i2 = 5 sin 10t , and i3 = 2 sin
10t − 4 cos 10t, find i5.

So l u t i on

From Equation (1.2.19),

v2 = L
di2

dt
= 0.2

d

dt
(5 sin 10t) = 10 cos 10t V

From Equation (1.2.1),

v3 = Ri3 = 5(2 sin 10t − 4 cos 10t) = 10 sin 10t − 20 cos 10t V

From Equation (1.3.2),

v5 = v1 + v3 + v4 − v2 = v1 + v3 + 5v2 − v2

= 10 sin 10t + (10 sin 10t − 20 cos 10t)+ 4(10 cos 10t)

= 20 sin 10t + 20 cos 10t V

From Equation (1.2.9),

i5 = C
dv5

dt
= 0.1

d

dt
(20 sin 10t + 20 cos 10t)

= 20 cos 10t − 20 sin 10t A

Note the consistency of voltage polarities and current directions in Figure 1.3.2.

EXAMPLE 1.3.4

Consider the network shown in Figure E1.3.4(a).

(a) Find the voltage drops across the resistors and mark them with their polarities on the
circuit diagram.

(b) Check whether the KVL is satisfied, and determine Vbf and Vec.
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(c) Show that the conservation of power is satisfied by the circuit.

−

+

−

+R1 = 10 Ω

I

R2 = 40 Ω

R4 = 50 Ω

R3 = 20 Ω
12 V 24 V

a b c d

f e

(a)

Figure E1.3.4

−

+

+ − −

+
12 V

5 V

− +1 V − +4 V − +2 V

24 V

a b c d

f e

(b)

So l u t i on

(a) From Ohm’s law, the current I is given by

I = 24− 12

10+ 40+ 20+ 50
= 12

120
= 0.1 A

Therefore, voltage drops across the resistors are calculated as follows:

Vba = IR1 = 0.1× 10 = 1 V

Vcb = IR2 = 0.1× 40 = 4 V

Vdc = IR3 = 0.1× 20 = 2 V

Vfe = IR4 = 0.1× 50 = 5 V

These are shown in Figure E1.3.4(b) with their polarities. Note that capital letters are
used here for dc voltages and currents.

(b) Applying the KVL for the closed path edcbafe, we get

− 24+ 2+ 4+ 1+ 12+ 5 = 0

which confirms that the KVL is satisfied,

Vbf = Vba + Vaf = 1+ 12 = 13 V

Vec = Ved + Vdc = −24+ 2 = −22 V

(c) Power delivered by 24-V source = 24× 0.1 = 2.4 W

Power delivered by 12-V source = −12× 0.1 = −1.2 W

Power absorbed by resistor R1 = (0.1)2 × 10 = 0.1 W

Power absorbed by resistor R2 = (0.1)2 × 40 = 0.4 W

Power absorbed by resistor R3 = (0.1)2 × 20 = 0.2 W
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Power absorbed by resistor R4 = (0.1)2 × 50 = 0.5 W

Power delivered by sources = 2.4− 1.2 = 1.2 W

Power absorbed by resistors R1, R2, R3, and R4 = 0.1+ 0.4+ 0.2+ 0.5 = 1.2 W

The conservation of power is satisfied by the circuit.

EXAMPLE 1.3.5

Given the network in Figure E1.3.5,

(a) Find the currents through resistors R1, R2, and R3.

(b) Compute the voltage V1.

(c) Show that the conservation of power is satisfied by the circuit.

R1 = R2 =

I1

V1

I2 I3

12 A 6 A6 Ω

Ground node

Node 1

R3 =4 Ω 12 Ω

Figure E1.3.5

So l u t i on

(a) Applying the KCL at node 1, we have

12 = V1

R1
+ V1

R2
+ V1

R3
+ 6 = V1

(
1

6
+ 1

4
+ 1

12

)
+ 6 = V1

2
+ 6

Therefore, V1 = 12 V. Then,

I1 = 12

6
= 2 A

I2 = 12

4
= 3 A

I3 = 12

12
= 1 A

(b) V1 = 12 V

(c) Power delivered by 12-A source = 12× 12 = 144 W

Power delivered by 6-A source = −6× 12 = −72 W

Power absorbed by resistor R1 = I 2
1 R1 = (2)26 = 24 W
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Power absorbed by resistor R2 = I 2
2 R2 = (3)24 = 36 W

Power absorbed by resistor R3 = I 2
3 R3 = (1)212 = 12 W

Power delivered by sources = 144− 72 = 72 W

Power absorbed by resistors R1, R2, and R3 = 24+ 36+ 12 = 72 W

The conservation of power is satisfied by the circuit.

EXAMPLE 1.3.6

Consider the network shown in Figure E1.3.6 containing a voltage-controlled source producing
the controlled current ic = gv, where g is a constant with units of conductance, and the control
voltage happens to be the terminal voltage in this case.

(a) Obtain an expression for Req = v/i.

(b) For (i) gR = 1/2, (ii) gR = 1, and (iii) gR = 2, find Req and interpret what it means in
each case.

Rv ic = gviR

i

Node 2

Node 1

−

+

Figure E1.3.6

So l u t i on

(a) Applying the KCL at node 1, we get

i + ic = iR = v

R

Therefore,

i = v

R
− ic = v

R
− gv = 1− gR

R
v

Then,

Req = v

i
= R

1− gR

(b) (i) For gR = 1/2, Req = 2R. The equivalent resistance is greater than R; the internal
controlled source provides part of the current through R, thereby reducing the input
current i for a given value of v. When i < v/R, the equivalent resistance is greater
than R.
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(ii) For gR = 1, Req → ∞. The internal controlled source provides all of the current
through R, thereby reducing the input current i to be zero for a given value of v.

(iii) For gR = 2, Req = −R, which is a negative equivalent resistance. This means that
the controlled source provides more current than that going through R; the current
direction of i is reversed when v > 0. However, the relation v = Reqi is satisfied at
the input terminals.

1.4 METERS AND MEASUREMENTS

The subject of electrical measurements is such a large one that entire books have been written on
the topic. Only a few basic principles will be introduced here. Practical measurements are made
with real instruments, which in general disturb the operation of a circuit to some extent when they
are connected. Measurements may be affected by noise, which is undesirable randomly varying
signals.

Voltmeter

In order to measure the potential difference between two terminals or nodes of a circuit, a voltmeter
is connected across these two points. A practical voltmeter can usually be modeled as a parallel
combination of an ideal voltmeter (through which no current flows) and a shunt resistance RV, as
shown in Figure 1.4.1. The internal resistance RV of an ideal voltmeter is infinite, while its value
in practice is of the order of several million ohms. There are what are known as dc voltmeters
and ac voltmeters. An ac voltmeter usually measures the rms value of the time-varying voltage.

Rv

−

+

−

+
Ideal
voltmeter

Practical voltmeter

Figure 1.4.1

EXAMPLE 1.4.1

An electromechanical voltmeter with internal resistance of 1 k� and an electronic voltmeter with
internal resistance of 10 M� are used separately to measure the potential difference between A
and the ground of the circuit shown in Figure E1.4.1. Calculate the voltages that will be indicated
by each of the two instruments and the percentage error in each case.

Rv
−

+

−

+

Ground Voltmeter

2 V

10 kΩ

10 kΩ

A Figure E1.4.1
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So l u t i on

When no instrument is connected, by voltage division, V + AG = 1 V. With internal resistance
RV of the instrument, the voltmeter reading will be

VA = 2.0

(
RV ‖104

RV ‖104 + 104

)
= 2

(
RV · 104

RV + 104

)/( RV · 104

RV + 104
+ 104

)

= 2
RV · 104

2× 104 RV + 108

With RV = 1000,

VA = 2× 107

2× 107 + 108
= 2

2+ 10
= 2

12
= 0.1667 V

for which the percent error is
1− 0.1667

1
× 100 = 83.33%

With RV = 107 �,

VA = 2× 1011

2× 1011 + 108
= 2000

2000+ 1
= 0.9995 V

for which the percent error is

1− 0.9995

1
× 100 = 0.05%

One can see why electronic voltmeters which have relatively very large internal resistance are
often used.

Ammeter

In order to measure the current through a wire or line of a circuit, an ammeter is connected in
series with the line. A practical ammeter can usually be modeled as a series combination of an
ideal ammeter and an internal resistance RI. The potential difference between the two terminals
of an ideal ammeter is zero, which corresponds to zero internal resistance. There are what are
known as dc ammeters and ac ammeters. An ac ammeter usually measures the rms value of the
time-varying current. Note that for the ammeter to be inserted for measuring current, the circuit
has to be broken, whereas for the voltmeter to be connected for measuring voltage, the circuit
need not be disassembled.

Multimeters that measure multiple ranges of voltage and current are available in practice.
Ohmmeters measure the dc resistance by the use of Ohm’s law. A multimeter with scales for
volts, ohms, and milliamperes is known as VOM. An ohmmeter should not be used to measure
the resistance of an electronic component that might be damaged by the sensing current.

Instrument Transformers

These are generally of two types, potential transformers (PTs) and current transformers (CTs).
They are designed in such a way that the former may be regarded as having an ideal potential
ratio, whereas the latter has an ideal current ratio. The accuracy of measurement is quite important
for ITs that are commonly used in ac circuits to supply instruments, protective relays, and control
devices.
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PTs are employed to step down the voltage to a suitable level, whereas CTs (connected in
series with the line) are used to step down the current for metering purposes. Often the primary of
a CT is not an integral part of the transformer itself, but is a part of the line whose current is being
measured. In addition to providing a desirable low current in the metering circuit, the CT isolates
the meter from the line, which may be at a high potential. Note that the secondary terminals
of a CT should never be open-circuited under load. The student is encouraged to reason and
justify this precaution. One of the most useful instruments for measuring currents in the ampere
range is the clip-on ammeter combining the CT with one-turn primary and the measurement
functions.

Oscilloscope

To measure time-varying signals (voltages and currents), an instrument known as an oscilloscope
is employed. It can be used as a practical electronic voltmeter which displays a graph of voltage
as a function of time. Such a display allows one not only to read off the voltage at any instant of
time, but also to observe the general behavior of the voltage as a function of time. The horizontal
and vertical scales of the display are set by the oscilloscope’s controls, such as 5 ms per each
horizontal division and 50 V per each vertical division. For periodic waveforms, the moving
light spot repeatedly graphs the same repetitive shape, and the stationary waveform is seen. For
nonperiodic cases, a common way of handling is to cause the oscilloscope to make only one single
graph, representing the voltage over a single short time period. This is known as single-sweep
operation. Since the display lasts for only a very short time, it may be photographed for later
inspection.

Digital meters are generally more accurate and can be equipped with more scales and broader
ranges than analog meters. On the other hand, analog meters are generally less expensive and give
an entire range or scale of reading, which often could be very informative. A digital oscilloscope
represents the combination of analog and digital technologies. By digital sampling techniques,
the oscilloscope trace is digitized and stored in the digital memory included with the digital
oscilloscope. Digital oscilloscopes are generally more costly than analog ones, but their capability
in the analysis and processing of signals is vastly superior.

Wheatstone Bridge

Null measurements are made with bridge circuits and related configurations. They differ from
direct measurements in that the quantity being measured is compared with a known reference
quantity. The balancing strategy avoids undesirable interaction effects and generally results in
more accurate measurement than the direct one.

By far the most common is the Wheatstone bridge designed for precise measurement of
resistance. Figure 1.4.2 shows the basic circuit in which the measurement of an unknown resistance
Rx is performed by balancing the variable resistances Ra and Rb until no current flows through
meter A. Under this null condition,

Rx = Ra

Rb

· Rs (1.4.1)

where Rs is the known standard resistance. There are other bridge-circuit configurations to
measure inductance and capacitance. Typical instruments utilizing bridge circuits are found in
strain gauges measuring stress and in temperature measuring systems with thermocouples and
thermistors.
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V

RaRb

Rs Rx

A

Figure 1.4.2 Basic Wheatstone bridge circuit for resistance
measurement.

EXAMPLE 1.4.2

Redraw the Wheatstone bridge circuit of Figure 1.4.2 and show that Equation (1.4.1) holds good
for the null condition when the meter A reads zero current.

So l u t i on

Rb Rs

P Q

Ra

vPQ = 0

Rx

v

Figure E1.4.2 Figure 1.4.2 redrawn.

Under null condition, VPQ = 0, or P and Q are at the same potential. Using the voltage division
principle, (

V

Rb + Ra

)
Rb =

(
V

Rs + Rx

)
Rs

yielding RxRb = RaRs , which is the same as Equation (1.4.1).

1.5 ANALOGY BETWEEN ELECTRICAL AND OTHER NONELECTRIC
PHYSICAL SYSTEMS

Systems such as those encountered in mechanics, thermodynamics, and hydraulics can be repre-
sented by analogous electric networks, from the response of which the system characteristics can
be investigated. The analogy, of course, is a mathematical one: that is, two systems are analogous
to each other if they are described by similar equations. The analogous electric quantities for a
mechanical system are listed in Table 1.5.1.

Consider a tank filled with water, as shown in Figure 1.5.1, with input flow rate Fi and output
flow rate Fo = h/R, where h is the fluid level or head and R is related to the diameter of the
pipe, denoting the fluid resistance. Let A be the cross-sectional area of the tank. We may think of
the fluid as being analogous to charge, and the fluid flow as being analogous to current. Then, in
effect, the water tank acts as a capacitor storing charge, which is fluid in this case. This analogy
is illustrated in Table 1.5.2.
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TABLE 1.5.1 Mechanical-Electrical Analogs

Mathematical Force–Current Force–Voltage
Quantity Unit Symbol Relation Analog Analog

Force N f (t) · · · i(t) v(t)

Velocity m/s u(t) · · · v(t) i(t)

Mass kg f = M du
dt

C L

(Newton’s law)

f

B

Cm =

M

f

u

1
K

u

u

f
Compliance m/N f = 1

Cm

∫
u dt L C

(= 1/stiffness) (Hooke’s law)

Viscous friction N · s/m f = Bu G = 1/R R

or damping

Pipe

Water
tank

h

Flow out Fo

Flow in Fi
Figure 1.5.1 Simple hydraulic system.

TABLE 1.5.2 Analogy Between Electrical and Hydraulic Systems

Quantity Hydraulic System Electrical System

Flow Output flow rate Fo Current i
Potential Fluid level h Voltage v
Resistance Fluid resistance R Electrical resistance R
Energy storage element Fluid storage parameter A Capacitance C
Volume of fluid (or charge) V = Ah q = Cv

Next, let us consider heat flow from an enclosure with a heating system to the outside of
the enclosure, depending upon the temperature difference �T between the inside and outside of
the enclosure. The heat capacity of the enclosure is analogous to capacitance, in the sense that
the enclosure retains part of the heat produced by the heating system. One can then infer the
analogy between electrical and thermal systems given in Table 1.5.3.

The heat flow, per Newton’s law of cooling in a very simplified form, can be considered to be
proportional to the rate of change of temperature with respect to distance. An approximate linear
relationship between heat flow and change in temperature can be expressed as
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TABLE 1.5.3 Analogy Between Thermal and Electrical Systems

Thermal System Electrical System

Heat Charge
Heat flow Current
Temperature difference Voltage
Ambient temperature Ground reference
Heat capacity Capacitance
Thermal resistance Electrical resistance

Heat flow ∼= k

�x
�T (1.5.1)

where k is a constant, and k/�x in thermal systems is analogous to conductance in electrical
systems. Then Newton’s law of cooling, in a very simplified form, can be seen to be a thermal
version of Ohm’s law.

1.6 LEARNING OBJECTIVES

The learning objectives of this chapter are summarized here, so that the student can check whether
he or she has accomplished each of the following.

• Review of basic electrical quantities.

• Application of Coulomb’s law, Ampere’s law, and the Biot–Savart law.

• Energy and power computations in a circuit consisting of a source and a load.

• Calculation of average and RMS values for periodic waveforms, and time constant for
exponential waveforms.

• i–v relationships for ideal resistors, capacitors, and inductors; duality principle.

• Reduction of series and parallel combinations of resistors, capacitors, and inductors.

• Solution of simple voltage and current divider circuits.

• Computation of power absorbed by a resistor, and energy stored in a capacitor or inductor.

• Maximum power transfer and matched load.

• Volt-ampere equations and energy stored in coupled inductors.

• Ideal transformer and its properties.

• Application of Kirchhoff’s current and voltage laws to circuits.

• Measurement of basic electrical parameters.

• Analogy between electrical and other nonelectric physical systems.

1.7 PRACTICAL APPLICATION: A CASE STUDY

Resistance Strain Gauge

Mechanical and civil engineers routinely employ the dependence of resistance on the physical
dimensions of a conductor to measure strain. A strain gauge is a device that is bonded to the
surface of an object, and whose resistance varies as a function of the surface strain experienced
by the object. Strain gauges can be used to measure strain, stress, force, torque, and pressure.
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The resistance of a conductor with a circular cross-sectional area A, length l, and conductivity
σ is given by Equation (1.2.2),

R = l

σA

Depending on the compression or elongation as a consequence of an external force, the length
changes, and hence the resistance changes. The relationship between those changes is given by
the gauge factor G,

G = �R/R

�l/l

in which the factor �l/l, the fractional change in length of an object, is known as the strain.
Alternatively, the change in resistance due to an applied strain ε(= �l/l) is given by

�R = R0Gε

where R0 is the zero-strain resistance, that is, the resistance of the strain gauge under no strain.
A typical gauge has R0 = 350 � and G = 2. Then for a strain of 1%, the change in resistance is
�R = 7 �. A Wheatstone bridge as presented in Section 1.4 is usually employed to measure the
small resistance changes associated with precise strain determination.

A typical strain gauge, shown in Figure 1.7.1, consists of a metal foil (such as nickel–copper
alloy) which is formed by a photoetching process in multiple conductors aligned with the direction
of the strain to be measured. The conductors are usually bonded to a thin backing made out of
a tough flexible plastic. The backing film, in turn, is attached to the test structure by a suitable
adhesive.

Metal foil

R

Copper-plated solder tabs
for electrical connections

Flexible plastic
backing film

Direction of
strain to
be measured

Figure 1.7.1 Resistance strain gauge and circuit
symbol.

1

PROBL EMS

1.1.1 Consider two 1-C charges separated by 1 m in free
space. Show that the force exerted on each is about
one million tons.

*1.1.2 Point charges, each of
√

4πε0 C, are located at
the vertices of an equilateral triangle of side a.
Determine the electric force on each charge.

1.1.3 Two charges of equal magnitude 5µC but opposite
sign are separated by a distance of 10 m. Find
the net force experienced by a positive charge

*Complete solutions for problems marked with an asterisk can be found on the CD-ROM packaged with this book.

q = 2 µC that is placed midway between the two
charges.

1.1.4 The electric field intensity due to a point charge in
free space is given to be

(−āx − āy + āz)/
√

12V/m at (0,0,1)

and 6 āz at (2,2,0)

Determine the location and the value of the point
charge.
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1.1.5 A wire with n = 1030 electrons/m3 has an area
of cross section A = 1 mm2 and carries a current
i = 50 mA. Compute the number of electrons that
pass a given point in 1 s, and find their average
velocity.

1.1.6 A beam containing two types of charged particles
is moving from A to B. Particles of type I with
charge +3q, and those of type II with charge
−2q (where−q is the charge of an electron given
by −1.6 × 10−19 C) flow at rates of 5 × 1015/s
and 10×1015/s, respectively. Evaluate the current
flowing in the direction from B to A.

1.1.7 A charge q(t) = 50+1.0t C flows into an electric
component. Find the current flow.

*1.1.8 A charge variation with time is given in Figure
P1.1.8. Draw the corresponding current variation
with time.

1.1.9 A current i(t) = 20 cos(2π × 60)t A flows
through a wire. Find the charge flowing, and the
number of electrons per second that are passing
some point in the wire.

1.1.10 Consider a current element I1 dl̄1 = 10 dzāz kA
located at (0,0,1) and another I2 dl̄2 = 5dxāx
kA located at (0,1,0). Compute dF̄21 and dF̄12

experienced by elements 1 and 2, respectively.

1.1.11 Given B̄ = (yāx − xāy)/(x
2 + y2) T, determine

the magnetic force on the current element I dl̄ =
5× 0.001āz A located at (3,4,2).

*1.1.12 In a magnetic field B̄ = B0(āx − 2āy + 2āz)
T at a point, let a test charge have a velocity of
v0(āx + āy − āz). Find the electric field Ē at that
point if the acceleration experienced by the test
charge is zero.

1.1.13 Consider an infinitely long, straight wire (in free
space) situated along the z-axis and carrying cur-
rent of I A in the positive z-direction. Obtain an
expression for B̄ everywhere. (Hint: Consider a
circular coordinate system and apply the Biot–
Savart law.)

1.1.14 A magnetic force exists between two adjacent,
parallel current-carrying wires. Let I1 and I2 be the
currents carried by the wires, and r the separation
between them. Making use of the result of Problem
1.1.13, find the force between the wires.

1.1.15 A point charge Q1 = −5 nC is located at (6, 0, 0).
Compute the voltage vba between two points a(1,
0, 0) and b(5, 0, 0). Comment on whether point a
is at a higher potential with respect to point b.

1.1.16 A charge of 0.1 C passes through an electric source
of 6 V from its negative to its positive terminals.
Find the change in energy received by the charge.
Comment on whether the charge has gained or lost
energy, and also on the sign to be assigned to the
change of energy.

1.1.17 The voltage at terminal a relative to terminal b of
an electric component is v(t) = 20 cos 120πt
V. A current i(t) = −4 sin 120πt A flows into
terminal a. From time t1 to t2, determine the total
energy flowing into the component. In particular,
find the energy absorbed when t2 = t1 + 1/15.

*1.1.18 Obtain the instantaneous power flow into the com-
ponent of Problem 1.1.17, and comment on the
sign associated with the power.

1.1.19 A residence is supplied with a voltage v(t) =
110
√

2 cos 120πt V and a current i(t) = 10
√

2cos
120πt A. If an electric meter is used to measure the
average power, find the meter reading, assuming
that the averaging is done over some multiple of
1/60 s.

1.1.20 A 12-V, 115-Ah automobile storage battery is used
to light a 6-W bulb. Assuming the battery to be a
constant-voltage source, find how long the bulb
can be lighted before the battery is completely
discharged. Also, find the total energy stored in
the battery before it is connected to the bulb.

1.2.1 In English units the conductor cross-sectional area
is expressed in circular mils (cmil). A circle with
diameter d mil has an area of (π/4)d2 sq. mil,

2
−25

−2−4

−50

50

25
0

4 6 8

Charge q coulombs

Periodic
every 16 s

10

12 14 16

18 20 22 24 26 28
t, seconds

Figure P1.1.8
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or d2 cmil. The handbook for aluminum electrical
conductors lists a dc resistance of 0.01558 � per
1000 ft at 20°C for Marigold conductor, whose
size is 1113 kcmil.

(a) Verify the dc resistance assuming an increase
in resistance of 3% for spiraling of the strands.

(b) Calculate the dc resistance at 50°C, given
that the temperature constant for aluminum
is 228.1°C.

(c) If the 60-Hz resistance of 0.0956 �/mile at
50°C is listed in the handbook, determine the
percentage increase due to skin effect or fre-
quency.

1.2.2 MCM is the abbreviation for 1 kcmil. (See Prob-
lem 1.2.1 for a definition of cmil.) Data for com-
mercial-base aluminum electrical conductors list
a 60-Hz resistance of 0.0880 �/km at 75°C for a
795-MCM conductor.

(a) Determine the cross-sectional conducting area
of this conductor in m2.

(b) Calculate the 60-Hz resistance of this con-
ductor in �/km at 50°C, given a temperature
constant of 228.1°C for aluminum.

*1.2.3 A copper conductor has 12 strands with each
strand diameter of 0.1328 in. For this conductor,
find the total copper cross-sectional area in cmil
(see Problem 1.2.1 for definition of cmil), and
calculate the dc resistance at 20°C in (ohms/km),
assuming a 2% increase in resistance due to spi-
raling.

1.2.4 A handbook lists the 60-Hz resistance at 50°C of a
900-kcmil aluminum conductor as 0.1185 �/mile.
If four such conductors are used in parallel to form
a line, determine the 60-Hz resistance of this line
in �/km per phase at 50°C.

1.2.5 Determine Req for the circuit shown in Figure
P1.2.5 as seen from terminals A–B.

1.2.6 Viewed from terminals A–B, calculate Req for the
circuit given in Figure P1.2.6.

1.2.7 Find Req for the circuit of Figure P1.2.7.

*1.2.8 Determine Req for the circuit of Figure P1.2.8 as
seen from terminals A–B.

1.2.9 A greatly simplified model of an audio system
is shown in Figure P1.2.9. In order to transfer
maximum power to the speaker, one should select
equal values of RL and RS . Not knowing that

A

B

2 Ω

2 Ω
2 Ω

2 Ω

1 Ω

Figure P1.2.5

A

B

4 Ω

5 Ω

2 Ω

1 Ω

1 Ω
3 Ω

3 Ω
Figure P1.2.6
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the internal resistance of the amplifier isRS = 8�,
one has connected a mismatched speaker with
RL = 16 �. Determine how much more power
could be delivered to the speaker if its resistance
were matched to that of the amplifier.

1.2.10 For the circuit of Figure P1.2.10:

(a) Find an expression for the power absorbed by
the load as a function of RL.

(b) Plot the power dissipated by the load as a func-
tion of the load resistance, and determine the
value of RL corresponding to the maximum
power absorbed by the load.

1.2.11 A practical voltage source is represented by an
ideal voltage source of 30 V along with a series
internal source resistance of 1.2 �. Compute the
smallest load resistance that can be connected to
the practical source such that the load voltage

A

Reυ ⇒

B

2 Ω

3 Ω

4 Ω8 Ω

2 Ω

4 Ω
Figure P1.2.7

A

B

4 Ω

4 Ω

2 Ω2 Ω

2 Ω

Figure P1.2.8
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RLVL
−

+
+

−
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would not drop by more than 2% with respect to
the source open-circuit voltage.

*1.2.12 A practical current source is represented by an
ideal current source of 200 mA along with a shunt
internal source resistance of 12 k�. Determine the
percentage drop in load current with respect to the
source short-circuit current when a 200-� load is
connected to the practical source.

1.2.13 Let v(t) = Vmax cos ωt be applied to (a) a pure
resistor, (b) a pure capacitor (with zero initial ca-
pacitor voltage, and (c) a pure inductor (with zero
initial inductor current). Find the average power
absorbed by each element.

1.2.14 If v(t) = 120
√

2 sin 2π × 60t V is applied to
terminals A–B of problems 1.2.5, 1.2.6, 1.2.7, and
1.2.8, determine the power in kW converted to heat
in each case.

1.2.15 With a direct current of I A, the power expended as
heat in a resistor ofR� is constant, independent of
time, and equal to I 2R. Consider Problem 1.2.14
and find in each case the effective value of the
current to give rise to the same heating effect as in
the ac case, thereby justifying that the rms value
is also known as the effective value for periodic
waveforms.

1.2.16 Consider Problem 1.2.14 and obtain in each case a
replacement of the voltage source by an equivalent
current source at terminals A–B.

1.2.17 Consider Problem 1.2.5. Let VAB = 120 V (rms).

Show the current and voltage distribution clearly
in all branches of the original circuit configuration.

*1.2.18 Determine the voltages Vx using voltage division
and equivalent resistor reductions for the circuits
shown in Figure P1.2.18.

1.2.19 Find the currents Ix using current division and
equivalent resistor reductions for the networks
given in Figure P1.2.19.

1.2.20 Considering the circuit shown in Figure P1.2.20,
sketch v(t) and the energy stored in the capacitor
as a function of time.

1.2.21 For the capacitor shown in Figure P1.2.21 con-
nected to a voltage source, sketch i(t) and w(t).

*1.2.22 The energy stored in a 2-µF capacitor is given by
wc(t) = 9e−2t µJ for t ≥ 0. Find the capacitor
voltage and current at t = 1 s.

1.2.23 For a parallel-plate capacitor with plates of area
A m2 and separation d m in air, the capacitance
in farads may be computed from the approximate
relation

C ≈ ε0
A

d
= 8.854× 10−12A

d

Compute the area of each plate needed to develop
C = 1 pF for d = 1 m. (You can appreciate
why large values of capacitance are constructed
as electrolytic capacitors, and modern integrated-
circuit technology is utilized to obtain a wide va-
riety of capacitance values in an extremely small
space.)

(a)
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−

+
9V

(c)

3 Ω 2 Ω2 Ω

+ −

Vx

+

−

6V

Vx

+

−
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(a)
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1.2.24 Determine the equivalent capacitance at terminals
A–B for the circuit configurations shown in Figure
P1.2.24.

1.2.25 For the circuit shown in Figure P1.2.25, sketch i(t)
and w(t). See Problem 1.2.21 and check whether
the duality principle is satisfied.

1.2.26 For the circuit given in Figure P1.2.26, sketch v(t)

and w(t). See Problem 1.2.20 and check whether
the duality principle is satisfied.

*1.2.27 The energy stored in a 2-µH inductor is given by
wL(t) = 9e−2t µJ for t ≥ 0. Find the inductor
current and voltage at t = 1 s. Compare the results
of this problem with those of Problem 1.2.22 and
comment.

6 µF
A

B

5 µF

(a)

1 µF

10 pF

10 pF

10 pF

10 pF

A

B

BA

(b)

2 µF
2 µF

3 µF
3 µF

5 µF

2 µF

3 µF

(c)

Figure P1.2.24
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+

−
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Figure P1.2.26

1.2.28 The inductance per unit length in H/m for parallel-
plate infinitely long conductors in air is given by
L = µ0d/w = 4π×10−7d/w, where d and w are
in meters. Compute L (per unit length) for d = 1 m
and w = 0.113 m. See Problem 1.2.23 and show
that the product of inductance (per unit length) and
capacitance (per unit length) is µ0ε0.

1.2.29 Determine the duals for the circuit configurations
of Problem 1.2.24 and determine the equivalent
inductance at terminals A–B for each case.

1.2.30 Consider a pair of coupled coils as shown in Figure
1.2.10 of the text, with currents, voltages, and
polarity dots as indicated. Show that the mutual
inductance is L12 = L21 = M by following
these steps:

(a) Starting at time t0 with i1(t0) = i2(t0) = 0,
maintain i2 = 0 and increase i1 until, at time
t1, i1(t1) = I1 and i2(t1) = 0. Determine
the energy accumulated during this time. Now
maintaining i1 = I1, increase i2 until at time
t2, i2(t2) = I2. Find the corresponding energy
accumulated and the total energy stored at
time t2.

(b) Repeat the process in the reverse order, al-
lowing the currents to reach their final values.
Compare the expressions obtained for the total
energy stored and obtain the desired result.

1.2.31 For the coupled coils shown in Figure P1.2.31, a
dot has been arbitrarily assigned to a terminal as

indicated. Following the dot convention presented
in the text, place the other dot in the remaining
coil and justify your answer with an explanation.
Comment on whether the polarities are consistent
with Lenz’s law.

*1.2.32 For the configurations of the coupled coils shown
in Figure P1.2.32, obtain the voltage equations for
v1 and v2.

1.2.33 The self-inductances of two coupled coils are L11

and L22, and the mutual inductance between them
is M. Show that the effective inductance of the two
coils in series is given by

Lseries = L11 + L22 ± 2M

and the effective inductance of the two coils in
parallel is given by

Lparallel = L11L22 −M2

L11 ∓ 2M + L22

Specify the conditions corresponding to different
signs of the term 2M.

1.2.34 For the coupled inductors shown in Figure
P1.2.34, neglecting the coil resistances, write the
volt-ampere relations.

1.2.35 Consider an amplifier as a voltage source with an
internal resistance of 72 �. Find the turns ratio of
the ideal transformer such that maximum power
is delivered when the amplifier is connected to an
8-� speaker through an N1 : N2 transformer.

1.2.36 For the circuit shown in Figure P1.2.36, determine
vout(t).

Figure P1.2.31
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*1.2.37 A 60-Hz, 100-kVA, 2400/240-V (rms) transformer
is used as a step-down transformer from a trans-
mission line to a distribution system. Consider the
transformer to be ideal.

(a) Find the turns ratio.

(b) What secondary load resistance will cause the
transformer to be fully loaded at rated voltage
(i.e., delivering the rated kVA), and what is
the corresponding primary current?

(c) Determine the value of the load resistance
referred to the primary side of the transformer.

1.2.38 A transformer is rated 10 kVA, 220:110 V (rms).
Consider it an ideal transformer.

(a) Compute the turns ratio and the winding cur-
rent ratings.

(b) If a 2-� load resistance is connected across the
110-V winding, what are the currents in the
high-voltage and low-voltage windings when
rated voltage is applied to the 220-V primary?

(c) Find the equivalent load resistance referred to
the 220-V side.

1.3.1 Some element voltages and currents are given in
the network configuration of Figure P1.3.1. De-
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termine the remaining voltages and currents. Also
calculate the power delivered to each element as
well as the algebraic sum of powers of all ele-
ments, and comment on your result while identi-
fying sources and sinks.

*1.3.2 Calculate the voltage v in the circuit given in
Figure P1.3.2.

1.3.3 Determine v, i, and the power delivered to el-
ements in the network given in Figure P1.3.3.
Check whether conservation of power is satisfied
by the circuit.

1.3.4 For a part of the network shown in Figure P1.3.4,
given that i1 = 4 A; i3(t) = 5e−t , and i4(t) = 10
cos 2t, find v1, v2, v3, v4, i2, and i5.

1.3.5 For the circuit given in Figure P1.3.5, given that
VAC = 10 V and VBD = 20 V, determine V1

and V2. Show that the conservation of power is
satisfied by the circuit.

*1.3.6 The current sources in Figure P1.3.6 are given to
be IA = 30 A and IB = 50 A. For the values of
R1 = 20 �,R2 = 40 �, and R3 = 80 �, find:

(a) The voltage V.

(b) The currents I1, I2, and I3.

(c) The power supplied by the current sources
and check whether conservation of power is
satisfied.

1.3.7 Show how the conservation of power is satisfied
by the circuit of Figure P1.3.7.

1.3.8 Given that V0 = 10 V, determine IS in the circuit
drawn in Figure P1.3.8.
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1.3.9 Consider the circuit shown in Figure P1.3.9.

(a) Given v(t) = 10e−t V, find the current source
is(t) needed.

(b) Given i(t) = 10e−t A, find the voltage source
vs(t) needed.

1.3.10 An operational amplifier stage is typically repre-
sented by the circuit of Figure P1.3.10. For the
values given, determine Vout and the power sup-
plied by the 2.5-V source.

1.4.1 A voltmeter with a full scale of 100 V has a
probable error of 0.1% of full scale. When this

meter is employed to measure 100 V, find the
percent of probable error that can exist.

1.4.2 A current of 65 A is measured with an analog
ammeter having a probable error of ±0.5% of
full scale of 100 A. Find the maximum probable
percentage error in the measurement.

1.4.3 Error specifications on a 10-A digital ammeter
are given as 0.07% of the reading, 0.05% of full
scale, 0.005% of the reading per degree Celsius,
and 0.002% of full scale per degree Celsius. The
10-A analog meter error specification is given as
0.5% of full scale and 0.001% of the reading per
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degree Celsius. If the temperature at the time of
measurement is 20°C above ambient, compare the
percent error of both meters when measuring a
current of 5 A.

1.4.4 A DMM (digital multimeter) reads true rms values
of current. If the peak value of each of the follow-
ing periodic current waves is 5 A, find the meter
reading for: (a) a sine wave, (b) a square wave, (c)
a triangular wave, and (d) a sawtooth wave.

1.4.5 Consider the bridge circuit given in Figure P1.4.5
with R1 = 24 k�,R2 = 48 k�, and R3 = 10 k�.
Find R4 when the bridge is balanced with V1 = 0.

*1.4.6 In the Wheatstone bridge circuit shown in Figure
P1.4.6,R1 = 16�,R2 = 8�, andR3 = 40�; R4

is the unknown resistance. RM is the galvanometer
resistance of 6 �. If no current is detected by the
galvanometer, when a 24-V source with a 12-�
internal resistance is applied across terminals a–b,
find: (a) R4, and (b) the current through R4.

1.4.7 Three waveforms seen on an oscilloscope are
shown in Figure P1.4.7. If the horizontal scale
is set to 50 ms per division (500 ms for the en-
tire screen width), and the vertical scale is set
to 5 mV per division (±25 mV for the entire
screen height with zero voltage at the center),
determine: (i) the maximum value of the volt-
age, and (ii) the frequency for each of the wave-
forms.
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2 Circuit Analysis Techniques

2.1 Thévenin and Norton Equivalent Circuits

2.2 Node-Voltage and Mesh-Current Analyses

2.3 Superposition and Linearity

2.4 Wye-Delta Transformation

2.5 Computer-Aided Circuit Analysis: SPICE

2.6 Computer-Aided Circuit Analysis: MATLAB

2.7 Learning Objectives

2.8 Practical Application: A Case Study—Jump Starting a Car

Problems

In Chapter 1 the basic electric circuit concepts were presented. In this chapter we consider some
circuit analysis techniques, since one needs not only basic knowledge but also practical and
efficient techniques for solving problems associated with circuit operations.

One simplifying technique often used in complex circuit problems is that of breaking the
circuit into pieces of manageable size and analyzing individually the pieces that may be already
familiar. Equivalent circuits are introduced which utilize Thévenin’s and Norton’s theorems to
replace a voltage source by a current source or vice versa. Nodal and loop analysis methods are then
presented. Later the principles of superposition and linearity are discussed. Also, wye–delta trans-
formation is put forth as a tool for network reduction. Finally, computer-aided circuit analyses with
SPICE and MATLAB are introduced. The chapter ends with a case study of practical application.

2.1 THÉVENIN AND NORTON EQUIVALENT CIRCUITS

For a linear portion of a circuit consisting of ideal sources and linear resistors, the volt–ampere
(v–i) relationship at any two accessible terminals can be expressed by the linear equation

v = Ai + B (2.1.1)

66
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where A and B are two constants. The Thévenin equivalent circuit at any two terminals a and b
(to replace the linear portion of the circuit) is given by

v = RThi + voc (2.1.2)

where it can be seen that

RTh = v/i|voc=0 (2.1.3)

and

voc = v|i=0 (2.1.4)

Thus, voc is known as the open-circuit voltage (or Thévenin voltage) with i = 0, and RTh is the
Thévenin equivalent resistance (as seen from the terminals a–b) with voc = 0. Equation (2.1.4)
accounts for the ideal sources present in that linear portion of the circuit, as shown in Figure
2.1.1(a), whereas Equation (2.1.3) implies deactivating or zeroing all ideal sources (i.e., replacing
voltage sources by short circuits and current sources by open circuits). The model with the voltage
source voc in series with RTh is known as Thévenin equivalent circuit, as shown in Figure 2.1.1(b).

Equation (2.1.1) may be rewritten as

i = v

A
− B

A
= v

RTh
− voc

RTh
= v

RTh
− isc (2.1.5)

which is represented by the Norton equivalent circuit with a current source isc in parallel with
RTh, as shown in Figure 2.1.1(c). Notice that with v = 0, i = −isc. Also, isc = voc/RTh, or
voc = iscRTh.

Besides representing complete one-ports (or two-terminal networks), Thévenin and Norton
equivalents can be applied to portions of a network (with respect to any two terminals) to
simplify intermediate calculations. Moreover, successive conversions back and forth between the
two equivalents often save considerable labor in circuit analysis with multiple sources. Source
transformations can be used effectively by replacing the voltage source V with a series resistance
R by an equivalent current source I (= V/R) in parallel with the same resistance R, or vice versa.

a
i i

i

b

+ +
+

−

−
−

a

b

+

−

a

b

+

−

Linear portion
of circuit
consisting of
ideal sources
and linear
resistors

voc isc RTh

RTh

(c)(b)(a)

v/RTh

v v v

Figure 2.1.1 Equivalent circuits. (a) Two-terminal or one-port network. (b) Thévenin equivalent circuit.
(c) Norton equivalent circuit.

EXAMPLE 2.1.1

Consider the circuit shown in Figure E2.1.1(a). Reduce the portion of the circuit to the left of
terminals a–b to (a) a Thévenin equivalent and (b) a Norton equivalent. Find the current through
R = 16 �, and comment on whether resistance matching is accomplished for maximum power
transfer.
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a

b

I

16 Ω8 A R =16 Ω

(g)

So l u t i on

The 6-A source with 24 � in parallel can be replaced by a voltage source of 6× 24 = 144 V with
24 � in series. Thus, by using source transformation, in terms of voltage sources, the equivalent
circuit to the left of terminals a–b is shown in Figure E2.1.1(b).
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(a) KVL: 144− 24IL − 48IL − 96 = 0, or 72IL = 48, or IL = 2/3 A

Voc = 144− 24(2/3) = 128 V

Deactivating or zeroing all ideal sources, i.e., replacing voltage sources by short
circuits in the present case, the circuit of Figure E2.1.1(b) reduces to that shown in
Figure E2.1.1(c).

Viewed from terminals a–b, the 48-� resistor and the 24-� resistor are in parallel,

RTh = 48‖24 = 48× 24

48+ 24
= 16 �

Thus, the Thévenin equivalent to the left of terminals a–b, attached with the 16-� resistor,
is shown in Figure E2.1.1(d). Note that the Thévenin equivalent of any linear circuit
consists of a single Thévenin voltage source in series with a single equivalent Thévenin
resistance.

The current in the 16-� resistor to the right of terminals a–b can now be found,

I = 128/32 = 4 A

(b) The 96-V source with 48 � in series can be replaced by a current source of 96/48 = 2
A with a parallel resistance of 48 �. Thus, by using source transformation, in terms
of current sources, the equivalent circuit to the left of terminals a–b is given in Figure
E2.1.1(e).

Shorting terminals a–b, one can find Isc, Isc = 8 A. Replacing current sources by
open circuits, viewed from terminals a–b, RTh = 48‖24 = 16 �, which is the same as in
part (a). The circuit of Figure E2.1.1(e) to the left of terminals a–b reduces to that shown
in Figure E2.1.1(f).

Thus, the Norton equivalent to the left of terminals a–b, attached with the 16-�
resistor, is given in Figure E2.1.1(g). Note that the Norton equivalent of any linear
circuit consists of a single current source in parallel with a single equivalent Thévenin
resistance.

The current in the 16-� resistor to the right of terminals a–b can now be found. I = 4 A,
which is the same as in part (a).

The equivalent source resistance, also known as the output resistance, is the same as the load
resistance of 16 � in the present case. Hence, resistance matching is accomplished for maximum
power transfer.

EXAMPLE 2.1.2

Consider the circuit of Figure E2.1.2(a), including a dependent source. Obtain the Thévenin
equivalent at terminals a–b.
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(c)

0.5 V

So l u t i on

First, the open-circuit voltage at terminals a–b is to be found.

KCL at node a: I + 9I = I1, or I1 = 10I

KVL for the left-hand mesh: 2000I + 200I1 = 10, or 4000I = 10, or I = 1/400 A

Voc = 200I1 = 200(1/400) = 0.5 V

Because of the presence of a dependent source, in order to find RTh, one needs to determine Isc

after shorting terminals a–b, as shown in Figure E2.1.2(b).
Note that I1 = 0, since Vab = 0.

KCL at node a: Isc = 9I + I = 10I

KVL for the outer loop: 2000I = 10, or I = 1/200 A

Isc = 10(1/200) = 1/20 A

Hence the equivalent Thévenin resistance RTh viewed from terminals a–b is

RTh = Voc

Isc
= 0.5

1/20
= 10�

Thus, the Thévenin equivalent is given in Figure E2.1.2(c).

The preceding examples illustrate how a complex network could be reduced to a simple
representation at an output port. The effect of load on the terminal behavior or the effect of an
output load on the network can easily be evaluated. Thévenin and Norton equivalent circuits
help us in matching, for example, the speakers to the amplifier output in a stereo system. Such
equivalent circuit concepts permit us to represent the entire system (generation and distribution)
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connected to a receptacle (plug or outlet) in a much simpler model with the open-circuit voltage
as the measured voltage at the receptacle itself.

When a system of sources is so large that its voltage and frequency remain constant regardless
of the power delivered or absorbed, it is known as an infinite bus. Such a bus (node) has a voltage
and a frequency that are unaffected by external disturbances. The infinite bus is treated as an ideal
voltage source. Even though, for simplicity, only resistive networks are considered in this section,
the concept of equivalent circuits is also employed in ac sinusoidal steady-state circuit analysis
of networks consisting of inductors and capacitors, as we shall see in Chapter 3.

2.2 NODE-VOLTAGE AND MESH-CURRENT ANALYSES

The node-voltage and mesh-current methods, which complement each other, are well-ordered
systematic methods of analysis for solving complicated network problems. The former is based
on the KCL equations, whereas the KVL equations form the basis for the latter. In both methods
an appropriate number of simultaneous algebraic equations are developed. The unknown nodal
voltages are found in the nodal method, whereas the unknown mesh currents are calculated in the
loop (or mesh) method. A decision to use one or the other method of analysis is usually based on
the number of equations needed for each method.

Even though, for simplicity, only resistive networks with dc voltages are considered in this
section, the methods themselves are applicable to more general cases with time-varying sources,
inductors, capacitors, and other circuit elements.

Nodal-Voltage Method

A set of node-voltage variables that implicitly satisfy the KVL equations is selected in order to
formulate circuit equations in this nodal method of analysis. A reference (datum) node is chosen
arbitrarily based on convenience, and from each of the remaining nodes to the reference node, the
voltage drops are defined as node-voltage variables. The circuit is then described completely by
the necessary number of KCL equations whose solution yields the unknown nodal voltages from
which the voltage and the current in every circuit element can be determined. Thus, the number
of simultaneous equations to be solved will be equal to one less than the number of network
nodes. All voltage sources in series with resistances are replaced by equivalent current sources
with conductances in parallel. In general, resistances may be replaced by their corresponding
conductances for convenience. Note that the nodal-voltage method is a general method of network
analysis that can be applied to any network.

Let us illustrate the method by considering the simple, but typical, example shown in Figure
2.2.1. By replacing the voltage sources with series resistances by their equivalent current sources
with shunt conductances, Figure 2.2.1 is redrawn as Figure 2.2.2, in which one can identify three
nodes, A, B, and O.

Notice that the voltages VAO, VBO, and VAB satisfy the KVL relation:

VAB + VBO − VAO = 0, or VAB = VAO − VBO = VA − VB (2.2.1)

where the node voltages VA and VB are the voltage drops from A to O and B to O, respectively.
With node O as reference, and with VA and VB as the node-voltage unknown variables, one can
write the two independent KCL equations:

Node A: VAG1 + (VA − VB)G3 = I1, or (G1 +G3)VA −G3VB = I1 (2.2.2)

Node B: VBG2 − (VA − VB)G3 = I2, or −G3VA + (G2 +G3)VB = I2 (2.2.3)
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Figure 2.2.1 Circuit for illustration of nodal-voltage method.
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G2 = 1
R2

G3 = 1
R3

Figure 2.2.2 Redrawn Figure 2.2.1 for node-voltage method of analysis.

An examination of these equations reveals a pattern that will allow nodal equations to be
written directly by inspection by following the rules given here for a network containing no
dependent sources.

1. For the equation of node A, the coefficient of VA is the positive sum of the conductances
connected to node A; the coefficient of VB is the negative sum of the conductances
connected between nodes A and B. The right-hand side of the equation is the sum of
the current sources feeding into node A.

2. For the equation of node B, a similar situation exists. Notice the coefficient of VB to be
the positive sum of the conductances connected to node B; the coefficient of VA is the
negative sum of the conductances connected between B and A. The right-hand side of the
equation is the sum of the current sources feeding into node B.

Such a formal systematic procedure will result in a set of N independent equations of the
following form for a network with (N + 1) nodes containing no dependent sources:

G11V1 − G12V2 − · · · − G1NVN = I1

−G21V1 + G22V2 − · · · − G2NVN = I2

...
...

−GN1V1 − GN2V2 − · · · + GNNVN = IN (2.2.4)

where GNN is the sum of all conductances connected to node N, GJK = GKJ is the sum of all
conductances connected between nodes J and K, and IN is the sum of all current sources entering
node N. By solving the equations for the unknown node voltages, other voltages and currents in
the circuit can easily be determined.
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EXAMPLE 2.2.1

By means of nodal analysis, find the current delivered by the 10-V source and the voltage across
the 10-� resistance in the circuit shown in Figure E2.2.1(a).
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+−

−

Figure E2.2.1
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+

+−

−

So l u t i on

STEP 1: Replace all voltage sources with series resistances by their corresponding Norton
equivalents consisting of current sources with shunt conductances. The given circuit is redrawn
in Figure E2.2.1(b) by replacing all resistors by their equivalent conductances.



74 CIRCUIT ANALYSIS TECHNIQUES

STEP 2: Identify the nodes and choose a convenient reference node O. This is also shown in
Figure E2.2.1(b).

STEP 3: In terms of unknown node-voltage variables, write the KCL equations at all nodes
(except, of course, the reference node) by following rules 1 and 2 for nodal equations given in
this section.

Node A: (0.2+ 0.125+ 0.25)VA − 0.125VB − 0.25VC = 2− 5 = −3

Node B: −0.125VA + (0.125+ 0.05+ 0.1)VB − 0.1VC = 0

Node C: −0.25VA − 0.1VB + (0.25+ 0.1+ 0.04)VC = 5

Rearranging, one gets
0.575 VA − 0.125 VB − 0.25 VC = −3

−0.125 VA + 0.275 VB − 0.1 VC = 0
−0.25 VA − 0.1 VB + 0.39 VC = 5

STEP 4: Simultaneously solve the independent equations for the unknown nodal voltages by
Gauss elimination or Cramer’s rule. In our example, the solution yields

VA = 4.34 V ; VB = 8.43V ; VC = 17.77 V

STEP 5: Obtain the desired voltages and currents by the application of KVL and Ohm’s law. To
find the current I in the 10-V source, since it does not appear in Figure E2.2.1(b) redrawn for
nodal analysis, one has to go back to the original circuit and identify the equivalence between
nodes A and O, as shown in Figure E2.2.1(c).

Now one can solve for I, delivered by the 10-V source,

VA = 4.34 = −5I + 10 or I = 5.66

5
= 1.132 A

The voltage across the 10-� resistance is VB−VC = 8.43−17.77 = −9.34 V. The negative sign
indicates that node C is at a higher potential than node B with respect to the reference node O.

Nodal analysis deals routinely with current sources. When we have voltage sources along
with series resistances, the source-transformation technique may be used effectively to convert
the voltage source to a current source, as seen in Example 2.2.1. However, in cases where we have
constrained nodes, that is, the difference in potential between the two node voltages is constrained
by a voltage source, the concept of a supernode becomes useful for the circuit analysis, as shown
in the following illustrative example.

EXAMPLE 2.2.2

For the network shown in Figure E2.2.2, find the current in each resistor by means of nodal
analysis.

So l u t i on

Note that the reference node is chosen at one end of an independent voltage source, so that the
node voltage VA is known at the start,

VA = 12 V
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Figure E2.2.2

Note that we cannot express the branch current in the voltage source as a function of VB and VC .
Here we have constrained nodes B and C. Nodal voltages VB and VC are not independent. They
are related by the constrained equation

VB − VC = 24 V

Let us now form a supernode, which includes the voltage source and the two nodes B and C,
as shown in Figure E2.2.2. KCL must hold for this supernode, that is, the algebraic sum of the
currents entering or leaving the supernode must be zero. Thus one valid equation for the network
is given by

IA − IB − IC + 4 = 0 or
12− VB

2
− VB

2
− VC

1
+ 4 = 0

which reduces to

VB + VC = 10

This equation together with the supernode constraint equation yields

VB = 17 V and VC = −7 V

The currents in the resistors are thus given by

IA = 12− VB

2
= 12− 17

2
= −2.5 A

IB = VB

2
= 17

2
= 8.5 A

IC = VC

1
= −7

1
= −7 A

Mesh-Current Method

This complements the nodal-voltage method of circuit analysis. A set of independent mesh-
current variables that implicitly satisfy the KCL equations is selected in order to formulate circuit
equations in this mesh analysis. An elementary loop, or a mesh, is easily identified as one of
the “window panes” of the whole circuit. However, it must be noted that not all circuits can be
laid out to contain only meshes as in the case of planar networks. Those which cannot are called
nonplanar circuits, for which the mesh analysis cannot be applied, but the nodal analysis can be
employed.

A mesh current is a fictitious current, which is defined as the one circulating around a mesh
of the circuit in a certain direction. While the direction is quite arbitrary, a clockwise direction
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is traditionally chosen. Branch currents can be found in terms of mesh currents, whose solution
is obtained from the independent simultaneous equations. The number of necessary equations in
the mesh-analysis method is equal to the number of independent loops or meshes.

All current sources with shunt conductances will be replaced by their corresponding Thévenin
equivalents consisting of voltage sources with series resistances. Let us illustrate the method by
considering a simple, but typical, example, as shown in Figure 2.2.3.

Replacing the current source with shunt resistance by the Thévenin equivalent, Figure 2.2.3 is
redrawn as Figure 2.2.4, in which one can identify two elementary loops, or independent meshes.

By assigning loop or mesh-current variables I1 and I2, as shown in Figure 2.2.4, both in the
clockwise direction, one can write the KVL equations for the two closed paths (loops) ABDA and
BCDB,

Loop ABDA: I1R1 + (I1 − I2)R2 = V1 − V2 or (R1 + R2)I1 − R2I2 = V1 − V2 (2.2.5)

Loop BCDB: I2R3 + (I2 − I1)R2 = V2 − V3 or −R2I1 + (R2 + R3)I2 = V2 − V3 (2.2.6)

Notice that current I1 exists in R1 and R2 in the direction indicated; I2 exists in R2 and R3 in the
direction indicated; hence, the net current in R2 is I1− I2 directed from B to D. An examination of
Equations (2.2.5) and (2.2.6) reveals a pattern that will allow loop equations to be written directly
by inspection by following these rules:

1. In the first loop equation with mesh current I1, the coefficient of I1 is the sum of the
resistances in that mesh; the coefficient of I2 is the negative sum of the resistances common
to both meshes. The right-hand side of the equation is the algebraic sum of the source
voltage rises taken in the direction of I1.

2. Similar statements can be made for the second loop with mesh current I2. (See also the
similarity in setting up the equations for the mesh-current and nodal-voltage methods of
analysis.)

Such a formal systematic procedure will yield a set of N independent equations of the
following form for a network with N independent meshes containing no dependent sources:

R3 I3

R2R1

+

−

+

−
V2V1

Figure 2.2.3 Circuit for illustration of mesh-
current method.

+

−

+

−

I1 I2

V3 V3 = I3R3V1

R1 R3

A B

D

C

+

−
V2

R3

Figure 2.2.4 Redrawn Figure 2.2.3 for mesh-
current method of analysis.
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R11I1 − R12I2 − · · · − R1NIN = V1

−R21I1 + R22V2 − · · · − R2NIN = V2
...

...

−RN1I1 − RN2V2 − · · · + RNNIN = VN

(2.2.7)

where RNN is the sum of all resistances contained in mesh N,RJK = RKJ is the sum of all
resistances common to both meshes J and K, and VN is the algebraic sum of the source-voltage
rises in mesh N, taken in the direction of IN.

By solving the equations for the unknown mesh currents, other currents and voltages in the
circuit elements can be determined easily.

EXAMPLE 2.2.3

By means of mesh-current analysis, obtain the current in the 10-V source and the voltage across
the 10-� resistor in the circuit of Example 2.2.1.

So l u t i on

STEP 1: Replace all current sources with shunt resistances by their corresponding Thévenin
equivalents consisting of voltage sources with series resistances. Conductances included in the
circuit are replaced by their equivalent resistances.

In this example, since there are no current sources and conductances, the circuit of Figure
E2.2.1(a) is redrawn as Figure E2.2.3 for convenience.

+

+−

−

I1 I2

10 V

20 V

5 Ω

4 Ω

8 Ω 10 Ω

20 Ω 25 Ω

I3

Figure E2.2.3

STEP 2: Identify elementary loops (meshes) and choose a mesh-current variable for each
elementary loop, with all loop currents in the same clockwise direction. Mesh currents I1, I2,
and I3 are shown in Figure E2.2.3.

STEP 3: In terms of unknown mesh-current variables, write the KVL equations for all meshes
by following the rules for mesh analysis.

Loop 1 with mesh current I1: (5+ 8+ 20)I1 − 20I2 − 8I3 = 10
Loop 2 with mesh current I2: −20I1 + (20+ 10+ 25)I2 − 10I3 = 0
Loop 3 with mesh current I3: −8I1 − 10I2 + (4+ 10+ 8)I3 = 20

Rearranging, one gets
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33I1 − 20I2 − 8I3 = 10
−20I1 + 55I2 − 10I3 = 0
−8I1 − 10I2 + 22I3 = 20

STEP 4: Simultaneously solve the independent equations for the unknown mesh currents by
Gauss elimination or Cramer’s rule.

In this example the solution yields

I1 = 1.132 A; I2 = 0.711 A; I3 = 1.645 A

The current through the 10-V source is I1 = 1.132 A, which is the same as in Example 2.2.1. The
voltage across the 10-� resistor is VBC = 10(I2 − I3) = 10(0.711− 1.645) = −9.34 V, which
is the same as in Example 2.2.1.

Looking at Examples 2.2.1 and 2.2.3, it can be seen that there is no specific advantage
for either method since the number of equations needed for the solution is three in either case.
Such may not be the case in a number of other problems, in which case one should choose
judiciously the more convenient method, usually with the lower number of equations to be
solved.

The mesh-current method deals routinely with voltage sources. When we have current
sources with shunt conductances, the source-transformation technique may be used effectively to
convert the current source to a voltage source. However, in cases where we have constrained
meshes, that is, the two mesh currents are constrained by a current source, the concept of
a supermesh becomes useful for the circuit analysis, as shown in the following illustrative
example.

EXAMPLE 2.2.4

For the network shown in Figure E2.2.4, find the current delivered by the 10-V source and the
voltage across the 3-� resistor by means of mesh-current analysis.

1 Ω

3 Ω

4 Ω2 Ω

+

+ −

−
10 V5 A

Supermesh

I1 I2

I3

Vx = ? Figure E2.2.4

So l u t i on

Note that we cannot express the voltage across the current source in terms of the mesh currents I1

and I2. The current source does, however, constrain the mesh currents by the following equation:

I2 − I1 = 5
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Let us now form a supermesh, which includes meshes 1 and 2, as shown in Figure E2.2.4. We
now write a KVL equation around the periphery of meshes 1 and 2 combined. This yields

1I1 + 2(I1 − I3)+ 4(I2 − I3)+ 4(I2 − I3)+ 10 = 0

Next we write a KVL equation for mesh 3,

3I3 + 4(I3 − I2)+ 2(I3 − I1) = 0

Now we have the three linearly independent equations needed to find the three mesh currents
I1, I2, and I3. The solution of the three simultaneous equations yields

I1 = −25A

9
A; I2 = 20

9
A; I3 = 70

27
A

The current delivered by the 10-V source is−I2, or−20/9 A. That is to say, the 10-V source
is absorbing the current 20/9 A.

The voltage across the 3-� resistor is Vx = 3I3 = 3(70/27) = 70/9 = 7.78 V.

Node-Voltage and Mesh-Current Equations with Controlled Sources

Since a controlled source acts at its terminals in the same manner as does an independent source,
source conversion and application of KCL and KVL relations are treated identically for both
types of sources. Because the strength of a controlled source depends on the value of a voltage
or current elsewhere in the network, a constraint equation is written for each controlled source.
After combining the constraint equations with the loop or nodal equations based on treating all
sources as independent sources, the resultant set of equations are solved for the unknown current
or voltage variables.

EXAMPLE 2.2.5

Consider the circuit in Figure E2.2.5(a), which include a controlled source, and find the current
in the 5-V source and the voltage across the 5-� resistor by using (a) the loop-current method
and (b) the node-voltage method.

So l u t i on

(a) Loop-Current Method: The voltage-controlled current source and its parallel resistance
are converted into a voltage-controlled voltage source and series resistance. When you
are source transforming dependent sources, note that the identity of the control variable
(i.e., the location in the circuit) must be retained. The converted circuit is shown in Figure
E2.2.5(b) with the chosen loop currents I1 and I2.

The KVL equations are

For loop carrying I1: (10+ 4+ 2)I1 − 2I2 = 5
For loop carrying I2: −2I1 + (2+ 10+ 5)I2 = −5V1

The constraint equation is

V1 = (I1 − I2)2
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Combining the constraint equation with the loop equations, one gets

16I1 − 2I2 = 5; −2I1 + 17I2 = −10(I1 − I2), or 8I1 + 7I2 = 0

from which

I1 = 35/128 A; I2 = −5/16 A

Thus, the current through the 5-V source is I = I1 = 35/128 = 0.273 A, and the
voltage across the 5-� resistor is V = 5I2 = 5(−5/16) = −1.563 V.

(b) Node-Voltage Method: The 5-V voltage source with its 10-� series resistor is replaced
by its Norton equivalent. Resistances are converted into conductances and the circuit is
redrawn in Figure E2.2.5(c) with the nodes shown.

The nodal equations are

A : (0.1+ 0.25)VA − 0.25VB = 0.5

B : −0.25VA + (0.25+ 0.5+ 0.1)VB − 0.1VC = 0.5V1

C : −0.1VB + (0.1+ 0.2)VC = −0.5V1
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The constraint equation is

V1 = VB

Combining these with the nodal equations already written, one has
0.35 VA − 0.25 VB = 0.5
−0.25 VA + 0.35 VB − 0.1 VC = 0

0.4 VB + 0.3 VC = 0

Solving, one gets

VA = 2.266V ; VB = 1.173; VC = −1.564 V

Notice that VC = −1.564 V is the voltage V across the 5-� resistor, which is almost the
same as that found in part (a).

In order to find the current I through the 5-V source, one needs to go back to the
original circuit and recognize that

5− 10I = VA = 2.266 or I = 0.273 A

which is the same as that found in part (a).

2.3 SUPERPOSITION AND LINEARITY

Mathematically a function is said to be linear if it satisfies two properties: homogeneity (propor-
tionality or scaling) and additivity (superposition),

f (Kx) = Kf (x) (homogeneity) (2.3.1)

where K is a scalar constant, and

f (x1 + x2) = f (x1)+ f (x2) (additivity) (2.3.2)

Linearity requires both additivity and homogeneity. For a linear circuit or system in which
excitations x1 and x2 produce responses y1 and y2, respectively, the application of K1x1 and
K2x2 together (i.e., K1x1 + K2x2) results in a response of (K1y1 + K2y2), where K1 and K2

are constants. With the cause-and-effect relation between the excitation and the response, all
linear systems satisfy the principle of superposition. A circuit consisting of independent sources,
linear dependent sources, and linear elements is said to be a linear circuit. Note that a resistive
element is linear. Capacitors and inductors are also circuit elements that have a linear input–output
relationship provided that their initial stored energy is zero. Nonzero initial conditions are to be
treated as independent sources.

In electric circuits, the excitations are provided by the voltage and current sources, whereas
the responses are in terms of element voltages and currents. All circuits containing only ideal
resistances, capacitances, inductances, and sources are linear circuits (described by linear dif-
ferential equations). For a linear network consisting of several independent sources, according
to the principle of superposition, the net response in any element is the algebraic sum of the
individual responses produced by each of the independent sources acting only by itself. While each
independent source acting on the network is considered separately by itself, the other independent
sources are suppressed; that is to say, voltage sources are replaced by short circuits and current
sources are replaced by open circuits, thereby reducing the source strength to zero. The effect of
any dependent sources, however, must be included in evaluating the response due to each of the
independent sources, as illustrated in the following example.
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EXAMPLE 2.3.1

Determine the voltage across the 20-� resistor in the following circuit of Figure E2.3.1 (a) with
the application of superposition.

(a)

V
3

6 Ω

6 A

12 Ω 20 Ω80 Ω18 V V

+

−

+

−

Figure E2.3.1

(b)

V ′

BA

3
VA′
3

6 Ω

12 Ω 20 Ω80 Ω18 V VA′ = V ′ =
+

−

+

−
I1′

(c)

V″

BA

3
VA″
3

6 Ω

12 Ω 20 Ω80 ΩVA″ = V″ =
+

−

6 A

So l u t i on

Let us suppress the independent sources in turn, recognizing that there are two independent
sources. First, by replacing the independent current source with an open circuit, the circuit is
drawn in Figure E2.3.1(b). Notice the designation of V ′ across the 12-� resistor and V ′/3 as the
dependent current source for this case. At node B,(

1

80
+ 1

20

)
V ′B =

V ′A
3

or V ′B =
V ′A
48

For the mesh on the left-hand side, (6+12)I ′1 = 18, or I ′1 = 1 A. But, I ′1 = V ′A/12, orV ′A = 12 V.
The voltage across the 20-� resistor from this part of the solution is

V ′B =
12

48
= 1

4
V
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Next, by replacing the independent voltage source with a short circuit, the circuit is shown in
Figure E2.3.1(c). Notice the designation of V ′′ across the 12-� resistor and V ′′/3 as the dependent
current source for this case. At node A,(

1

6
+ 1

12

)
V ′′A = 6 or V ′′A = 24 V

and at node B,(
1

80
+ 1

20

)
V ′′B =

V ′′A
3
− 6 = 24

3
− 6 = 2 or V ′′B = 32 V

Thus, the voltage across the 20-� resistor for this part of the solution is

V ′′B = 32 V

Then the total net response, by superposition, is

VB = V ′B + V ′′B =
1

4
+ 32 = 32.25 V

The principle of superposition is indeed a powerful tool for analyzing a wide range of linear
systems in electrical, mechanical, civil, or industrial engineering.

2.4 WYE-DELTA TRANSFORMATION

Certain network configurations cannot be reduced or simplified by series–parallel combinations
alone. In some such cases wye–delta (Y–�) transformation can be used to replace three resistors
in wye configuration by three resistors in delta configuration, or vice versa, so that the networks
are equivalent in so far as the terminals (A, B, C) are concerned, as shown in Figure 2.4.1.

For equivalence, it can be shown that (see Problem 2.4.1)

RA = RABRCA

RAB + RBC + RCA

; RB = RABRBC

RAB + RBC + RCA

;

RC = RCARBC

RAB + RBC + RCA

(2.4.1)

RAB = RARB + RBRC + RCRA

RC

; RBC = RARB + RBRC + RCRA

RA

;

RCA = RARB + RBRC + RCRA

RB

(2.4.2)

For the simple case when RA = RB = RC = RY, and RAB = RBC = RCA = R�, Equations
(2.4.1) and (2.4.2) become

RY = R�

3
(2.4.3)

R� = 3RY (2.4.4)
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(b)(a)

B
B

C
C

A
A

RAB

RA

RC
RB

RCA

RBC

Figure 2.4.1 Wye–delta transfor-
mation. (a) Wye configuration. (b)
Delta configuration.

EXAMPLE 2.4.1

Use delta–wye transformation for network reduction and determine the current through the 12-�
resistor in the circuit of Figure E2.4.1(a).

+

−
144 V

(a)

3 Ω

4 Ω

4 Ω
A

O

B
C

8 Ω

2 Ω 12 Ω

I = ?

Figure E2.4.1

+

−

(b)

3 Ω

A C

B

2 Ω

12 Ω

I = ?R3 = 2 Ω

R2 = 2 ΩR1 = 1 Ω

IA

144 V

So l u t i on

The delta-connected portion between terminals A–B–C is replaced by an equivalent wye connec-
tion [see Equation (2.4.1)] with

R1 = 4× 4

4+ 8+ 4
= 1 �

R2 = 4× 8

4+ 8+ 4
= 2 �
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R3 = 4× 8

4+ 8+ 4
= 2 �

The circuit is redrawn in Figure E2.4.1(b).
Using the KVL equation,

IA = 144

(3+ 1)+ (4 ‖14 )
= 81

4
A

By current division,

I = 81

4
× 4

18
= 9

2
= 4.5 A

2.5 COMPUTER-AIDED CIRCUIT ANALYSIS: SPICE

A word of caution is appropriate if this is the student’s first experience with simulation. Just as the
proliferation of calculators did not eliminate the need to understand the theory of mathematics,
circuit simulation programs do not eliminate the need to understand circuit theory. However,
computer-aided tools can free the engineer from tedious calculations, thereby freeing more time
for doing the kind of creative work a computer cannot do.

A circuit-analysis program known as SPICE, an acronym for simulation program with
integrated circuit emphasis, is introduced in this section. The original SPICE program was
developed in the early 1970s at the University of California at Berkeley. Since that time, various
SPICE-based commercial products have been developed for personal computer and workstation
platforms.1

A block diagram summarizing the major features of a SPICE-based circuit simulation
program is shown in Figure 2.5.1. Micro Sim Corporation has developed a design center in

Input
processor

(Schematics)
Circuit

file

Circuit
diagrams

Net list

Analysis
type

Commands

Simulation
processor
(PSpice)

Output
processor
(Probe)

Analysis
summary

Analysis
resultsResponse

data file

Device
library

Output
file

Figure 2.5.1 Major features of a SPice-based circuit simulation program.

1For supplementary reading on SPICE, the student is encouraged to refer to G. Roberts and A. Sedra, SPICE, 2nd ed., published by
Oxford University Press (1997), and to P. Tuinenga, SPICE, 3rd ed., published by Prentice Hall (1995).
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which the input processor is called Schematics, the simulation processor is a version of SPICE
called PSpice, and the output processor is called PROBE. These three programs, working together,
create a graphical environment in which the circuit diagram and the analysis objectives are entered
using Schematics, the circuit is analyzed using PSpice, and the resulting circuit responses are
viewed using PROBE. A student’s version of these programs is widely available and is used in
this book.

The first step for describing the circuit is to number the circuit nodes. The reference node (or
ground node) is labeled as zero (0), and in PSpice syntax the other node names can be numbers or
letters. In order to describe the circuit, statements are written with a separate statement for each
circuit element. The name of an element must begin with a particular letter identifying the kind
of circuit element. Some of these are listed here:

R Resistor

V Independent voltage source

I Independent current source

G Voltage-controlled current source

E Voltage-controlled voltage source

F Current-controlled current source

H Current-controlled voltage source

While the original SPICE recognized only uppercase letters, PSpice is actually case insensitive.
Because PSpice does not recognize subscripts, R1, for example, will be represented by R1, and so
on. The name of each circuit element must be unique. Numerical values can be specified in the
following forms:

4567 or 4567.0 or 4.567 E3

SPICE uses the following scale factor designations:

T = 1E12 G = 1E9 MEG = 1E6
K = 1E3 M = 1E − 3 U = IE − 6
N = 1E − 9 P = 1E − 12 F = 1E − 15

Sometimes, for clarity, additional letters following a numerical value may be used; but these are
ignored by SPICE. For example, 4.4 KOHMS is recognized as the value 4400, and “ohms” is
ignored by the program. Comment statements are identified by an asterisk (*) in the first column,
and these are helpful for making the program meaningful to users. PSpice also allows inserting
comments on any line by starting the comment with a semicolon. Figure 2.5.2 shows the four
types of controlled sources and their corresponding PSpice statements.

While SPICE is capable of several types of analysis, here we illustrate how to solve resistive
circuits containing dc sources using the DC command. PSpice can sweep the value of the source,
when the starting value, the end value, and the increment between values are given. If the
starting and end values are the same, the solution is carried out for only a single value of the
source.

Next we give an example of PSpice analysis. Note that SPICE has capabilities far beyond
what we use in this section, and clearly, one can easily solve complex networks by using programs
like PSpice.
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N 1

GNAME N1 N2 NC+ NC− GMVALUE

+

−
N 2

NC+

NC−

Gmvx vx

N+

ENAME N+ N− NC+ NC− AVVALUE
(a) (b)

+

+

−

−
N−

NC+

NC−

Avvx vx

N 1

FNAME N1 N2 VSENSE AIVALUE
VSENSE NC1 NC2 O

N 2

N+

HNAME N+ N− VSENSE RMVALUE
VSENSE N1 N2 O
(c) (d)

+

−

N−

NC 1

NC 2

Rmix

ix

Aiixvsense

+

−

NC 1

NC 2

ix

vsense

+

−

Figure 2.5.2 Four types of controlled sources and their corresponding PSpice statements. (a) Voltage-
controlled voltage source. (b) Voltage-controlled current source. (c) Current-controlled voltage source.
(d) Current-controlled current source.

EXAMPLE 2.5.1

Develop and execute a PSpice program to solve for the current I2 in Figure E2.5.1(a).

So l u t i on

Figure E2.5.1(b) is drawn showing the node numbers, and adding a voltage source of zero value
in series with R1, because there is a current-controlled source. The program is as follows:

EXAMPLE E2.5.1(a) A Title Identifying the Program.

* THE CIRCUIT DIAGRAM IS GIVEN IN FIGURE E2.5.1(b); a comment

statement

* CIRCUIT DESCRIPTION WITH COMPONENT STATEMENTS

IS 0 1 3

R1 1 4 5

R2 1 2 10

R3 2 0 2

R4 3 0 5

HCCVS 2 3 VSENSE 2

VSENSE 4 3 0

* ANALYSIS REQUEST

• DC IS 3 3 1

* OUTPUT REQUEST

• PRINT DC I(R2) V(1) V(2) V(3)

• END ; an end statement
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After executing the program, from the output file, I2 = I (R2) = 0.692 A.

(a)

R2 = 10 Ω

R1 = 5 Ω

R3 =
2 Ω

R4 =
5 Ω

IS = 3 A

I2

Ix

2Ix

+ −

Figure E2.5.1 (a) Circuit. (b) Redrawn circuit
for developing a PSpice program.

(b)

1
2

4

3

R2 = 10 Ω

R1 = 5 Ω vsense

R3 =
2 Ω

R4 =
5 ΩIS = 3 A

I2

Ix

2Ix

+ −

+ −

2.6 COMPUTER-AIDED CIRCUIT ANALYSIS: MATLAB

This text does not teach MATLAB; it assumes that the student is familiar with it through previous
work. Also, the book does not depend on a student having MATLAB. MATLAB, however,
provides an enhancement to the learning experience if it is available. If it is not, the problems
involving MATLAB can simply be skipped, and the remainder of the text still makes sense.
If one wants to get a quick introduction, the book entitled Getting Started with MATLAB 5 by
R. Pratap, listed under Selected Bibliography for Supplemental Reading for Computer-Aided
Circuit Analysis, may be a good source.

MATLAB (MATrix LABoratory), a product of The Math Works, Inc., is a software package
for high-performance numerical computation and visualization. It is simple, powerful, and
for most purposes quite fast with its easy-to-learn and easy-to-use language. It provides an
interactive environment with hundreds of built-in functions for technical computation, graphics,
and animation. MATLAB also provides easy extensibility with its own high-level programming
language.
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MATLAB

MATrix LABoratory

MATLAB
programming

language

And many more

Computations
  Linear algebra
  Data analysis

  Signal processing
  Polynomials & interpolation

  Quadrature
  Solution of ODEs

E
X
T
R
A

F
U
N
C
T
I
O
N
S

E
X
T
R
A

F
U
N
C
T
I
O
N
S

Toolboxes
(collections of specialized functions)

2D graphics
3D graphics
Color and lighting
Animation

Graphics

User-written functions

Built-in functions

Interface with C and
Fortran programs

External interface
(Mex-files)

Signal processing
Statistics
Control system
System indentification
Neural networks
Communications
Symbolic mathematics (Maple inside)
Electrical machines

Image processing
Splines
Robust control
µ-analysis & synthesis
Optimization
Financial

Figure 2.6.1 Schematic diagram of MATLAB’s main features.

Figure 2.6.1 illustrates MATLAB’s main features. The built-in functions with their state-of-
the-art algorithms provide excellent tools for linear algebra computations, data analysis, signal
processing, optimization, numerical solution of ordinary differential equations (ODE), numerical
integration (Quadrature), and many other types of scientific and engineering computations.
Numerous functions are also available for 2D and 3D graphics as well as for animation. Users can
also write their own functions, which then behave just like the built-in functions. MATLAB even
provides an external interface to run Fortran and C programs. Optional “toolboxes,” which are
collections of specialized functions for particular applications, are also available. For example,
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the author of this text has developed “Electrical Machines Toolbox” for the analysis and design
of electrical machines.

The MATLAB environment consists of a command window, a figure window, and a platform-
dependent edit window, as illustrated in Figure 2.6.2. The command window, which is the main
window, is characterized by the MATLAB command prompt >>. All commands, including
those for running user-written programs, are typed in this window at the MATLAB prompt. The
graphics window or the figure window receives the output of all graphics commands typed in the
command window. The user can create as many figure windows as the system memory would
allow. The edit window is where one writes, edits, creates, and saves one’s own programs in files
called M-files. Most programs that are written in MATLAB are saved as M-files, and all built-in
functions in MATLAB are M-files.

Let us now take an illustrative example in circuits to solve a set of simultaneous equations
with the use of MATLAB.

0.8
0.6
0.4
0.2

0

0

Circle of radius R = 1

% This is the command prompt

% Here is a simple command

>>

>>

ans =

>> area = pix5^2 % Assign to a variable

area =

  78.5398

4

2 + 2

-0.5-1 0.5 1

-0.2
-0.4
-0.6
-0.8

Graphics
window

Command window

Edit window
(with M-files)

%~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
% This is a script file to plot a circle.
% you may specify a 'radius.'
% To execute, just type 'circle'
%~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
if exist ('radius')
   R = radius;
else
   R = 1;
end
t=linspace(0,2*pi,100);
x=R*cos(t); y=R*sin(t);

Figure 2.6.2 Illustration of a command window, a figure window, and a platform-dependent edit window
in the MATLAB environment.
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EXAMPLE 2.6.1

Consider the circuit shown in Figure E2.6.1 and identify the connection equations to be the
following:

Node A: IS + I1 + I4 = 0; Loop 1: − VS + V1 + V2 = 0
Node B: − I1 + I2 + I3 = 0; Loop 2: − V1 + V4 − V3 = 0
Node C: − I3 − I4 + I5 = 0; Loop 3: − V2 + V3 + V5 = 0

The element equations are given by
VS = 15; V1 = 60I1; V2 = 90I2

V3 = 50I3; V4 = 90I4; V5 = 60I5

Solve these 12 simultaneous equations by using MATLAB and find the voltage across the 50-�
resistor in the circuit. Also evaluate the total power dissipated in the circuit.

VS = 15 V

V5

V3
I5

I4

I3

I2

I1

IS
60 Ω

Loop
1

Loop
2

90 Ω

50 Ω

60 Ω

C

A

B

90 Ω

+

− ++ −

−
V2

+

−

V1

+

−
V4

+

−

Loop
3

Figure E2.6.1 Circuit for Example 2.6.1.

So l u t i on

The M-file and answers are as follows.
function example261

clc

% Given Connection Equations

eqn01 = ’Is + I1 + I4 = 0’;

eqn02 = ’-I1 + I2 + I3 = 0’;

eqn03 = ’-I3 - I4 + I5 = 0’;

eqn04 = ’-Vs + V1 + V2 = 0’;

eqn05 = ’-V1 - V3 + V4 = 0’;

eqn06 = ’-V2 + V3 + V5 = 0’;

% Element Equations

eqn07 = ’Vs = 15’;

eqn08 = ’V1 = 60*I1’;

eqn09 = ’V2 = 00*I2’;

eqn10 = ’V3 = 50*I3’;

eqn11 = ’V4 = 90*I4’;

eqn12 = ’V5 = 60*I5’;



92 CIRCUIT ANALYSIS TECHNIQUES

% Solve Equations

sol = solve (eqn01, eqn02, eqn03, eqn04, eqn05, eqn06, . . .

eqn07, eqn08, eqn09, eqn10, eqn11, eqn12, . . .

‘I1, I2, I3, I4, I5, Is, V1, V2, V3, V4, V5, Vs’);

% Answers

V3 = eval (sol. V3)

Is = eval (sol. Is)

eval (sol.I1*sol.V1 +sol.I2*sol.V2+sol.I3*sol.V3+sol.I4*sol.V4+

sol.I5*sol.V5)

V3 = 1.2295

IS = -0.2049

ans = 3.0738

2.7 LEARNING OBJECTIVES

The learning objectives of this chapter are summarized here, so that the student can check whether
he or she has accomplished each of the following.

• Obtaining Thévenin equivalent circuit for a two-terminal (or one-port) network with or
without dependent sources.

• Obtaining Norton equivalent circuit for a two-terminal (or one-port) network with or without
dependent sources.

• Nodal-voltage method of network analysis, including the concept of a supernode.

• Mesh-current method of network analysis, including the concept of a supermesh.

• Node-voltage and mesh-current equations with controlled sources and their constraint
equations.

• Analysis of linear circuits, containing more than one source, by using the principle of
superposition.

• Wye–delta transformation for resistive network reduction.

• Computer-aided circuit analysis using SPICE and MATLAB.

2.8 PRACTICAL APPLICATION: A CASE STUDY

Jump Starting a Car

Voltage and current in an electric network are easily measured. They obey Kirchoff’s laws, KCL
and KVL, and facilitate the monitoring of energy flow. For these reasons, voltage and current are
used by engineers in order to describe the state of an electric network.

When a car battery is weak, say 11 V in a 12-V system, in order to jump-start that car, we
bring in another car with its engine running and its alternator charging its battery. Let the healthy
and strong battery have a voltage of 13 V. According to the recommended practice, one should
first connect the positive terminals with the red jumper cable, as shown in Figure 2.8.1, and then
complete the circuit between the negative terminals with the aid of the black jumper cable. Note
that the negative terminal of any car battery is always connected to its auto chasis.

Applying KVL in Figure 2.8.1, we have
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Black wire of jumper cable

Weak-battery car

Red wire of jumper cable

+

+

−

−

11 V

υg1

+−
13 V

Figure 2.8.1 Jumper cable connections for jump starting a car with a weak battery.

vg1 − 13+ 11 = 0 or vg1 = 2 V

where vg1 is the voltage across the airgap, or the voltage existing between the black jumper cable
and the negative terminal of the weak battery.

Now suppose one makes, by mistake, incorrect connections, as shown in Figure 2.8.2. Note
that the red jumper cable is connected between the positive terminal of the strong battery and the
negative terminal of the weak battery. Application of the KVL now fields

vg2 − 13− 11 = 0 or vg2 = 24 V

where vg2 is the gap voltage with incorrect connections. With such a large voltage difference,
when one tries to complete the black jumper cable connection, it presents a danger to both batteries
and to the person making the connections.

Energy to Start an Engine

A simplified circuit model for an automotive starter circuit is shown in Figure 2.8.3. Let the car
battery voltage be 12.5 V and let the automobile starter motor draw 60 A when turning over the
engine. If the engine starts after 10 seconds, we can easily calculate the power to the starter motor,
which is the same as the power out of the battery,

P = V I = 12.5× 60 = 750 W

The energy required to start the engine can be computed as

W = 750× 10 = 7500 J

Thus, simple circuit models can be used to simulate various physical phenomena of practical
interest. They can then be analyzed by circuit-analysis techniques to yield meaningful solutions
rather easily.

Black wire of jumper cable

Weak-battery car

Red wire of jumper cable

+ −

−

11 V

υg2

+−
13 V

Figure 2.8.2 Incorrect connections for jump starting a car with a weak battery.
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+

−V = 12.5 V

Starter
motor

Starter switch ON

i = 60 Α

Figure 2.8.3 Simplified circuit model for the automo-
tive starter circuit.

PROBL EMS

2.1.1 (a) Determine the Thévenin and Norton equiva-
lent circuits as viewed by the load resistance
R in the network of Figure P2.1.1.

(b) Find the value of R if the power dissipated by
R is to be a maximum.

(c) Obtain the value of the power in part (b).

2.1.2 Reduce the circuit of Figure P2.1.2 to a Thévenin
and a Norton equivalent circuit.

*2.1.3 Find the Thévenin and Norton equivalent circuits
for the configuration of Figure P2.1.3 as viewed
from terminals a–b.

a

b

4 Ω 2 A

4 Ω 4 Ω

10 V R
+

−

Figure P2.1.1

a

b

4 Ω

+

−

4 Ω
2 Ω

6 V

+

−
10 V

Figure P2.1.2

a

b

3 Ω 4 Ω

1 Ω 2 Ω

48 A

Figure P2.1.3
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2.1.4 Obtain the Thévenin and Norton equivalent cir-
cuits for the portion of the circuit to the left of
terminals a–b in Figure P2.1.4, and find the current
in the 200-� resistance.

2.1.5 Determine the voltage across the 20-� load resis-
tance in the circuit of Figure P2.1.5 by the use of
the Thévenin equivalent circuit.

2.1.6 Find the current in the 5-� resistance of the circuit
of Figure P2.1.6 by employing the Norton equiv-
alent circuit.

*2.1.7 Obtain the voltage across the 3-k� resistor of the
circuit (transistor amplifier stage) given in Figure

P2.1.7 by the use of the Thévenin equivalent cir-
cuit.

2.1.8 Reduce the circuit of Figure P2.1.8 to a Thévenin
and a Norton equivalent circuit with respect to
terminals a–b.

2.1.9 (a) Redraw the circuit in Figure P2.1.9 by replac-
ing the portion to the left of terminals a–b with
its Thévenin equivalent.

(b) Redraw the circuit of Figure P2.1.9 by replac-
ing the portion to the right of terminals a′–b′
with its Thévenin equivalent.

a

b

100 Ω 200 Ω

20 Ω

40 Ω 80 Ω

0.8 A1.2 A

12 V

I = ?

+

−

Figure P2.1.4

a

b

6 Ω 20 Ω

4 Ω 5 Ω

+
+ −

−

+

−
20 V Vab = ?V1

V1

5

Figure P2.1.5

a

b

2 Ω

5 Ω

10 Ω 20 Ω

+

−
−

+

+−

50 V

I = ?

V1

10 V1

Figure P2.1.6

a

b

3 kΩ

1 kΩ

20 kΩ

1 kΩ

+

−

+

−

+

−

−

1 mV

105 I1

I1

Vab = ?

Figure P2.1.7
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2.1.10 (a) Consider the Wheatstone bridge circuit given
in Figure P2.1.10(a) and find the Thévenin
equivalent with respect to terminals a–b.

(b) Suppose a source with resistance is connected
across a–b, as shown in Figure P2.1.10(b).
Then find the current Iab.

2.2.1 In the circuit given in Figure P2.2.1, determine the
current I through the 2-� resistor by (a) the nodal-
voltage method, and (b) mesh-current analysis.

2.2.2 Consider the circuit of Figure P2.2.2 and rearrange
it such that only one loop equation is required to
solve for the current I.

a

b

2 Ω

4 Ω

2 Ω 2 Ω

4 A

10 V

12 V

+

+

−

−

Figure P2.1.8

a′

b′

a

b

R1 R3

R2

2 Ω

+

−
V1

Figure P2.1.9

a b

+

−
12 V

4 Ω

6 Ω

3 Ω12 Ω

(a)

Figure P2.1.10

a b+ −
5 V

5 Ω
(b)

I2 Ω

1 Ω 1 A2 A

3 A

4 A

3 Ω

Figure P2.2.1
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2.2.3 Use the node-voltage method to find the current
I through the 5-� resistor of the circuit of Figure
P2.2.3.

2.2.4 Use the node-voltage method to determine the
voltage across the 12-� resistor of the circuit given
in Figure P2.2.4. Verify by mesh analysis.

2.2.5 Determine the current I through the 10-� resistor
of the circuit of Figure P2.2.5 by employing the
node-voltage method. Check by mesh analysis.

*2.2.6 (a) Find the voltage across the 8-A current source
in the circuit of Figure P2.2.6 with the use of
nodal analysis.

(b) Determine the current in the 0.5-� resistor of
the circuit by mesh analysis.

2.2.7 By using the mesh-current method, determine the
voltage across the 1-A current source of the circuit
of Figure P2.2.7, and verify by nodal analysis.

2.2.8 Find the current I1 through the 20-� resistor of the
circuit of Figure P2.2.8 by both mesh and nodal
analyses.

2.2.9 Determine the voltage V in the circuit of Figure
P2.2.9 by nodal analysis and verify by mesh anal-
ysis.

2.2.10 Find the current I in the circuit of Figure P2.2.10
by mesh analysis and verify by nodal analysis.
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2.2.11 For the network of Figure P2.2.11, find the nodal
voltages V1, V2, and V3 by means of nodal anal-
ysis, using the concept of a supernode. Verify by
mesh-current analysis.

*2.2.12 Use nodal analysis and the supernode concept to
find V2 in the circuit shown in Figure P2.2.12.
Verify by mesh-current analysis, by using source
transformation and by using the concept of a su-
permesh.

2.2.13 Use mesh-current analysis and the supermesh con-
cept to find V0 in the circuit of Figure P2.2.13.
Verify by nodal analysis.

2.2.14 For the network shown in Figure P2.2.14, find
Vx across the 3-� resistor by using mesh current
analysis. Verify by means of nodal analysis.

2.3.1 Consider the circuit of Problem 2.2.1 and find the
current I through the 2-� resistor by the principle
of superposition.

2.3.2 Solve Problem 2.2.3 by the application of super-
position.

2.3.3 Solve Problem 2.2.5 by the application of super-
position.

2.3.4 Solve Problem 2.2.6 by the application of super-
position.

2.3.5 Solve Problem 2.2.7 by the application of super-
position.

*2.3.6 Solve Problem 2.2.8 by the application of super-
position.

2.4.1 Show that Equations (2.4.1) and (2.4.2) are true.

*2.4.2 Determine RS in the circuit of Figure P2.4.2 such
that it is matched at terminals a–b, and find the
power delivered by the voltage source.

2.4.3 Find the power delivered by the source in the cir-
cuit given in Figure P2.4.3. Use network reduction
by wye–delta transformation.

2.5.1 Develop and execute a PSpice program to analyze
the circuit shown in Figure P2.5.1 to evaluate
the node voltages and the current through each
element.
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2.5.2 Develop and execute a PSpice program to find
the node voltages and the current through each
element of the circuit given in Figure P2.5.2.

*2.5.3 For the circuit shown in Figure P2.5.3, develop
and execute a PSpice program to obtain the node
voltages and the current through each element.

2.5.4 For the circuit given in Figure P2.5.4, develop and
execute a PSpice program to solve for the node
voltages.

2.5.5 Write and execute a PSpice program to analyze the
resistor bridge circuit shown in Figure P2.5.5 to
solve for the node voltages and the voltage-source
current. Then find the voltage across the 50-�
resistor and the total power supplied by the source.

2.6.1 The current through a 2.5-mH indicator is a
damped sine given by i(t) = 10e−500t sin 2000t.

With the aid of MATLAB, plot the waveforms
of the inductor current i(t), with voltage v(t) =
L di/dt , power p(t) = vi, and energy w(t) =∫ t

0 p(τ) dτ . Starting at t = 0, the plots should
include at least one cycle and at least 20 points per
cycle.

*2.6.2 An interface circuit consisting of R1 and R2 is
designed between the source and the load, as il-
lustrated in Figure P2.6.2 such that the load sees
a Thévenin resistance of 50 � between terminals
C and D, while simultaneously the source sees a
load resistance of 300 � between A and B. Using
MATLAB, find R1, and R2.
Hint: solve the two nonlinear equations given by
(R1 + 300)R2

R1 + 300+ R2
= 50; R1 + 50R2

R2 + 50
= 300
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